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In Memoriam 
Hans Maafs 
(1911-1992) 


Preface to the Second English Edition 


Meanwhile the fourth edition of the German version appeared. In this second 
English edition we adapt the content closely to this German edition. We also 
followed several suggestions and tried to improve the language and typogra- 
phy. We thank Shari Scott for her support. 


Heidelberg, August 2008 Eberhard Freitag 
Rolf Busam 


Preface to the English Edition 


This book is a translation of the forthcoming fourth edition of our German 
book “Funktionentheorie I” (Springer 2005). The translation and the ATX 
files have been produced by Dan Fulea. He also made a lot of suggestions for 
improvement which influenced the English version of the book. It is a pleasure 
for us to express to him our thanks. We also want to thank our colleagues 
Diarmuid Crowley, Winfried Kohnen and Jorg Sixt for useful suggestions con- 
cerning the translation. 


Over the years, a great number of students, friends, and colleagues have con- 
tributed many suggestions and have helped to detect errors and to clear the 
text. 


The many new applications and exercises were completed in the last decade 
to also allow a partial parallel approach using computer algebra systems and 
graphic tools, which may have a fruitful, powerful impact especially in complex 
analysis. 

Last but not least, we are indebted to Clemens Heine (Springer, Heidelberg), 
who revived our translation project initially started by Springer, New York, 
and brought it to its final stage. 


Heidelberg, Easter 2005 Eberhard Freitag 
Rolf Busam 
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Introduction 


The complex numbers have their historical origin in the 16'* century when 
they were created during attempts to solve algebraic equations. G. CARDANO 
(1545) has already introduced formal expressions as for instance 5 + /—15, in 
order to express solutions of quadratic and cubic equations. Around 1560 R. 
BOMBELLI computed systematically using such expressions and found 4 as a 
solution of the equation x? = 15x +4 in the disguised form 


Aa 4/19 4 5/70 


Also in the work of G.W. LEIBNIz (1675) one can find equations of this kind, 


e.g. 
Vil+v-3 V-3= V6. 


In the year 1777 L. EULER introduced the notation i = \/—1 for the imaginary 
unit. 


The terminology “complex number” is due to C.F. GAuss (1831). The rig- 
orous introduction of complex numbers as pairs of real numbers goes back to 
W.R. HAMILTON (1837). 


Sometimes it is already advantageous to introduce and make use of complex 
numbers in real analysis. One should for example think of the integration of 
rational functions, which is based on the partial fraction decomposition, and 
therefore on the Fundamental Theorem of Algebra: 


Over the field of complex numbers 
any polynomial decomposes as a product of linear factors. 
Another example for the fruitful use of complex numbers is related to FOURIER 
series. Following EULER (1748) one can combine the real angular functions sine 
and cosine, and obtain the “exponential function” 


ix 


e“ :=cosx+isinaz . 


Then the addition theorems for sine and cosine reduce to the simple formula 
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elle+y) = ei® ely ; 
In particular, 
(ei”)" =e" holds for all integers n . 


The FOURIER series of a sufficiently smooth function f, defined on the real 
line with period 1, can be written in terms of such expressions as 


fe).= 3 An erir® . 


n=— Co 


Here it is irrelevant whether f is real or complex valued. 


In these examples the complex numbers serve as useful, but ultimately dis- 
pensable tools. New aspects come into play when we consider complex valued 
functions depending on a complex variable, that is when we start to study 
functions f : D — C with two-dimensional domains D systematically. The di- 
mension two is ensured when we restrict to open domains of definition D C C. 
Analogously to the situation in real analysis one introduces the notion of com- 
plex differentiability by requiring the existence of the limit 


ham L2—£) 


Za Z—-a 


f(a) = 


for alla € D. It turns out that this notion has a drastically different behavior 
than real differentiability. We will show for instance that a (first order) com- 
plex differentiable function automatically is complex differentiable arbitrarily 
often. We will see more, namely that complex differentiable functions can 
always be developed locally as power series. For this reason, complex differen- 
tiable functions (defined on open domains) are also called analytic functions. 


“Complex analysis” is the theory of such analytic functions. 


Many classical functions from real analysis can be analytically extended to 
complex analysis. It turns out that these extensions are unique, as for instance 


in the case 
er HY .— er ely | 


It follows from the relation 


ami 4 


that the complex exponential function is periodic with the purely imaginary 
period 27i. This observation is fundamental for the complex analysis. As a 
consequence one can observe further phenomena: 


1. The complex logarithm cannot be introduced as the unique inverse 
function of the exponential function in a natural way. It is a priori deter- 
mined only up to a multiple of 271. 
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2. The function 1/z (z # 0) does not have any primitive in the punctured 
complex plane. A related fact is the following: the line integral of 1/z with 
respect to a circle line centered at the origin and oriented anticlockwise 
yields the non-zero value 


¢ a (r >0). 
|z|=r 


z& 


Central results of complex analysis, like e.g. the Residue Theorem, are nothing 
but a highly generalized version of these statements. 


Real functions often show their true nature only if one considers also their 
analytic extensions. For instance, in real analysis it is not directly transparent 
why the power series representation 


1 
1+ 2? 


=l-¢’?+at-a2 st... 


is valid only for |a| < 1. In the complex theory this phenomenon becomes 
understandable, simply because the considered function has singularities at 
+i. Then its power series representation is valid in the biggest open disk 
excluding the singularities, namely the unit disk. 


In real analysis it is also hard to understand why the TAYLOR series of the 


C° function ; 
eV «#0, 
0, r=0, 


around 0 converges for all « € R, but does not represent the function at 
any point other than zero. In the complex theory this phenomenon becomes 
understandable, since the function e~!/* has an essential singularity at zero. 


Less trivial examples are even more impressive. Here one should mention the 
RIEMANN ¢-function 


which will be extensively studied in the last chapter of the book as a function of 
the complex variable traditionally denoted by s using the methods of complex 
analysis, which will be presented throughout the preceding chapters. From the 
analytical properties of the ¢-function we deduce the Prime Number Theorem. 


RIEMANN’s celebrated work on the ¢ function [Ri2] is a brilliant example for 
the thesis he presented already eight years in advance in his dissertation [Ril] 
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“Die Einftthrung der compleren Grodssen in die Mathematik 
hat ihren Ursprung und ndchsten Zweck in der Theorie ein- 
facher durch Gréssenoperationen ausgedriickter Abhdngigkeitsge- 
setze zwischen verdnderlichen Grossen. Wendet man ndmlich diese 
Abhdngigkeitsgesetze in einem erweiterten Umfange an, indem man 
den verdnderlichen Grossen, auf welche sie sich beziehen, complexe 
Werthe giebt, so tritt eine sonst versteckt bleibende Harmonie und 
Regelmapigkeit hervor.” 


In translation: 
“The introduction of complex variables in mathematics has its origin 
and its proximate purpose in the theory of simple dependency rules for 
variables expressed by variable operations. If one applies these depen- 
dency rules in an extended manner by associating complex values to 
the variables referred to by these rules, then there emerges an other- 
wise hidden harmony and regularity.” 


Complex numbers are not only useful auxiliary tools, but in some respect are 
indispensable in many applications like e.g physics and other sciences: The 
commutation relations in quantum mechanics for impulse and coordinate op- 
erators 


Po eras 


Qni ’ 


and respectively the SCHRODINGER equation for the HAMILTON operator H, 
Lh 
AH W(x,t) =i— OW (a, t) 
20 


contain the imaginary unit i. 


Since there exist several textbooks on complex analysis, a new attempt in this 
direction needed a special justification. The main idea of this book, and of a 
second forthcoming volume was to give an extensive description of classical 
complex analysis, where “classical” means that sheaf theoretical and coho- 
mological methods are omitted. Obviously, it is not possible to include all 
material that can be considered as classical complex analysis. For instance, if 
somebody is especially interested in value distribution theory, or in applica- 
tions of conformal maps, then one will be quickly disappointed and might put 
this book aside. The line pursued in this text can be described by keywords 
as follows: 

The first four chapters contain an introduction to complex analysis, roughly 
corresponding to a course “complex analysis I” (four hours each week). Here, 
the fundamental results of complex analysis are treated. 

After the foundations of the theory of analytic functions have been laid, we 


proceed to the theory of elliptic functions, then to elliptic modular functions 
—and after some excursions to analytic number theory— in a second volume 
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we move on to Riemann surfaces, the local theory of analytic functions of 
several variables, to abelian functions, and finally we discuss modular functions 
for several variables. 


Lot of emphasis is put on completeness of presentation, in the sense that 
all required notions and concepts are carefully developed. Except for basics 
in real analysis and linear algebra, as they are nowadays taught in standard 
introductory courses, we do not want to assume anything else in this first book. 
In a second volume only some simple topological concepts will be compiled 
without proof and subsequently used. 


We made efforts to introduce as few notions as possible in order to quickly 
advance to the core of the studied problem. A series of important results will 
have several proofs. If a special case of a general proposition will be used in an 
important context, we strived to give a simpler proof for this special case as 
well. This is in accordance with our philosophy, that a thorough understanding 
can only be achieved if one turns things around and over and highlights them 
from different points of view. 


We hope that this comprehensive presentation will convey a feeling for the 
way, in which the topics are related with each other, and for their origin. 


Attempts like this are not new. Our text was primarily modelled on the lec- 
tures of H. MAASS, to whom we both owe our education in complex analysis. 
In the same breath, we would also like to mention the lectures of C.L. SIEGEL. 
Both sources are attempts to trace a great historical epoch, which among oth- 
ers is connected with the names of A.L. CAucHy, N.H. ABEL, C.G.J. JA- 
COBI, B. RIEMANN and K. WEIERSTRASS, and to present the results, which 
they developed. 


Our objectives are very similar to both mentioned examples. Methodically 
however, our approach differs in many aspects. This will emerge especially in 
the second volume, where we will again dwell on the differences. 


The present volume presents a comparatively simple introduction to the com- 
plex analysis in one variable. The content corresponds to a two semester course 
with accompanying seminars. 


The first three chapters contain the standard material including the Residue 
Theorem, which should be covered in any introduction. In the fourth chap- 
ter —we rank it among the introductory lectures— we treat problems that 
are less obligatory. We present the Gamma function in detail to illustrate 
the methods by a beautiful example. We further focus on the Theorems of 
WEIERSTRASS and MITTAG-LEFFLER on the construction of analytic func- 
tions with prescribed zeros and poles. Finally, as a highlight, we prove the 
Riemann Mapping Theorem which states that any proper sub-domain of the 
complex plane C “without holes” is conform equivalent to the unit disk. 

Only now, in an appendix to chapter IV we will treat the question of simply 
connectedness and we will give different equivalent characterizations for simply 
connected domains. Roughly speaking, they are domains without holes. In this 
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context different versions, namely the homotopical and homological versions, 
of the CAucHY Integral Theorem will be deduced. 


These equivalences are useful for a good insight into the theory, and they 
are important for further developments. But nevertheless they are of minor 
importance for the development of the standard repertoire of complex analy- 
sis. Among simply connected domains we will only need star-shaped domains 
(and some domains that can be constructed from star-shaped domains). Con- 
sequently one needs the CAUCHY Integral Theorem only for star-shaped do- 
mains, which can be reduced to triangular paths by an idea of A. DINGHAS 
without any topological complications. 


Therefore we will deliberately deal with star-shaped domains for a longer time 
to avoid the notion of simply connectedness. The price to be paid for this 
approach is that we have to introduce the concept of an elementary domain. 
By definition this is a domain where the CAuCcHY Integral Theorem holds 
without exception. For this it is enough to know that star-shaped domains 
are elementary domains, and we postpone their final topological identification 
to the appendix of the fourth chapter. For the sake of a lucid methodology 
we have postponed this to a later point. In principle we could do without it 
completely in the first volume. 


The subject of the fifth chapter is the theory of elliptic functions, i.e. mero- 
morphic functions with two linearly independent periods. Historically these 
functions appeared as inverse functions of certain elliptic integrals, as for ex- 
ample the integral 


° 1 
= ———- dt . 
i / vl—t4 


It is easier to do the converse, namely to obtain the elliptic integrals as a 
byproduct of the impressively beautiful and simple theory of elliptic func- 
tions. One of the great achievements of complex analysis is the elegant and 
transparent construction of the theory of elliptic integrals. As quite usual 
nowadays, we will choose the WEIERSTRASS approach to the g-function. 


In connection with ABEL’s Theorem we will also give a short account of the 
historically older approach using the JACOBI theta function. We finish the 
fifth chapter by proving that any complex number is the absolute invariant of 
a period lattice. This fact implies that one indeed obtains any elliptic integral 
of the first kind as the inverse function of an elliptic function. At this point 
the elliptic modular function j(7) appears. 


As simple as this theory appears nowadays, it remains highly obscure how an 
elliptic integral gives rise to a period lattice, and thus to an elliptic function. 
In the second volume, the more complicated theory of RIEMANN surfaces will 
allow deeper insight into these questions. 

In the sixth chapter we will systematically introduce —as a continuation of 
the end of fifth chapter— the theory of modular functions and modular forms. 
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Of central interest will be structural results, the determination of all modular 
forms for the full modular group, and for certain subgroups. 


Other important examples of modular forms like EISENSTEIN and theta series 
have arithmetical significance. 


One of the most beautiful applications of complex analysis can be found in 
analytical number theory. For instance, the FOURIER coefficients of modular 
forms have arithmetic meaning: The FOURIER coefficients of the theta series 
are representation numbers associated to quadratic forms, those of the EISEN- 
STEIN are sums of divisor powers. Identities between modular forms obtained 
from complex analysis give rise to number theoretical applications. Follow- 
ing JACOBI, as an example we determine the number of representations of a 
natural number as a sum of four and respectively eight squares of integers. 
The necessary identities from complex analysis will be deduced independently 
from the structure theorems for modular forms. 


A special section was dedicated to HECKE’s theory on the connection between 
FOURIER series satisfying a transformation rule with respect to the transfor- 
mation and DIRICHLET series satisfying a functional equation. This theory 
is a bridge between modular functions and DIRICHLET series. However, the 
theory of HECKE operators will not be discussed, merely in the exercises we 
will go into it. Afterwards we will concentrate in detail on the most famous 
among the DIRICHLET series, the RIEMANN ¢-function. As a classical appli- 
cation we will give a complete proof of the Prime Number Theorem with a 
weak estimate for the error term. 


In all chapters there are numerous exercises, easy ones at the beginning, but 
with increasing chapter number there will also be harder exercises comple- 
menting the main text. Occasionally the exercises will require notions from 
topology or algebra not introduced in the text. 


The present material originates in the standard lectures for mathematicians 
and physicists at the Ruprecht-Karls University of Heidelberg. 


Heidelberg, Easter Eberhard Freitag 
April 2005 Rolf Busam 
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Differential Calculus in the Complex Plane C 


In this chapter we shall first give an introduction to complex numbers and 
their topology. In doing so we shall assume that this is not the first time 
the reader has encountered the system C of complex numbers. The same as- 
sumption is made for topological notions in C (convergence, continuity etc.). 
For this reason we shall not dwell on these matters. In Sect. [4 we intro- 
duce the notion of complex derivative. One can begin reading directly with 
this section if one is already sufficiently familiar with the complex numbers 
and their topology. In Sect. 1.5 the relationship between real differentiability 
and complex differentiability will be treated (the Cauchy-Riemann differential 
equations). 

The story of the complex numbers from their early beginnings in the 16"? 
century until their eventual full acceptance in the course of the 19*" century 
—probably by the scientific authority of C.F. GAuss— as well as the rather 
lengthy period of uncertainty and unclarity about them, is an impressive ex- 
ample in the history of mathematics. The historically interested reader should 
read {Re2]. For more historical remarks about complex numbers see also [CE]. 


I.1 Complex Numbers 


It is well known that not every polynomial with real coefficients has a real 
root, e.g. the polynomial 
P(x) =a? +1. 


There is no real number x with x? + 1 = 0. If, nonetheless, one wishes to ar- 
range that this and similar equations have solutions, this can only be achieved 
if one constructs an extension of R, in which such solutions exist. One extends 
the field R of real numbers to the field C of the complex numbers. In fact, in 
this field, every polynomial equation, not just the equation x? + 1 = 0, has 
solutions. This is the statement of the “Fundamental Theorem of Algebra”. 
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Theorem I.1.1 There exists a field C with the following properties: 


(1) The field R of real numbers is a subfield of C, i.e. R is a subset of C, and 
addition and multiplication in R are the restrictions to R of the addition 
and multiplication in C. 
(2) The equation 
X?+1=0 


has exactly two solutions in C. 
(3) Let i be one of the two solutions; then —i is the other. The map 


RxR—C, 
(2,9) ee iy 


is a bijection. 


We call C the field of complex numbers. (Strictly speaking one can not speak 
of “the” field of real numbers and of “the” field of complex numbers, because 
by the axioms they only are determined up to isomorphism.) 


Proof. The proof of existence is suggested by (3). One defines on the set 
C:= Rx R the following composition laws, 


(x,y) + (u, v) = (x +U,Yy + v), 
(x,y) + (u,v) = (wu — yu, xv + yu) 


and then first shows that the field axioms hold. These are: 


(1) The associative laws 


(zt2 tz" =2z4(2 +2"), 


(a2)2" =2(2'2"):. 


(2) The commutative laws 


(3) The distributive laws 
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(4) The existence of neutral elements 


(a) There exists a (unique) element 0 € C with the property 
z+0=zforallzeC. 
(b) There exists a (unique) element 1 € C with the property 


z-L=zforallz¢Cand140. 


(5) The existence of inverse elements 


(a) For each z € C there exists a (unique) element —z € C with the 
property 
z+(-z)=0. 


(b) For each z € C, z 4 0, there exists a (unique) element z~! € C with 
the property 
z-gt=l1. 
Verification of the field axioms 
The axioms (1) — (3) can be verified by direct calculation. 
(4) (a) 0:= (0,0), 
(b) 1:= (1,0). 
(5) (a) —(@,y) = (-a, —y). 
(b) Assume z = (x,y) 4 (0,0). Then x? + y? 4 0. A direct calculation 
shows that 


gt —4 ae ee ae 
. ge + y? } ge + y? 
is the inverse of z. 


Obviously 
(a, 0)(x, y) = (ax, ay) , 


and therefore, in particular, 
(a, 0)(b,0) = (ab, 0) . 


In addition, we have 
(a,0) + (b,0) = (a +b,0) . 


Therefore 
Ce := { (a,0); aE R } 


is a subfield of C, in which the arithmetic is just the same as in R itself. 
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More precisely: The map 
u:R— Cg, at— (a,0) , 


is an isomorphism of fields. 
Thus we have constructed a field C, which does not actually contain R, but 
a field Cg which is isomorphic to IR. One could then easily construct by set- 
theoretical manipulations a field C isomorphic to C which actually does con- 
tain the given field R as a subfield. We will skip this construction and simply 
identify the real number a with the complex number (a, 0). 
To simplify matters further we shall use the 
Notation i := (0,1) and call i the imaginary unit (L. EULER, 1777). 
Obviously then 

(a) i? =i-i=(0,1)- (0,1) = (0-0—-1-1,0-141-0) =(-1,0), 

(b) (x,y) = (,0) + (0, y) _ (x, 0) . (1,0) 2 (y, 0) . (0, 1) 
or, written more simply, 

(a)? ==1, (b) (a,y) =a@+yi=a+ iy. 
Thus each complex number can be written uniquely in the form z = x + iy 
with real numbers x and y. Therefore we have proved Theorem [.1.1. 


It can be shown that a field C is “essentially” uniquely determined by prop- 
erties (1) — (3) in Theorem I.1.1 (cf. Exercise 13 in I.1). 
In the unique representation z = x + iy we say 

x is the real part of z and 

y is the imaginary part of z. 
Notation. x = Re (z) and y = Im (z). 
If Re (z) = 0, then z is said to be purely imaginary. 
Remark. Note the following essential difference from the field R of real num- 
bers: R is an ordered field, i.e. there is in R a special subset P of the so-called 
“positive elements”, such that the following holds: 


(1) For each real number a exactly one of the following cases occurs: 
(a)aeP (b) a=0 or (c)-aeP. 
(2) For arbitrary a,b € P, 
a+beP and abeP. 
However, it is easy to show that C cannot be ordered, i.e. there is no subset 
P CC, for which (1) and (2) hold for any a,b € P (because of i? = —1). 


Passing to the conjugate complex is often useful in working with complex 
numbers: 
Let z=a+iy, x,y €R. We put Z= x — iy and call Z the complex conjugate 
of z. It is easy to check the following arithmetical rules for the conjugation 
map 

7:C—C, ze-zZ. 
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Remark 1.1.2 For z,w € C holds: 


(1) Z=z, 
(2) ztw=Z7tU, ZW=2-W, 
(3) Rez=(z+2)/2, Imz=(z-Z) / 21, 
(4) zER—2z=7, ze€iResz=-7. 
The map ~: C — C, z & Z, is therefore an involutive field automorphism 


with R as its invariant field. 


Obviously 
2e= a7? + y? 


is a nonnegative real number. 


Definition I.1.3 The absolute value or modulus of a complex number z 
is defined by 
|lzj:= Vv 22 =Varty?. 
Clearly |z| is the EUCLIDean distance of z from the origin. We have 
|z| > 0 


and 


|z| =0 z=0. 


Remark I.1.4 For z,w € C we have: 


(1) |z-w] =l2|- lu] , 

(2) [Rez] <|z|, [Imz|<|z|, 

(3) jztw| < |z|+ |w| (triangle inequality) , 
(4) | |z|—|wl| |< |z4u| (triangle inequality) . 


By using the formula zz = \z|? one also gets a simple expression for the inverse 
of a complex number z # 0: 


Example. 


Geometric visualization in the Gaussian number plane 


(1) The addition of complex numbers is just the vector addition of pairs of 
real numbers: 
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(2) Z = x —iy is obtained from z = x + iy by reflection along the real axis. 
(3) A geometrical meaning for the multiplication of complex numbers can be 


found by means of polar coordinates. It is known from real analysis that any 
point (x,y) 4 (0,0) can be written in the form 


(t,y) =r(cosy,sing), r>0. 
In this expression r is uniquely determined, 
r=Var+y?, 


however, the angle y (measured in radians) is only fixed up to the addition of 
an integer multiple of 27.' If we use the notation 


Ro :={zeER; «>0} 
for the set of positive real numbers, and 
C* :=C\ {0} 
for the complex plane with the origin removed, then we have: 
Theorem 1.1.5 The map 


RE xR—C, 
(r,~)  r(cosy +isiny) , ImA 


is surjective. z=r(cos @+isin ©) 
Supplement. From 
r(cosy +isiny) =r'(cosy’ +isiny’), 


r,r’ >0, 


it follows that 
r=r and p-y’=2rk, keZ. 


* One also says: modulo 27. 
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Remark. In the polar coordinate representation of z € C°, 
(«) z=r(cosy+isiny) , 


the r is therefore uniquely determined by z (r = zz), but ¢ is only deter- 
mined up to an integer multiple of 27. Each y € R, for which (*) holds, is 
called an argument of z. Therefore if yo is a fixed argument of z, then any 
other argument y of z has the form 


p=yot2r*k, KEZ. 


The uniqueness of the polar coordinate representation can be achieved, if, for 
example, one demands that ¢ lies in the interval ] — 7, z]. In other words, the 
map 


Rix ]—7,7] —-C*, (r,~) — r(cosy +isiny) , 
is bijective. We call y € | — 7,7] the principal value of the argument and 
sometimes denote it by Arg(z). 
Examples. Arg(1) = Arg(2005) = 0, Arg(i) = 7/2, Arg(—i) = —7/2, 
Arg(—1) = 7. 


Theorem 1.1.6 We have 
(cosy +isiny)(cos y’ +isiny’) = cos(y+y’) +isin(y + ¢’) 


or 


cos(y + y’) = cosy: cosy’ — sing: sing’ 


sin(y + vy’) =siny- cosy’ + cosy: sing’ 


(addition theorem for circular functions) 


Theorems [.1.5 and 1.1.6 give a geometrical meaning to the multiplication of 
complex numbers. Namely, when 


z=r(cosy+isiny) , z’/=r'(cosy’ +ising’) , 
then the product is 
zz’ =rr'(cos(p +’) +isin(p + ¢’)) . 


Therefore rr’ is the absolute value of zz’ and y + y’ is an argument for 22’, 
which one can express neatly, but not quite precisely, as: 


Complex numbers are multiplied 


by multiplying their absolute values 
and adding their arguments. 
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If z= r(cosy + isin y) #0, then 
1 z 1 ee 
— = — = -(cosy —isiny) , 
S. 22 7 


from which one may similarly read off a simple geometrical construction for 
1/z. 


ImA 


Let n € Z be an integer. As usual we define a” for complex numbers a by 


n times 
——_—, 2 

a” =G@--++ a, ifn >0, 

a® =1, 

geo al aaa ifn <Oanda¥0. 

We have the rules: 
q” : a™ _ qrt™ ; 
a" = Qo 


q” . 6” — (a r b)” . 
Of course, the binomial formula also holds: 


(a+0y"= 3 (") at or 


v=0 


for complex numbers a,b € C and n € No. The involved binomial coefficients 
are defined as 


(3) eae (‘) = Merete) L<v<n. 


A complex number a is called an n* root of unity (n € N), if a” =1. 
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Theorem 1.1.7 For each n € N there are exactly n different n*” roots of 
unity, namely 


Qnmv , , Qnv 
Cp = cos —— +isin— , O<Vv<n. 
n n 


Proof. Using 1.1.6 it is easy to show by induction on n, that 
(cosy +isiny)” = cosny + isinny 

(L. Eutgr, 1748, 1749, A. DE Motvre, 1707, 1730) 
for arbitrary natural n. Since roots of unity are of absolute value 1, they can 
be written in the form 

cosy+isingy . 
This number is an n‘’ root of unity iff ny is an integer multiple of 27, i.e. 
yp = 2nv/n. Then it follows from Theorem I.1.5, that one can restrict to 
0<yv<n-—1. Thus the n numbers 


Qnmv , , Qrv 
Gy t= Gun = cos — +isin— , v=0,...,n-1, 
n n 


give the n different n‘® roots of unity. 


2x  ., 20 
Remark. For ¢; = ¢1,n = cos — + isin — we have 
mr nm 


W=, v=0,1,...,.n-1. 
Examples of n‘® roots of unity: 
n=1 {1}. 
n=2 {1,-1}={(-1)”"; v=0,1}. 
nas {1, -545V3, --iv3} 
={ (-3+$v3)"; O<vs2}={ Us; O<vs2}. 


n=4 {1,i,-1,-i}={i”; O0<v<3}={ G4; O0<v<3}. 


4/5 = 1 


nm=5 1 G5o JSve4), Gee z 


BDO! 


3 


n=3 n=4 
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All n** roots of unity lie on the boundary of the unit disk, the unit circle 
St:={zeEC; |z|=1}. They are the vertices of an regular n-gon inscribed 
in S! (one vertex is always (1,0) = 1). Because of this, one also calls the 
equation 

zy=1 


the cyclotomic equation. We have, as we shall see, 
2” —1L=(z-)-(2-G)-...-(2-G-1) 


with ‘ ; 
T T 

¢y =cos—v-+isin—v, O<v<n-1. 
n n 


The ¢, are the zeros of the polynomial 
P(z):=2"-1. 


The polynomial P thus has n different zeros. This is a special case of the 
Fundamental Theorem of Algebra. It asserts: 


Each nonconstant complex 


polynomial has 
as many zeros as its degree. 


In this statement we must, of course, count the zeros with their multiplicities. 
We shall encounter several proofs of this important theorem. 


Remark. The regular n-gon is constructible with ruler and compass, if the n“” roots 
of unity can be obtained by repeated extraction of square roots and ordinary arith- 
metical operations from rational numbers. According to a theorem due to C.F. 
GAUSS this is only the case when n has the form 


n=2' Fy... Fh, 5 


where 1,k; € No and the F,,, 7 = 1,...,r are different so-called Fermat primes. 
The latter are primes of the form 


ReaP 24. bENG. 
To date one knows only five of these, namely 
Po=3, Fp=5, Fo=17, Fg =257, and Fy = 65537. 
For the next of these numbers it happens that 
Fs =2°74+1=0 mod 641, 


that is, F5 is divisible by 641 —therefore it is not a prime. (The complementary 
divisor is 6 700 417.) 
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Exercises for I.1 


1. Find the real and imaginary parts of each of the following complex numbers: 


ral 344i, ipa \™ 
¢ ; >; iv, neZ; ,neZ,; 
re | 1—2i J2 


(HP) nee Ca) aa 


2. Calculate the absolute value and an argument for each of the following complex 
numbers: 
—3+i1; —13; (iy = (=a? ATi, ae 
1-21 
= < , ae R : 1~iv3 : 
1—ia es iV3 


(l1-i)",neZ. 


3. Prove the “Triangle Inequality” 
lz+tw|<lzj+lw|, zwecC, 
and discuss when it becomes an equality; also prove the “Triangle Inequality” 


lz) —|w|| <|z- wl, zwec. 


4. Forz=a+iy,w=u+tiv, with z,y,u,v € R, the standard scalar product in 
the R-vector space C = R x R with respect to the basis (1,i) is defined by 


(z,w) := Re (zW) =aut+yv. 
Verify by direct calculation that, for z,w € C 
(2,w)? + (iz, w)? = |2l? wl? 

and infer from this the CAucHyY-SCHWARzZ inequality in R?: 


I(z, w)|? = Jew + yol? < |al? |wl? = (@? + y?)(u? +0”) . 


In addition, show the following identities for z,w € C by direct calculation: 


jz + w|? = |z|? +2 (z,w) + [w)? (cosine law) , 
2 2 2 
|z— wl" = |z/" — 2(z,w) + |u|" , 
|z + wl? + lz — w|? = 2(|z|? + fw?) (parallelogram law) . 


Further, show that for each pair (z,w) € C® x C® there is a unique real number 
w i= w(z,w) € |] —7,7] with 


cosw = cosw(z,w) = 


and 
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sinw = sinw(z,w) = 


w = w(z,w) is called the oriented angle between z and w and will often be 
denoted by Z(z, w). 

Show: Z(1,i)=7/2, Z(i,1) = —a/2 = —Z(1, i). 

Suppose n € N and z,,w, € C for 1 <v <n. Prove 


n 2 n n 

2 2 — — 12 
Saw] = Solel? Soho? — Slat — 20 
v=1 p=1 v1 


l<v<p<n 
(the LAGRANGE Identity) and conclude from this the CAUCHY-SCHWARZ In- 
equality in C”: 


Sketch the following subsets of C in the complex plane: 
Assume a,b € C, b 4 0; 


Gor { zeC; Im (=*) =o}, 
Gp {zec; Im (- 


G_={zeC; Im (=*) <o}. 


Consider a,c € R and b € C with bb — ac > 0, 
K:={zeC; azzt+bz+bz+c=0} . 
v2 V2|_ 1 
z+ Jar}. 
2 2 


= -—-—_— 
Square roots and the solvability of quadratic equations in C 


bix{ ee; 


2 


Let c= a+ib £0 bea given complex number. By splitting it into its real and 
imaginary part show that there are exactly two complex numbers 2; and 22 
such that 
2 2 
Z] = 22 =c. One has z2 = —2) . 


(z1 and 22 are called the square roots of c.) For example, determine the square 
roots of 
54+71, and V2+iv2. 


Use also polar coordinates for this exercise. Furthermore, show that a quadratic 
equation 
2+tazt+B=0, a BEC arbitrary , 


always has at most two solutions 21, 22 € C. 


Existence of n‘® roots 


th 


Assume a € C and n € N. A complex number z is called (an) n™” root of a if 


2° =a. 


Show: If a = r(cosy +isiny) 4 0, then a has exactly n (different) n™ roots, 
namely the complex numbers 


10. 


11, 


12. 


13. 
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In the special case a = 1 (thus r = 1, y = 0), we get Theorem I.1.7. 
Determine all z € C such that z* —i=0. 


Let P be a polynomial with complex coefficients: 
P(z) = nz" + dn_12" > +++: tao withn E No, ay EC, ford0<v<n. 


A real or complex number ¢ is called a root or a zero of P, if P(¢) =0. 


Show: If all the coefficients a, are real, then we have 
P(¢)=0 = P@=0. 
In other words, if the polynomial P has only real coefficients then the roots of 


P which are not real occur as pairs of complex conjugate numbers. 


(a) LetH:={z¢€C; Imz>0} be the upper half-plane. 
Show: z€ H <=> -1/z € H. 

(b) Assume z,a€C. 
Show: (1 = #a|? =|2— a)? = (1 =|2/7)(1 = |e’). 
Deduce: If |a| < 1, then 


z-a 
az—-—1 


<1 <1 and Je] = 1 |= — 
ons 


Verify for z = x + iy € C the inequalities 


z| + 
lel+ [yl ran < |e = Ve Fy < lel + 


and 
max {|x| , |yl} < lz] < V2max{ |x| , ly}. 


Let C be another field of complex numbers. Determine all mappings y : C — C 
with the following properties: 


(a) p(z + w) = v(z) + v(w) for all z,wEC, 
(b) p(zw) = v(z)y(w) for all z,wEC, 
(c) p(“z) =2 for alla eR. 


Remark. It turns out that such mappings exist, and they are automatically 
bijective; thus they give isomorphisms C — C that leave R elementwise fixed. 
The field of complex numbers is therefore essentially uniquely determined. In 
the special case C = C we get automorphisms of C with the fixed field R. 


Remark. What automorphisms (i.e. isomorphisms onto itself) admits the field of 
real numbers R ? Hint. Such an automorphism of R must preserve the ordering 
of R! 
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15. 


16. 
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Each z € S' \ {-1}, 
S':={zeEC; |z|=1}, 
can be uniquely represented in the form 


i Tee 2a 
~ 1-iA 142 142? 
with \ ER. 


(a) Consider the map 
f:C* —C with f(z) =1/Z. 


Give a geometrical construction (with ruler and compass) for the image f(z) 
and justify calling this map “reflection at the unit circle”. Find the image under 
f of each of 
(a) Di:={zEC; O<|z<1}, 
(3) De={zeC; |>1}, 

(y) Ds={2eC; |e=1}. 
(b) Now consider the map 


g:C°® —>C with g(z) = 1/z (= f(z)) 


and give a geometrical construction for the image g(z) of z. Why is this map 
called “inversion at the unit circle”? What are the fixed points of g, i.e. for 
which z € C° is it true that g(z) = z? 


Assume n € N and let W(n) = {2 © C; 2” = 1} be the set of n™ roots of 

unity. 

Show: 

(a) W(n) is a subgroup of C® (and so is a group itself). 

(b) W(n) is a cyclic group of order n, ie. there is a ¢ € W(n) such that 
W(n)={6"; O<v<n}. 


Such a root of unity ¢ is called a primitive root of unity. 
Deduce that W(n) ~ Z/nZ. 


For which d € N with 1 < d <n is the power ¢¢ again a primitive n‘ 
unity? Therefore how many primitive n‘ roots of unity are there? 


1 root of 


Other introductions of the complex numbers 


In section I.1 the complex numbers were introduced as pairs of real numbers 
(following C. WESSEL, 1796, J.R. ARGAND, 1806, C.F. Gauss, 1811, 1831, and 
W.R. HAMILTON, 1835). From considering the geometry of R? (rotations and 
dilatations!) the following approach to the complex numbers is plausible: 


Le: 


18. 


19. 


20. 
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Let 
a—b 
c=4(( i aber boM(2x2R) 


with ordinary addition and multiplication of (real) 2 x 2 matrices. 
Show: C is a field, which is isomorphic to C, the field of complex numbers. 


As remarked during the introduction of the complex numbers, the polynomial 
P=X?’+1e R[X] has no roots in R, in particular it does not decompose into 
polynomials of smaller degrees, so P is irreducible in R[X]. In algebra (see, for 
instance, [La2]) it is shown how one constructs for each irreducible polynomial 
P in the polynomial ring K[X] over a field K a minimal extension field EF 
in which the given polynomial does have a root. In our special case (K = R, 
P = X* +1), this means that one takes the factor ring of R[X] with respect to 
the ideal (X? +1). This is isomorphic to C. 

Hamilton’s Quaternions (W. R. HAMILTON, 1843) 


We consider the following map 


H:CxC— M(2x2;C), 
(z,w) os H(z,w) = (= ~) 
and denote its image by 
H:={H(z,w); (z,w)€CxC}C M(2x2;C). 


Show that H is a skew field, i.e. in H all the field axioms hold with the exception 
of the commutativity law for multiplication. 
Remark. The notation H is intended to remind us of Sir WILLIAM ROWAN 
HAMILTON (1805-1865). One calls the HAMILTON quaternions. 
Cayley Numbers (A. CAyYLEy, 1845) 
Let 

Ci=HxXH. 


Consider the following composition law: 


CxC—-C, 
((fi, H2), (Ki, K2)) + (Ai Ky — KoH2, H2K, + Koi) . 


Here H’ denotes the conjugate transposed matrix of H € H C M(2 x 2; C). 


Show that this defines on an R-bilinear map, which has no zero divisors, i.e. the 
“product” of two elements in C is zero, iff one of the two factors vanishes. This 
“CAYLEY multiplication” is, in general, neither commutative nor associative. 


A deep theorem (M. A. KERVAIRE (1958), J. MILNoR (1958), J. BoTr 
(1958)) says that on an n-dimensional (n < oo) real vector space V a bilinear 
form free of zero divisors can only exist when n = 1,2,4 or 8. Examples of 
such structures are the “real numbers”, the “complex numbers”, the “HAMIL- 
TON quaternions” and the “CAYLEY numbers”. Compare with the article of 
F. HIRZEBRUCH, [Hi]. 
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1.2 Convergent Sequences and Series 


We assume that the reader is familiar with the topology of R? from real 
analysis of several variables. In the case C = R?, the fundamental definitions 
and properties will be briefly recalled.” 


Definition I.2.1 A sequence (Zn)n>0 of complex numbers is called a null 
sequence if for each ¢ > 0 there is a natural number N such that 


lenl<e forall n>Nn. 
Definition I.2.2 A sequence 
20 21, 22, +s 


of complex numbers converges to the complex number z if the sequence of 
differences 29 — 2,21 — Z,... 1s a null sequence. 


It is well-known that the limit z is uniquely determined, and we write 


z= lim z, or Z—7zasn->o. 
n—co 


From the equivalence of the Euclidean metric and the maximum metric for 
R?, or simply from 


[Re z| , [Im z| < |z| < |Rez|4+|Imz| , 
there follows: 


Remark I.2.3 Let (z,) be a sequence of complex numbers, and z be another 
complex number. The following statements are equivalent: 


(1) Zn > z forn— oo. 


(2) Rez, — Rez andImz,—-Imz forn-o. 


Remark I[.2.4 From z, — z and wy, > w as n — o follows: 


(1) Zn EWn > ztw, 

(2) Zn * Wn Zz-w, 

(3) |2n| > 2; 

(4) IZ 

(5) z, 22 ' in case of z #0, zn #0 for all n. 


? For topological purposes we shall always identify C with R?: 


C3z< > (Rez, Imz)€R’. 
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One can prove this either by splitting the involved complex numbers into real 
and imaginary parts, or just by translating the usual proofs from real analysis. 
Example. 

lim z”=0 for |z[<1. 


n—Ooo 


The assertion follows from the corresponding theorem for real z by using 


j2"| = |2|" . 


Infinite Series of Complex Numbers 


Let zo, 21, 22, ... be a sequence of complex numbers. One can associate to 
it a new sequence, the sequence of its partial sums So, Si, S2, ... with 


Sn i= Zot 2Z1+-+++2n. 
The sequence (S;,) is also called the series associated to the sequence (Z,,). For 


this one uses the notation 


[oe) 


So tn = 20+ zt 224°° 


n=0 
If the sequence (.S,,) converges, then one calls 


S:= lim S, 


n—Co 


the value or the sum of the series. In this case, one also writes 


co 
S= So m=z+ateate 


n=0 


We follow here the usual but not entirely precise traditional notation: The 
symbol yan Zn will be used with two meanings: 


(1) On the one hand as a synonym for the sequence (S,,) of partial sums of 
the sequence (Z,). 

(2) On the other hand (if (S;,) converges) for their sum, i.e. the limit S = 
limn—soo Sn. Thus S' is a number in this case. 


Which of the two meanings is intended is usually clear from the context. For 
this, see also Exercise 9 in section I.2. 


Example. The geometric series converges for all z € C with |z| < 1: 


=l+z+2?4+--- for |z| <1. 


1l-2z 
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The proof of this follows from the formula (proved, for instance, by induction 
on 7) 
i yntl 
=1l4+z4+---4+2” for zAl. 
1-—z 
A series 
Zo + 21+ 2Za+::: 


is called absolutely convergent, if the series of absolute values 
[zo] + [za] + [22] ++ 

converges. 

Theorem 1.2.5 An absolutely convergent series converges. 


Proof. We assume that the corresponding theorem for the real case is known. 
The assertion then follows from Remark [.2.3. 


Using Theorem I.2.5 one may extend many elementary functions into the 
complex plane. 


Remark 1.2.6 The series 


2” — (—1)* Qn+1 = (=1)" 2 
—. oh Th d Th 
ae , 2. Gn . we dX (Qn) ~ 


are absolutely convergent for all z € C. 
We define 


(complex exponential function), 


(complex sine), 


(complex cosine). 


Lemma I.2.7 (Cauchy Multiplication Theorem) Let 


Co foe) 
y Gn and ) Da 
n=0 n=0 


be absolutely convergent series. Then we have 


(Ee) (Se) Ea) 


where the series on the left-hand side is also absolutely convergent. 
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The proof is literally as in the real case. From the Multiplication Theorem 
1.2.7 follows 


exp(z) exp(w =r yee = EEL exp(z tw). 


n=0 v=0 n=0 


Theorem I[.2.8 For arbitrary complex numbers z and w 


exp(z + w) = exp(z) - exp(w) 


Addition theorem or functional equation 


Corollary 1.2.8; In particular, we have exp(z) 4 0 for all z € C because of 
exp(z) exp(—z) = 1, and 


exp(z)” = exp(nz) forneZ. 


The function exp(z) coincides for real z with the real exponential function. 


For complex z we define 
z 


e* := exp(z) . 


In this way the functional equation in [.2.8 becomes a power law: 


However, note the remark at the end of the paragraph about the problems of 
taking complex powers. We will use both the notations e* and exp(z). 


Remark I.2.9 We have 


exp(iz) =cosz+isinz , 
exp(iz) + exp(—iz) 


cos(z) = 5 


exp(iz) — exp(—iz) 
21 ; 


sin(z) = 


Corollary I.2.9; Let z= x«+iy. Then we have 
e* =e* (cosy +isiny) , and therefore 
Re e* =e’ cosy , 


Im e* =e" siny , 
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Corollary I.2.92 For arbitrary complex numbers z,w € C we have the 


Addition theorems 


+ w) = coszcosw —sinzsinw , 


fw) =sinzcosw+coszsinw . 


The complex exponential function is not injective. We have 


e’™k — 1 for any REZ. 


From the supplement to Theorem I.1.5 there follows a more precise result: 


Remark I.2.10 We have for all z,w EC 


exp(z) = exp(w) => z—w € 27iZ , 


and, in particular, 


For w € C, because of the functional equation for the exponential 
exp(z + w) = exp(z) exp(w) , 
we have the equation 
exp(z + w) = exp(z) for allz EC 


if and only if 
exp(w) = 1 <=> w € Ker exp = 27i1Z. 


The equation 
Ker exp = 271 Z 
can be interpreted, because of this, as a periodicity property of exp: 


The complex exponential function is periodic, and has as periods the numbers 
and only the numbers 


Qmrik, kKEZ. 


Corollary I.2.10; For all z € C and all k € Z we have 


sinz = 0 z=kr, 
1 
cos z = 0 z (k+5)z. 
This is because, for example, sinz = (exp(iz) — exp(—iz))/2i = 0 means 


nothing else but exp(2iz) = 1, ie. z = ka, k € Z. The complex sine and 
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cosine functions therefore have only the roots, which are known for the real 
functions. 


Its periodicity causes difficulties in inverting the complex exponential function 
to define a complex logarithm. To attack this problem we restrict the domain 
of definition of exp in a suitable way. 


Principal Branch of the Logarithm 


We shall denote by S the strip 
S={weC; -n<Imw<7}. 
The restriction of exp to S' is injective by 
1.2.10. Each value of exp is taken already 
in S. The image of exp is, by 1.1.5, C°, 
the plane punctured at 0. Because of this 
the complex exponential function gives a 

bijective map 


oe. 


w—>e" 


Therefore, to each point z € C®* there corresponds a uniquely determined 
number w € S with the property e” = z. We call this number w the principal 
value of the logarithm of z and denote? it by 


w= Logz. 
Therefore we have proved: 


Theorem I.2.11 There exists a function —the so-called principal branch 
of the logarithm— 


Log: C* —C, 
which is uniquely determined by the following two properties: 
(a) exp(Log z) = z , 
(b) —1<Im Logz<7 for allz #0. 


Supplement. From the equation 
exp(w) = z 


follows 
w=Logz+27ik, kEZ. 


Only if w is contained in S, one can conclude 
w = Logz . 


3 The notations w = log z and w = Inz are also common in the literature. 
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In particular, Log z coincides for positive real z with the usual real (natural) 
logarithm: 
Log z = logz . 


Remark I.2.12 To each complex number z 4 0 there corresponds a real num- 
ber y, which is uniquely determined by the following two properties: 


(a) —aT<yK<T, 


(db) ~ —cosy +ising (= el”) . 


|z| 
This is an immediate consequence of I.1.5 and a special case of 1.2.11. 


The construction of the complex logarithm therefore contains a generalization 
of the representation of a complex number in polar coordinates. 


We call the number y occurring in 1.2.12 the principal value of the argument 
of z and write (cf. the remark before I.1.6) 


p= Argz. 
Theorem 1.2.13 For z € C* one has 
Log z = log|z| +iArgz . 


Here log |z| is the usual real natural logarithm of the positive number |z]|. 


Proof. By Theorem I.2.11 it is sufficient to show: 


exp(log |z| +iArgz) =z; 


this follows immediately from 1.2.9; and 1.2.12. 


We close this paragraph with a warning about calculations with complex powers. 


Ifa € C*, bE C, then one can define a? := exp(b Log a). This definition is, however, 
artificially, since if b does not lie in Z, then 


exp( bLoga ) # exp( b(Loga+2nik)), kKEZ. 
Each number in 
{exp( b(log|a|+iArga) ) exp(27i bk); ke Z} 


can be considered to be a? in its own right.* Using the principal value of the logarithm 
one has, for instance, 


ii = exp( iLogi ) = exp( i(log |i] + i Argi) ) 


= ex( i(0 iz) ) = exp( “) ~ 0.20787957635076190854... . 


* Each of these numbers is one of the b” powers of a. 
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All possible values of i' lie, because of the equality 
exp( i(log |i] + iArgi) ) exp( 27iik ) = exp( —(4k + 1)7/2) , 


in the following set of positive real numbers: 
{ exp(—(4k + 5) ; keEZ \ : 


The n' roots of unity, i.e. the solutions of z” = 1, are now exactly the 1/n-th powers 
of 1. More general, the n™ roots of a number a € C® are just the 1/n-th powers of 
a. 

Remark. The number e* := exp(z) is one of the 2‘? powers of e. 


Care should be taken when one formally uses the exponentiation laws, which hold 
for real numbers. For example, in general it is not true that 


(a1a2)” = abas . 
Example. Set a1 = a2 = —1, and b = 1/2. Then (using the principal value) we have 
(ayaz)'/? = ((—1)(-1))'/7? = 11? =1 1=i-i=(—-1)¥/?(-1)? = ala” . 
Which of the rules known for real numbers carry over to complex numbers has to be 
checked checked case by case. There is no difficulty if one defines a? = exp( bloga ) 
for real and positive a, because one can take the usual real logarithm. Then the rules 


(aiaz)° = atas (a1 > 0, a2 > 0) 
are also valid for complex b. 


Exercises for I.2 


1. Let zo = %0 + iyo # 0 be a given complex number. Define the sequence (Zn)n>0 


recursively by 
1 1 
omni =$ (e+) , n>0. 


Show: 
If vo > 0, then limn—+o Zn = 1. 
If vo < 0, then limno Zn = —1. 


If ro =0, yo £0, then (zn)n>o0 is undefined or divergent. 
1 


: ; Zn+1 — 
Hint. Consider wn41 = — 


Zn4+1 + 1 ‘ 
2. Let a € C® be given. For which zo € C converges the sequence (Zn), which is 
recursively defined by 


1 
inn =$ (2+) forn>0? 
2 Zn 


3. A-sequence (Zn)n>0 of complex numbers is called a Cauchy sequence, if for each 
€ > 0 there is an index no € No, such that for all n,m € No with n,m > no 


|2n —Zm| < €. 


Show: A sequence (Zn)n>0, Zn € C is convergent if and only if it is a CAUCHY 
sequence. 
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Prove the following inequalities. 
(a) For all z € C we have 


lexp(z) — 1] < exp(|z|)—1 < |z/exp(|2}) - 
(b) For all z € C with |z| < 1 we have 
lexp(z) - 1] < 2I21 . 


Determine, in each case, all the z € C with 


exp(z)=-2, — exp(z) =i, exp(z) =i, 
sinz = 100, sinz=7i, sinz=1-—i, 
cos z = 31, cosz=3+441, cosz=13. 


The (complex) hyperbolic functions cosh and sinh are defined similarly to the 
real ones. For z € C let 


exp(2)texp(=2) ga. ex (2) = exp(=2) 
2 . 2 : 


cosh z := 
Show: 


(a) sinh z = —isin(iz), cosh z = cos(iz) for all z € C. 
(b) Addition theorems 


sinh(z + w) = sinh zcosh w + cosh zsinhwi , 


cosh(z + w) = cosh zcoshw + sinh zsinhw . 


(c) cosh? z — sinh? z = 1 for all z EC. 
(d) sinh and cosh have the period 277, i.e. 


sinh(z + 27i) = sinh z 
for all z EC. 


cosh(z + 27i) = cosh z 


yen 2n4+1 
(e) For all z € C the series x Onl and aes esi are absolutely conver- 


gent, and one has 


co 2n co gentl 


z . 
coshz = )> (ny! and sinhz = )> Qn! : 


n=0 n=0 


For all z = x +iy € C one has: 


(a) exp(z) =exp(Z) , sin(z) =sin(Z) , cos(z) = cos(Z) . 


cos z = cos(x + iy) = cosxcoshy —isinaxsinhy , 


(b) 


sin z = sin(x + iy) = sinzcoshy+icosasinhy . 


10. 


11. 
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In the special case x = 0, y € R we have 


(e? +e %) =coshy and sin(iy) = s(e —e ’)=isinhy. 


Dole 


cos(iy) = 
Determine all the z € C with |sin z| < 1, and find an n € N such that 
|sin(in)| > 10000. 


Definition of the tangent and cotangent 


For z€C\{ (k+1/2)a; ke Z } let 


sin z 
tan 2 := ; 
cos Z 
and for z € C\{ka; k € Z} let 
cos z 
co: 2S — 
sin z 
Show: 
fey OS ote 
i exp(2iz) +1 exp(2iz) — 1 
tan(z +7/2) =—cotz, tan(—z)=-—tanz, tanz=tan(z+4+7), 


tan z = cot z — 2cot(2z), cot(z+7) = cot z. 


Let Maps(No, C) be the set of all maps of No into C (= the set of all complex 
sequences). 


Show: The map 


> : Maps(No,C) —>+ Maps(No, C) , 
(an) n>0 i (Sn)n>0 with Sp := ao + a1 +++: +an, 


is bijective (telescope trick). The theories of sequences and of infinite series are 
therefore in principle the same. 


Let (a@n)n>0 and (bn)n>o be two sequences of complex numbers such that 
an = bn — bn4i, n> 0. 

Show: The series }>°° 4 an is convergent if and only if the sequence (b,) is 
convergent, and then 


co 
S> an = bo — lim bn+1 5 
n—-co 


n=0 


1 


E. le: oom = 1. 
cample d. ata) 


Binomial series 
For a€ C and v € N let 
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Show: 3°, (“) 2” is absolutely convergent for all z € C with |z| < 1. 
Let Dale) eo (Ce 


Show: For all z € C with |z| < 1 and arbitrary a, € C we have 
bata(z) = ba(z) ba(z) - 
Remark. We shall see later that for z € C with |z| < 1 there holds 
ba(z) = (1+ z)* := exp(alog(1+ z)) . 
For a =n € No, one obtains the binomial formula 
Mie ~ n v 
(1+ z) = Sc (:) Zz. 
v=0 
12. For k € No, and z € C with |z| < 1, show 
1 A (ntk\ n we{ntk)\ an 
aape E (Eee E Ct) > 
13. Let (an)n>0 and (bn)n>0 be two sequences of complex numbers and 
An :=ao+ai++::+an, nENo. 


Show: For each m > 0 and each n > m we have 


x avby = > Ay (bp —_ by+1) —_ Am-—1bm + Anbn41 
(ABEL’s partial summation , N. H. ABEL, 1826) 


where in the case m = 0 we set A_; = 0 (empty sum). 
14. Show: Under the conditions of (13) a series of the form > anbn is always con- 
vergent if 
(a) the series $* an(bn — bn41) and 
(b) the sequence (anbn+1) are convergent (N. H. ABEL, 1826). 
15. If S> an is convergent and (bn )n>o is a sequence of real numbers, which is mono- 


tone and bounded, then the series S> anbn is convergent (P.G.L. DIRICHLET, 
1863). 


16. Assume that the series )> an is absolutely convergent, and let a := )>> 9 Gn. 
Suppose that the series }* bn is convergent, and assume b := S7~ 9 bn. 


Show: if cn := ie dvbn—v, then the series S> cn is convergent, and for 
c:= O94 en one has 


c=ab (MERTENS’ theorem, F. MERTENS, 1875). 


We 


18. 


19. 


20. 


21. 
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Let (an)n>o0 be a sequence of complex numbers, and let (Sn) = (7?) av) be 
the associated sequence of partial sums. Set 
— Sot Sit: + Sn 
— n+1 
Show: if (Sn) is convergent and S := limn—oo Sn, then (on) is also convergent, 
and 


n>0. 


? 


lim on=S. 


Show by a counterexample that, in general, one cannot deduce from the con- 
vergence of (a7) the convergence of (5',). 
Show that for y € R— 27Z and for all n € N one has 


1 SPeanp = inl+ ue) 


a” 2a 2sin(p/2) nee 
is ee sin(ny/2) sin((n + 1)p/2) 
en sin(y/2) 


” 20 21 
Hint. ™_ d= =r ae = 3 —— isin —. 
int. z He ¢’), ¢:= cos > + isin = 
(a) For each of the following complex numbers calculate the principal value of 
the logarithm: 


i; -i; -l; wteER,a>0; I+i. 
(b) Calculate the principal values of the following numbers and compare them. 
(= 1) aad? iy 
(c) Calculate 
{a} := { exp( blog|a|+ibArga) exp( 2mi bk); ke Z} 
for 
(a,b) € { (-1,i), (1, V3), (-2, v2) } 
and the corresponding principal values. 
Connection of Arg with arccos 


Recall the definition of the real arccos: arccos is the inverse function of cos 
restricted to [0,7], thus 


arccost = yp —— 0<y<m7and cosp=t. 
Show: For z = « + iy #0 we have 
T ify=Oanda<0, 


Argz= sign(y) arccos — otherwise . 
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22. For z,w € C® show 
Log(zw) = Log(z) + Log(w) + 27ik(z, w) where 
0, if -7™<Argz+Argw<z, 
kK(z,w)=441, if -27 <Argz+Argw<-—z, 
-1, if aw<Argz+Argw< 27. 


23. There is a problem posed by TH. CLAUSEN in Journal ftir reine and angewandte 
Mathematik (CRELLE’s Journal) , Band 2 (1827), pages 286-287: 


“If e is the base for the hyperbolic (= natural) logarithms, 7 denotes half of 
the perimeter of the unit circle and n is a positive or negative number, then it 
is well-known that 


eentv-1 i 


? 


eitanaya1 =~ 


5) 


and thus also that 


e(tt2nnV=T)? =3= eltana V=1—4n? x? 


However, since e!t#""V~! = e, it would follow from this that en Ann? _ 1; 


which is absurd. Find the mistake in the derivation of this result.” 


1.3 Continuity 


Definition I.3.1 A function 
f:D—R’, DCR’, 


is called continuous at a point a € D, if for each « > 0 there exists 6 > 0 
with the property ° 


lf(z) -—fla@)| < ¢ if jz-al<6, zeD. 
(c-0-Definition of Continuity) 


An equivalent formulation is as follows: One has 
flan) > f(a) for nao 


for each sequence (an) converging to a (Sequence Criterion). 


The function f is called continuous, if it is continuous at each point of D. 
We are primarily interested in the case p = q = 2, i.e. 

f:D—C, DCC. 
Then, from I[.2.4 there follows: 


° We denote by |-| the Euciipean norm (in R” and R’). 
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Remark 1.3.2 The sum, difference and product of two continuous functions 
are continuous. 


Remark 1.3.3 The function 


is continuous. 


Let 
f:D—C and g:D'—C 


be two functions. If the image of f is contained in the domain of definition of 
g, f(D) C D’, then one can define the composition 


gof:D—C, 
Zero 9(f (2) F 
Remark 1.3.4 The composition of two continuous functions is continuous. 


If f : D — C is a continuous function without zeros, then by 1.3.3 and 1.3.4 
the following function is also continuous: 


1 
—:D—C. 
f 


Remark 1.3.5 A function f : D—C, DCC, is continuous if and only if 
the real and imaginary parts of f are continuous. 


(Re f)(z) = Re f(z) , 
(Im f)(z) == Im f(z) . 


In particular the absolute value of a continuous function is continuous: 
Ifl = V (Re f)? + Um f)? . 
Examples. 
(1) Each polynomial 
P(z)=anp t+aiz+---+anz”", nENo, wEeEC,0<vK<n, 


is continuous on C. 


(2) The functions 
exp , sin and cos: C —C 


are continuous (since the real and imaginary parts are). 
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Let 
f:D—C, DcC, 


be an injective function. Then the inverse function 
f:fD)— Dcc 
is well-defined. It is characterized by the properties 


f(f-'@)) =w for allw € f(D) , 
7 (Ge) =e forallzeD. 


Remark 1.3.6 The inverse of a continuous function is not necessarily con- 
tinuous. 


Example. We consider the principal value of the argument, restricted to the 
circle 
wie ete jzai}., 


By definition, this function is the inverse function of the continuous function 
]-—7, 7] — S1, we +cosr+isinz , 
but itself it is not continuous. For this notice: 
Remark 1.3.7 The function 
S'b—3C, ze >Arez, 


is discontinuous at z= —1. 


Corollary 1.3.7; The principal value of the logarithm is discontinuous along 
the negative real axis. 


Proof of the Remark. Let 
dy = e*™—V/™5 and by =e—TVM on eEN. 
On the one hand 


1 1 
Arga, =7—— and Argb,=-7+—-, 
n n 


= lim Arga, =a and lim Argb, = —7 , 
Nn oCo N—- Co 
but, on the other hand, limp—.oo dn = limn—oo bn = —1 = e™! = e~™ . There- 
fore Arg is discontinuous at z = —1. 


One can also see that the restriction of Arg to S$! is discontinuous in the 
following way: The set S' is compact (see 1.3.10). If Arg were continuous then 
] — 7,7] = Arg(S*) would also be compact. However, this is not the case. 


We quickly recall the usual topological notions in R? (where we are especially 
interested in the case p = 2). 
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Definition 1.3.8 A subset D C R” is called open, if for each a € D there 
exists an € > 0 such that the e-neighborhood (for p = 2 a disk) 


U.(a):={zeER?; |z-al<e} 
is contained in D. 


Definition 1.3.9 A set A C R” is called closed, if one of the two following 
equivalent conditions is satisfied. 


(a) The complement 
R?-A={zeER?; z¢A} 


iS open. 
(b) The limit of any convergent sequence of points in A is also in A. 


Definition I.3.10 A set AC R? is called compact, if for each covering 


Ac U Uy (A an arbitrary index set) 
AEA 


by a family (Uy)yea of open sets Ux C R® there is a finite sub-covering, i.e. 
there is a finite subset Ag C A with the property 


Ac U Uy. 
AE Ao 


The following theorems are known from real analysis: 


Theorem I.3.11 (Heine-Borel) A set A C R? is compact if and only if it 
is bounded and closed. 


Theorem I.3.12 The image of a compact set A C R? under a continuous 
map f : R? — R® is also compact. In particular, a continuous real-valued 
function i.e. (¢ = 1) on A is bounded and takes its minimum and its maximum. 


Theorem I.3.13 The inverse of a continuous injective function f : A> C 
on a compact domain A C C is also continuous. 


Exercises for 1.3 


Prove the equivalence of the ¢-d-continuity and sequence continuity in 1.3.1. 


2. Using Exercise 21 in I.2 show that Arg : C_ — R is continuous. Here C_ is the 
complex plane slit along the negative real axis : 


C. := C\{teR;t<0}. 


Deduce that the principal value of the logarithm is also continuous on C_. 
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Set D CR”. 

A point a € D is called an interior point (of D) 
if together with a there exists a e-ball U-(a) := 
{x €R?;  |#%—a| <e} which is contained in D. 
Show: D is open <> each point of D is an interior 
point. A subset U Cc R? is called a neighborhood of 
a € R® if U contains an e-ball U-(a). 

Show: D is open <> D is a neighborhood of each 
point a € D. 


Lat Di= {x€D,; D neighborhood of x } 


Show: D is open => D= D. 
D is always open, and for each open subset U C R? 
with U C D we have U C D. 


Let M C R?. A point a € R? is called an accumulation point of M if for each 
e-ball Uz(a) there holds 


Ue(a)n(M \ {a}) # 0. 
In each ¢-ball for a there is therefore a point of M different from a. 
Notation. M' :={x€R?’;  @ is an accumulation point of M }. 
Show: For a subset A C R? the following are equivalent: 
(a) A is closed, i.e. R? — A is open. 
(b) For each convergent sequence (an), Gn € A we have limp—oo adn € A. 
(c) ADA’. 
Show that in addition: 

A:=AUA' 

is always closed, and for each closed set B C R? with B D> A we have BD A. 
A is called the closure (or closed hull) of A. 
Let (2n)n>o0 be a sequence in R?. A point a € R? is called an accumulation 
value of the sequence (x,,) if for each e-ball U-(a) there are infinitely many 
indices n such that a» € U-(a). 
Show (BOLZANO-WEIERSTRASS Theorem): Any bounded sequence (%n), tn € 
R? has an accumulation value. 
A subset K C R? is called sequence compact if each sequence (an)n>o0 with 
tn € K has (at least) one accumulation value in K. 
Show: For a subset K C R?” the following are equivalent: 
K is compact, 
K is sequence compact. 
Remark. This equivalence holds for any metric space. 
For all z EC 

lim (1+2/n)" = exp(z) . 


n—0o 


More generally: For each sequence (Zn), 2n € C with limn—oo Zn = z we have 


lim (1+ 2n/n)”" = exp(z) . 


n—oco 


10. 


11. 


12. 


13. 


14. 
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Prove HEINE’s theorem (E. HEINE, 1872): 
If kK C C is compact and f : K — C is continuous then f is uniformly continu- 
ous on K, i.e. for each ¢ > 0 there exists a 6 > 0 so that for all z,z’ € K with 
ljz—2/| <6, 
[f(2)-f2)| <e- 
For any subsets A, BC C, 
d(A,B):=inf{|z-—w|; zE€A, we B} 


is called the distance between A and B. If B = {w}, then one simply writes 
d(A, w) instead of d(A, {w}). 

Show: 

If A C C is a closed subset and b € C is arbitrary, then there is an a € A with 


d(A,b) =|a—b| . 


If A Cc C is a closed subset and B C C is compact, then there are elements 
a€ Aand be B such that 


d(A, B) =|a— | . 


There does not exist a function f : C* — C® with both of the following prop- 


erties 
(a) f(zw) = f(z) f(w) for all z,w € C* , and 


(b) (f(2))? =z for all zEC*. 
Show: 


(a) There is no continuous function f : C* — C®* such that 
(f(z)? =zforallzeEC*. 
(b) There is no continuous function g:C — C such that 
(q(z))° =zforallzeEC. 
There is no continuous function y : C* — R such that 
z = |z|exp(ip(z)) for all zeC*. 
There is no continuous function | : C* — C such that 
exp(I(z)) =z for allz EC’. 


Let n > 2 be a natural number. There is no function f : C* — C® with the two 
properties 

(a) f(zw) = f(z) f(w) for all z,w EC? , and 

(b) (f(z))" =z forallzeC* (REN, n>2). 
Let n > 2 be a natural number. There is no continuous function gn : C — C 


such that 
(an(z))” = 2 for all zEC. 
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1.4 Complex Derivatives 


Let D C C be a set of complex numbers. A point a € C is called an accumu- 
lation point of D, if for each ¢ > 0 there exists a point 


z€D with 0<|z-al<e. 


Let f : D—C be a function and / € C a complex number. The statement 
f(z) -l for za 
by definition means: 


(a) ais an accumulation point of D. 
(b) The function 


{:DU{el SS C,, 
~ i forz#a,zeéED, 


l for z=a, 


is continuous at a, therefore: 
For any € > 0 there exists a 6 > 0 such that 


|f(z) -—U <eforal ze D, z4awith |z-al<6. 


It is easy to see that the limit / is unique. 
We say: 1 is the limit of f at a (or approaching a). The notation 
[= lim f(z) or I= lim f(z) 


ars Za 
is therefore justified. Notice that different notions of a limit are used in the 


literature, which differ in whether the point a is included or not. 


Definition I.4.1 A function 
f:D—C, DcC, 


is called complex differentiable, or does have a complex derivative, at 
the point a € D iff the following limit exists: 


eIOETIO’ 

za ZG 
We denote this limit, if it exists, by f’(a). (The function z + fle) Fa) is 
defined in D\ {a}. By assumption a is an accumulation point of D— {a} (and 
hence of D). 
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If f is differentiable at each point of D, then one can consider the complex 
derivative again as a function on D 


fi:D—C, 
zr—s fi(z). 
Special Case. Let D be an interval in the real line, say 
D={|a,b], a<b. 
Decompose f into real and imaginary parts 
f(a) = u(x) + iv(a) . 


Here u and v are ordinary real functions of one real variable. 


Obviously, f is complex differentiable if and only if the functions u and v are 
differentiable, and we have 


f'(x) =u' (x) +iv'(2) . 


Complex differentiability is therefore a generalization of real differentiability. 
We shall see, however, that the situation for open domains of definition D C C 
is completely different. 


Sometimes another formulation of differentiability is useful: 


Remark I.4.2 Assume that a € D is an accumulation point of D C C and 
f:D— Ca function andl € C. Then the following statements are equivalent: 


(a) f is complex differentiable at a, and there has the derivative l. 


(b) There exists a function p: D— C which is continuous at a such that 
f(2) = f(@ + ol) (za) and g(a) =I. 
(c) There exists a function p: D— C which is continuous at a such that 
f(z) = f(a) +1 (2 —@) + plz) (2a) and pla) = 0. 
(d) Jf one defines r: D — C by the equation 
f(z) = fla) +1 (z—-a)+r(z) , 


then 


=0 or equivalently lim ne) — 
za Z—4 za |z— al 


In each case l= f'(a). 
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The equivalence of the assertions is obvious from their definitions. 
Corollary J.4.2; A function which is differentiable at a is continuous at a. 
As in the real case one shows the following properties of permanence: 


Theorem I.4.3 Let the functions f,g: D—C, DCC, be complex differ- 
entiable ata € D. Then the functions 


fie, Wi sReCs fa and 5 if f(a) £0 


are complex differentiable at a, and we have 


(f +9)'(a) = f(a) +9'(a) , ie 
(f9)'(a) = f’(a)g(a) + F(ag'(a) , (5) (ia a) 
Application. The function 


fan", nez, 
(with domain of definition C if n > 0, and C® otherwise) 


is complex differentiable, and 
fi(gjene™'. 


The reformulation of differentiability in Remark [.4.2 is of use in proving the 
Chain Rule. 


Theorem I.4.4 (Chain Rule) Assume that the functions 
f:D—C and g:D'—C 
can be composed, i.e. f(D) C D’. In addition, assume that 
f ata€é D andg at f(a)Ee D' 
are complex differentiable. Then their composition 
gof:D—-C, 
z— g(f(z)) , 


is differentiable at z =a, and we have 


(90 f)'(a) = 9' (F(a) - f’@) - 
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Proof. By assumption 


f(z) — f(a) = v(z) (z-a), vy continuous at a and y(a) = f’(a) , 
g(w) — g(b) = w(w) (w—b), y continuous at b= f(a) and 7(b) = g’(b) . 


Because of this (for z 4 a) 


g(f(z)) ~9(F(@) 


z—a zZ—G4 


Passing to the limit we get 


(go f(a) = ¥(f@)f@) = I (F@)F'(@) - 


Examples. 


(1) By repeated application of the rules in 1.4.3 one obtains that each poly- 
nomial 


P= >) aye” with n € No and a, € C for0O<v<n, 
v=0 
is complex differentiable for all z € C and that 
Pizj= > vay,z—*. 
v=1 


(2) If PQ: C — Care polynomials and N(Q)={zEC; Q(z)=0}is 
the set of roots of Q, then the rational function 
f:C\N(Q)—C, 
P(z) 
Q(z) ’ 
is complex differentiable. These results immediately follow from Example 
(1) and the rules in 1.4.3. 


(3) We use the observation from the following section that the complex ex- 
ponential function is complex differentiable and has itself as derivative 
(cf. Example 4): 


zr f(z) := 


exp’ = exp , 


and that the principal branch of the logarithm, Log, in the slit plane 
C_:=C-—{teR t<0} 


is complex differentiable with (cf. 1.4, Exercise 6) 
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1 
Log’(z)=—. 
og (2) = = 
Using the Chain Rule [.4.4 we then obtain that for s € C the function 


f:C_—C, 


zr 2° :=exp(s Log z) , 
is complex differentiable and we have 


s—l1 


1 
f'(z) = exp(s Log z) - s— = 82 


(4) Let a € C and (c,) be a sequence of complex numbers. A series of the 


type 
lee) 
yy Cy (2 — a)” 
v=0 


is called a power series centered at a with coefficients c,. 


We assume that the power series 


y cy(z — a)” 
v=0 
converges in the disk 
Ur(a)={zEC; |z-al<R} (R > 0), 


and, for z € Upr(a), we define 
f@= ae —a)’. 
v=0 


We shall later show (section II.2), that f(z) is complex differentiable for 
all z € Up(a) and that we have 


Co 
fis a ve, (z—a)”—' (termwise differentiation of a power series) . 
v=1 


From these results, for instance, the formulas exp’ = exp, and also sin’ = 
cos and cos’ = — sin follow. 

In the following sections we shall meet some other methods for checking 
complex differentiability. 
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Exercises for I.4 


Prove the differentiation rules in Theorem 1.4.3 using property (b) in 1.4.2. 


2. Investigate the continuity and complex differentiability of the following func- 
tions f. Find the derivatives at points where they exist. 


~) T=), 1=2, 
f(z) = 2, f(z) =2/l2| , 240. 
(b) The exponential function exp is differentiable, and we have exp’ = exp. 
3. Ifthe function f : C — C is complex differentiable at all points z € C and takes 
only real or pure imaginary values, then f is constant. 


4. Let f : D—C be complex differentiable at a € D and D* :={z; ZED}. 
Then the function g : D* — C defined by 


gz) = f(2) 
is complex differentiable at @, and we have 
g'(@) = f'(a) . 


5. Prove the following variant of the theorem of invertible functions: Let D and 
D’' CC be open and f : D — C and g: D’ = C continuous functions with 
f(D) C D! and g(f(z)) = z for all z € D. 

Show: If g is complex differentiable at b = f(a) and g'(b) 4 0, then f is complex 
differentiable at a, and we have 
1 
f(aQ= Tp - 
g' (0) 


6. By Exercise 2 in I.3 the principal value of the logarithm in the slit plane C_ is 
continuous. Show, by using Exercise 5, that it is actually complex differentiable 
in C_ and that there Log’(z) = 1/z. 


1.5 The Cauchy-Riemann Differential Equations 


The starting point of our considerations is the formal similarity of Remark 
1.4.2 with the notion of total differentiability in real analysis: 


A map 
f:D—R‘’, DCR? open, 


is called totally differentiable at a point a € D, if there exists an R-linear 
map 


A:R’ —R’‘, 


such that the remainder r introduced by the equation 


f(x) — f(a) = A(a — a) + r(x) 
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satisfies 
7 
oi 
aa |r — al 
Here, |x — a| denotes the Euclidean distance between x and a. 


The linear map A is uniquely determined and is called the Jacobian of f at 
a (also the total differential of f at a, or the tangent map to f at a). 


Notation. A= J(f;a). 


Looking back to 1.4.2 shows that any function, which is complex differentiable 
at a point, is also differentiable at this point in the sense of the real analysis. 
More precisely: 


Remark 1.5.1 For a function 
f:D—C, DCCopen, aceD, 


the following two statements are equivalent: 


(a) f is complex differentiable at a. 
(b) f ts totally differentiable at a (in the sense of real analysis by considering 
C =R?), and the Jacobian 


J(f;a):C—-C 
is of the form 
JI(fja)z=lz 
with | a suitable complex number. Of course the number | is the derivative 
f(a). 
We are immediately led to the following question: 


For which R-linear maps A : R? — R? exists a complex number | € C = R? 
such that 
Az=lz? 


In other words: When is an R-linear map A: R? — R? also C-linear? 


Remark I.5.2 For an R-linear map 
A:C—>+C 


the following four statements are equivalent: 

(1) There exists a complex number 1 with Az = lz. 
(2) A is C-linear. 

(3) A(i) =iA(1). 
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(4) The matrix with respect to the canonical basis 1 (= (1,0)) and i (= (0, 1)) 


has the special form 
(572) per). 


Proof. The statements (1), (2) and (3) are trivially equivalent. It remains to 
prove the equivalence of (1) and (4). 


First we recall how to introduce the matrix corresponding to a linear map 
A:R? —R’. 
Since A is R-linear, we have 
A(a,y) = (ax + by, cx + dy) 
with certain real numbers a, b, c,d. The corresponding matrix is 
(C") 
cd} ° 


If one sets A(x, y) =: (u,v), then this equation simply can be written as matrix 


multiplication 
u\ fab x 
Uv a Cc d y . 


In doing this, we identify C with R? via the isomorphism 

C —> R? 

. x 

r+lyro ( ) : 
y 
Consider now the special case 
Az=lIz, l=a+i~, 

and thus 


A(x,y) = (ae — By, Bxtoy), with 2=(e,y). 


This shows (1) = (4). The converse also follows from this formula. 


Each nonzero complex number | 4 0 can be written in the form] = re'”, r > 0, 
y € R, (Theorem 1.1.5). Multiplication by r effects a dilation by the factor 
r, and multiplication by e!” gives a rotation by the angle y. A map which 
is given by multiplication with a complex number is called also a similarity 
transformation. 

The maps of the complex plane C into itself, which can be written as multi- 
plication with a nonzero complex number, are exactly the similarity trans- 
formations (rotation-dilations). 
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Similarity transformations are obviously angle-preserving and are also ori- 
entation-preserving. In fact, a converse holds too; cf. Remark I.5.14. 


From real analysis we know how to compute the JACOBI matrix —i.e. the 
matrix of the JACOBlian— of a totally differentiable function. To do this we 
split f into its real and imaginary part: f(z) = u(z,y) +iv(z,y), z= x + iy. 
Let the map 
f:D—R*, DCR?’ open, 
be totally differentiable ata € D. Then the partial derivatives of u and v exist 
at a, and we have 
Ou Ou 
aa) (a) 
re) ) 
SUPA) | Be. ap 
ay) 
y 
(= the Jacobian matrix of f at a). 


One can summarize remarks I.5.1 and 1.5.2 as follows: 


Theorem I.5.3 (A.L. Cauchy, 1825; B. Riemann, 1851) For a function 
f:D—C, DcCCopen, aceD, 


the following two statements are equivalent: 


(a) f is complex differentiable at a. 
(b) f is totally differentiable at a in the sense of real analysis (C = R?), and 
for u:= Ref and v:= Imf the following differential equations hold: 


Cauchy-Riemann differential equations 


Ou 7 Ov Ou Ov 


an) = a ’ a” = —3,! i. 


In case that (a) or (b) holds one has: 


Remark on notation. Instead of 


Ou Ou 
sea), rep, a) 


one often writes 
Uz(a) or Oyu(a) , resp. Uy(@) or Onu(a) , 


and correspondingly for v. For the functional determinant of a complex dif- 
ferentiable function f = w+ iv we obtain 
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det J(f;a) = uz(a)? + vz(a)? = u,(a)? + vy (a)? = |f"(a))? , 
which is therefore non-negative, and, in fact, positive when f’(a) is different 


from 0. 


It should be mentioned that the CAUCHY-RIEMANN differential equations can 
also be derived simply as follows: 

If the function f : D — C, D C C open, is complex 

differentiable at a € D, then, in particular, 


. at+h)— fla 
where h varies only over real numbers. If one decomposes 
f into real and imaginary parts, 
f=utiv, 
then it follows that 


f'(a) = Oyu(a) + idjv(a) = = [22u(a) + id2v(a)] 2 
From this the CAUCHY-RIEMANN equations follow immediately. However, this 
proof does not provide the converse assertion without extra trouble, i.e. that 
the differentiability of f follows from the CAUCHY-RIEMANN equations (with 
total differentiability assumed). 


It is well known that the existence of partial derivatives does not imply that 
f has a total derivative. But the following sufficient criterion for total differ- 
entiability is known from real analysis: 


If the partial derivatives of the map 
f:D—R‘’, DCR? open, 


exist at each point and are continuous, then f is totally differentiable. 


Examples. 


(1) We already know that the function f with 
f(z)=2? ormore generally f(z)=2",neEN, 


is complex differentiable. Therefore the CAUCHY-RIEMANN equations 
must hold. From 


f(z) = (a@tiy)? =2? —y? + diay 


1.€. 
u(e,y)=2?-y?, v(a, y) = 2ay, 


it follows 
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Oyu(a, y) = 22 ’ Ozu(x, y) — —2y ’ 
Oyu(a, y) = 2y , Onu(x,y) = 2a. 


Therefore the CAUCHY-RIEMANN equations are satisfied. 
(2) The function 
o(z)=% 


is not complex differentiable anywhere, because 
u(x, y) =a, v(x, y) =U 5 


giving 


1=dOu4Ov=-1. 


Theorem I.5.4 The functions exp, sin and cos are complex differentiable in 
the entire complex plane C, and 


exp’ =exp, sin’=cos, cos’=~—sin . 
Proof. We have for instance 
exp(z) = e"(cosy + isin y) , 


i.e. 

u(z,y) =e" cosy, v(a,y) =e*siny. 
The CAUCHY-RIEMANN equations can be easily checked, as can then the ex- 
pressions for the derivatives; the latter are continuous. 


Remark I.5.5 (Characterization of locally constant functions) Let 
DCC be open, and f: D—C a function. Then there are equivalent: 


(a) f is locally constant in D. 
(b) f is complex differentiable for all z € D and 


f'(z) =0 for allzeD. 


Supplement. In particular, any complex differentiable function in D with 
only real (or purely imaginary) values is locally constant in D. 


We are using the term locally constant for a function f which is constant in 
some neighborhood of any point. (A set U C C is called a neighborhood of a, 
if U contains a full disk around a.) 

Proof. It is only necessary to show (b) = (a): 

If f =utiv, then f’ = uz +ive; Uz = vy and uy = —vz. Therefore 


Uz(@) = uy(a) = 0 and v,(a) = v,(a) =0 


for all a € D. It is well known from real analysis that then u and v are locally 
constant in D. Therefore f = u + iv is locally constant in D as well. 
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Let f be a complex differentiable function that has only real values. It follows 
from the CAUCHY-RIEMANN equations that the derivative of f vanishes, and 
thus the function f is locally constant. 


For example, the functions f(z) = |sinz| and g(z) = Re z are not complex 
differentiable in C. 


From this we see that being “complex differentiable” is a very strong restric- 
tion. 


Terminology. A function 
f:D—C, DCC open, 


which is complex differentiable at every point of D is also called (complex) 
analytic or holomorphic or regular in D. 


f is called analytic at a point a € D, iff there exists an open neighborhood 
U CD ofa such that f is analytic in U. 

Example. The function f(z) = 2Z is complex differentiable at a = 0, but is 
not analytic at 0. 

In the following, we shall use the terminology “analytic” in preference to the 
alternatives “complex differentiable” or “holomorphic” in D. 


Definition 1.5.6 A subset D C C is called connected iff each locally con- 
stant function f : D— C is constant. 

With this we can formulate the supplement to I.5.5 in the following way: 
The real part of a function which is analytic in a connected open set DCC 
is uniquely determined by its imaginary part, up to an additive constant. 
Namely, if f and g are two analytic functions with the same imaginary part, 
then f —g has only real values. 


We obtained the CAUCHY-RIEMANN equations as a result of the trivial remark 
1.5.1. As another application we prove the complex Implicit Function Theorem 
using the corresponding real theorem. 


Theorem I.5.7 (Implicit Function) Let there be given an analytic func- 
tion 
f:D—C, DCC open, 


with continuous derivative. 


Part 1 Assume that at a point a € D we have f'(a) 4 0. Then there exists 
an open set 
Do 5 Do cD 3 ae Do 5 


such that the restriction f|Do is injective and such that f(z) 40 for z € Do. 


Part 2 Assume that f is injective and f'(z) 4 0 for all z € D. Then its 
image f(D) is an open subset of C. The inverse function 
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f-fDy =e 
is analytic, and its derivative is 


ro) =— 


f(z) - 
Later we will see that the derivative of an analytic function is always contin- 
uous (and, in fact, analytic); cf. I.3.4. 


Proof of I.5.7. We use the analogous theorem from real analysis. 
Part 1. We must know that the JACOBI map 

J(f;a): RB? — R? 
is an isomorphism, and thus bijective. This follows from I[.5.1: 


I(fiajz=filajz, fila) #0. 


Part 2. The real implicit function theorem says in addition: The range of 
a continuously partial differentiable (and thus totally differentiable) map is 
open, if the JACOBI map is an isomorphism for all a € D. If f is, in addition, 
injective, then the inverse map is also totally differentiable, and the JACOBI 
map of f~' at f(a) is exactly the inverse map to J(f;a), ie. 


I(fra)~* = J(fs f(@) - 
Taking into account that the inverse map of 


C—3+C, zrlz (lEC’), 


is given by z+ 17! z, we are done. 


Remark. It is unsatisfying that the rather involved theorem of inverse functions 
of real analysis had to be used in the proof. A simple function theoretic proof 
therefore would be welcome. We shall return to find such a proof later (see 
also III.7.6). 


Example. The exponential function exp is complex differentiable and its 
derivative does not vanish anywhere. The restriction of exp to the domain 


—a7<Imz<a7 


is injective. However this region is not open. Thus we restrict exp to a some- 
what smaller open region 


D:={zE€C; -a<Imz<7T}. 
Obviously we have 
exp(D) =C_=C\{ ER; 2<0} 


(the complex plane slit along the negative real axis). 
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Im 


From the implicit function theorem there now follows: 


Theorem I.5.8 The principal branch of the logarithm is analytic in the plane 
slit along the negative real axis C_, and there we have 


1 


Log’ (z) = ra 


We have already shown that the principal branch of the logarithm is not even 
continuous at the points of the negative real axis. More precisely: 


Remark 1.5.9 Ifa <0 is a negative real number then 


lim Log z = log|a| + mi (= Loga) , 
Im z>0 
lim Log z = log |a| — mi . 
Im z<0 
The principal branch of the logarithm therefore makes a “jump of 271” when 
crossing the negative real axis. 
In connection with the CAUCHY-RIEMANN equations the following question 
arises. Suppose that we are given a “sufficiently smooth” —let us say twice 
continuously differentiable— function 


u:D—R, DCR?’ open. 


Can one find an analytic function f : D — C whose real part is u? 
If there is such a function f, then from the CAUCHY-RIEMANN differential 
equations we have 

Ou = O;(O2v) 5 

Osu = —02(01v) 7 
By a theorem H.A. SCHWARZ, partial derivatives commute. We obtain the 
Laplace differential equation 


a" oO 


Functions which satisfy this differential equation are called potential functions 
or harmonic functions and A = 0? + 03 is called the Laplace operator. 
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Theorem I.5.10 Let 
f:D—C, DCC open, 


be an analytic function whose real and imaginary parts are continuously partial 
differentiable at least twice. Then the real part, and similarly the imaginary 
part, are harmonic functions. 


We shall see later (in II.3.4) that every analytic function is, in fact, infinitely 
often complex differentiable. So the real and imaginary parts are, in particular, 
infinitely often partial differentiable. 


Examples of harmonic functions can therefore be obtained by considering the 
real and imaginary parts of analytic functions: 


u(z,y)= 2°-32y? =Re(z’), 
v(,y)= 30°y-y® =Im(z'), 
u(z,y) = cosxcoshy = Re (cosz) , 
v(z,y) =—sinesinhy =Im (cosz) . 


Is it true that any harmonic function is the real part of some analytic function? 
For some particular domains of definition the answer is yes. 


Theorem I.5.11 Let D C C be an open rectangle, whose sides are parallel 
to the coordinate axes. Let u: D > R be a harmonic function. Then there is 
an analytic function f : D— C with real part u. 


The function f is uniquely determined up to a purely imaginary constant. The 
harmonic function v: D — R with f = u+ iv is called a conjugate harmonic 
function to u. It is uniquely determined up to an additive real constant. (The 
theorem is true more generally for “simply connected” regions D C C; see 
also the remark at the end of II.2, and Appendix C to Chapter IV.) 


Proof of 1.5.11. Let 
D=ja,b[ x |c,d[ with a<bandc<d. 
We choose two points 
xo €ja,b[ and yo €]e,d[. 


From the equation 0,u = Ogu follows that, for each x € Ja, b[ , 
y 
v(z,y) = Ovu(ax,t) dt+ h(a) . 
Yo 


From LEIBNIZ’s rule the integral is differentiable as a function of « and we 
have 
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y y 
O1u(@,y) = ‘| OPu(a,t) dt + h'(x) =— | OSu(a,t) dt + A’ (a) 
Yo Yo 


= Onu(x, Yo) = Ozu(x, y) + h(x) ) 
and therefore 
h'(x) = —Ogu(x, yo) - 
This suggests to try the following: 
y he 
v(a,y) = Oyu(a,t) dt -f Onu(t, yo) dt . 
Yo a0) 


Now we have to verify the CAUCHY-RIEMANN equations using the fundamen- 
tal theorem of calculus and LEIBNIZ’s rule. (The LEIBNIZ rule is formulated 
and proved in II.3.) In the following, theorem 1.5.11 is no longer used. 


Remarkably, the function 


u(x, y) = log Va? + y? 


is a harmonic function in the entire region R? \ {(0,0)} = C*. However, there 
is no analytic function f : C* — C with 


Re f(z) = log 2? + y? = log |z| , 


since f would have to agree in the plane slit along the negative real axis 
with Log z, up to an additive constant. But then f could not be continuous 
at the points of the negative real axis. Theorem I.5.11 therefore is not true 
for arbitrary regions D C C. But in the plane slit along the negative real 
axis the principal branch Log of the logarithm is an analytic function with 
Re Log = u. 


Remark. 


(1) The construction of the conjugate harmonic function v of u involves 
integration, similarly the following consideration. 


If a harmonic function u is given in D and one defines 
g:D—C by g=Ou-idgu , 


then g is analytic (one checks this using the CAUCHY-RIEMANN equa- 
tions). If D is an open rectangle (or more generally a so-called elementary 
domain), then there is an analytic function f : D > C with f’ = g, as 
we shall show in the next chapter. If f = U + iV, then 


f' =0,U +i0)V =0,U — id2U = g= Oyu — id2u 


and therefore U = u+ const. The real part U of the analytic function f 
agrees, up to an additive constant, with the given harmonic function 
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u, and for v one may choose V. The question of whether for a given 
harmonic function u: D — R there is an analytic function f : D— C 
with Re f = u is equivalent to find a primitive. We shall consider the 
question of the existence of primitives in the next chapter. 

(2) In addition, the LAPLACE equation 


O2u + Ou = 0 


is precisely the “exactness condition” of the partial differential equation 
system 


where wu is the known and v is the unknown function. In other words, this 
is the “integrability condition” for the vector field 


Di; 
(x,y) > ( —Ogu(x,y) , Aru(x,y) ) - 
Example. We find a € R so that the function defined by 
Ua : R? —R, 
(x,y) 2° +azy’ , 


is harmonic, and also determine all the conjugate harmonic functions to ua, 
i.e. the analytic functions f :C — C with Re f = ug. From 


0= Aua(z,y)=62+2axr forall x,y € R’ 


it follows that a = —3, and u := u_3 is harmonic. We find f, resp. v, using 
the two methods above and another method. 


First method. Construction using the method of the first proof of Theorem 
1.5.11: We choose (xo, yo) = (0,0) and obtain 


Ou(a, y) = 3x? — 3y” , 


: — 3 —_— 3 2 —— 
unas bid Onu(a,y) = —6ay . 


From this we have 02u(2,0) = 0 and so 


y 
v(z,y) = | (3a? — 3t”) dt = 3a?y—y? . 
0 
Therefore v is a conjugate harmonic function to u, and 


f(z) = 2° — 3ay? + i(8a7y — y®) = 2° 
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is an analytic function with Re f = u. All other analytic functions with 
this property can be obtained, by Theorem I.5.11, after addition of a purely 
imaginary constant to f. 


Second method. Define g by 
g(z) = 3x? — 3y” + iby = 3(a + iy)? = 32? . 
Obviously g is analytic and an analytic function f : C > C with f’ = g is 
given by f(z) = 23: 
Im (z4) = Im (x + iy)®) = 322y — y® =: o(a,y) - 
Third method. Construct 


f(z) := 2u (= —) —u(0,0) 


2°21 
and obtain f(z) = 2° (cf. Exercise 19 in I.5). 


Elementary facts concerning conformal maps 


Definition 1.5.12 A bijective R-linear map T : R” — R” is called 


(a) orientation-preserving, if det T > 0, 
(b) angle-preserving if, for all x,y € R”, 


|Tx| |Ty| (x,y) = || |y| (Tx, Ty) - 
Here ( , ) denotes the standard scalar product. 


Remark. In the case n = 2 conditions (a) and (b) mean only that the oriented angle 
between z and w is preserved (cf. Exercise 4 in I.1). 


Note: The R-linear map C — C, z + Z, is angle-preserving, but is not also 
orientation-preserving! 


Definition 1.5.13 A continuously differentiable map 
f:D—D’', D,D' CR" open, 


is called (locally) conformal , if the Jacobi map J(f;a) is angle and orientation 
preserving at each point a € D. 


If, in addition, f is bijective, then f is called globally conformal. 
For n = 2 we have (cf. Exercise 18 in [.5): 


Remark 1.5.14 An R-linear map of the complex plane (C = R?) to itself is a 
similarity transformation if and only if it is both angle and orientation preserving. 


Therefore we have 
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Theorem 1.5.15 A map 
f:D—D', D,D' CC open, 


is locally conformal if and only if it 1s analytic and its derivative is analytic and does 
not vanish anywhere. 
The geometrical significance of a conformal map is the following: 


The oriented angle between two regular curves in D at an intersection point a € D 
is equal to the oriented angle between the image curves at their intersection f(a). 


(The notion “ regular” will be made more precise in Exercise 11 in II.1.) 


Example. The exponential function exp provides a globally conformal map of the 
strip —a < Im z < a onto the slit plane C_. 


At points where the derivative of an analytic function vanishes, angles need not 
be preserved by this function. This can be seen from the example of the function 
f(z) =z", n> 2. The angle at the origin is obviously multiplied by n. 


Geometrical visualization of complex functions 


In differential calculus one often tries to visualize a function f : D — R, D CR, by 
its graph: 
Gf ={(@yeDxR; y= f(x) }. 


yA 


= 


For a subset D C R? and a function f : D — R one can similarly visualize f using 
its graph : 
Gf) ={(@,y2)€DxR; z= f(a,y)} CR 


as a “surface” in R® (here f(x,y) = x? — 3xy”): 
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Zz. 


For a map f : D — C, (D C C), the graph is a subset of R*, which cannot be 
visualized. But there is also here an adequate method to visualize such maps. For 
this the following point of view is very useful: One thinks of two copies of the complex 
plane, a z- or z-y-plane and a w- or u-v-plane: 


> 
x 


u 


To visualize a map f : D — C with Re f = u and Im f = v one can use various 
methods. 


First method. The points z € D are mapped by f into which w-points? One gets a 
first impression if one can see both D and f(D) explicitly. 


For example, let D:= {z€C; Rez > OandIm z > 0 }, the so-called “first 
quadrant”, and let f : D — C be defined by z +> z?. 


a 


Re 
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If one sets z := rexp(ip), r > 0,0 < y < 7/2, then 

2? = Rexp(i) =r’ exp(i2y) , 
and therefore 

R=r? and a = 2y (mod 2r) . 


Clearly the first quadrant has been “opened” and mapped onto the so-called “upper 
half-plane’? H:={z<€C; Imz>0}. 

One gets a more precise impression if one marks D with some sort of a covering net, 
e.g. with lines parallel to the axes or with a polar coordinate net (as we just did) 
and then considers the image of the net by the map f in the w-plane. The finer the 
net, the better the impression of the mapping f : D — C will be. 


yA v 


y 


GQ ~ & 
aS” + 


We continue with the example f(z) = z?, but this time let us take as its domain of 
definition the whole complex plane C. From z = x + iy, w = u+iv and z? = w it 
follows that 


2 2 
u(z,y)=a—y, v(x,y) = ay. 
The image of a line parallel to the z-axis —co < x < 00, y = yo, is therefore given 
by the equations 


— 
* 
a 


2 02 
u(az,y) = 2 — 
(x,y) =x" — yo Sere se 
v(x, y) = 2xyo 
For the special case yo = 0 (the z-axis), we have 
u@y=o and ua,y)=0, 


so the z-axis is mapped to the non-negative u-axis, covering it twice as x varies from 
—oco to +oo. If yo £ 0, then we can eliminate x from the equations (*): « = v/2yo. 
Substituting in the first equation we get 
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2 
uv 2 


=7F327 Yo: 
dys 


This is the equation of a parabola, opened to the right, with the u-axis as a symmetry 
axis and the origin as focus. The points of intersection with the axis are 


U 


u=—-ye (intersection with the u-axis) and 


v = +246 (intersection with the v-axis) . 


Thus lines parallel to the x-axis are mapped onto confocal parabolas. Since f(z) = 
f(—z), both lines —co < x < co, y = yo, and —w <4<co, y=~—yo, obviously 
have the same image. The images of the lines x = xo parallel to the y-axis —oo < 
y < oo, can be found in the same way, and for them one obtains a family of confocal 
parabolas open to the left if zo 4 0. For xo = O (the imaginary axis) one has as 
image the negative real axis (covered twice). 


Note that, excepting the intersection point at f(0) = 0, the intersections in the 
image net are rectangular. This is because the map f is locally conformal away from 
the origin. At the origin the angles are doubled. 

The method above is closely connected with the second method. 


Second method. The “contour line method”: 
For fixed c € R we look at the level lines 


NE={(e,y)ED; uley)=c} resp. NE={(a,y)ED; v(e,y)=c}. 
ya 


v = const 


u = const 
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Example: u = Re w, v = Im w for w = 1/2(z + 1/z) 
Here, one can either give the “contour maps” of u and v separately or draw both 
families of curves on top of each other. In this way one obtains a net on D, from 
which one can read off f(z) = u(x,y) + iv(a,y). If f has an inverse map g: 


g: f(D) —D, 


then the lines of the image of the x-y-net are exactly the contour lines of the real 
and imaginary parts of g, the inverse of f, 


9: f(D) >D, (wr) (2,y)- 


Third method. The “analytic mountainscape” or the “analytic landscape”: 
If one considers 

{(z,w)€DxR; w=|f(z)}oR®, 
Then one can look at this subset of R® as the “function’s mountainscape” over D. By 
adding further marker lines, e.g. lines on which the real part is constant, one obtains 
a so-called “relief image” of the function f. The following figure is for instance the 
mountainscape of the complex sine, i.e. the graph of (2, y) > sin(ax + iy). 


We shall see (III.3.5) that the absolute value surface has no maxima, and can have 
minima only at zeros of f. Thus in the “analytical landscape” there are no peaks, 
and the valley bottoms reach down to the complex plane (poor mountain climbers!). 
Just imagine that it rained in this analytical landscape. Where would the water 
collect? 


Exercises for I.5 


1. Re-examine the complex differentiability of the examples from Exercise 2 of 
1.4, now using the CAUCHY-RIEMANN differential equations. 
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Let f :C — C be defined by f(z) = a?y? + ix?y’. 

Show: f is complex differentiable exactly on the coordinate axes, and there is 
no open subset D C C such that f|D is analytic. 

Write the following functions in the form f = u+iv and give explicit formulas 
for u and v. 


(e) f(z) =exp(z’) , (f) fiaxet+e. 


Show that in every case the CAUCHY-RIEMANN equations are satisfied (for all 
z € C), and conclude that these functions are analytic in C. 


The function f:C —-C, 


= exp(—1/z*) for z 40, 
r= {5 forz=0, 


satisfies the CAUCHY-RIEMANN equations for all z € C and is complex differ- 
entiable for all z € C*, but not at the origin. 

What is the maximal open set D C C, such that f : D — C, f(z) := Log(z°+1), 
is well defined and analytic. 

If f : D > Cis analytic, D C C is open, and one of the following conditions 
holds: 

(a) Re f = constant, 

(b) Im f = constant, 

(c) |f| = constant, 

then f is locally constant. 

For each of the harmonic functions given below construct an analytic function 
f:D- = with the given real part u: 


(a) D and u: D> R with u(x,y) = 2° — 3ay2+1. 
(b) D= - and u: D > R with u(x,y) = ~~ 
= + y? 
(c) D and u: D> R with u(x, y) = e” (xcosy — ysiny) . 


(d) D=C_ and u: D> R with u(z,y) = Neer 


The Laplace operator in polar coordinates 


Let RS. x R — R? \ {(0,0)} be the map defined by (a, y) = (rcosy,rsin gy). In 
addition, let D C R? \ {(0,0)} be an open subset and u: D — R a function 
which is twice continuously differentiable. Let 2 := { (r,y) ; (x,y) € D} and 


U:2Q2—-R, U(r,v)=u(z,y) - 
Show: 
(Au)(a, y) = ( Urr + =U, ss a ae ) (r, 9) 
Determine all harmonic functions 
uC? =R?\ {(0,0)} SR, 
that depend only on r := Jr +y?. 
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10. Let D Cc C be open and D’ Cc C another open subset. Let » : D — D’ be 
analytic and even twice continuously differentiable, and 7 : D’ — R twice 
continuously partial differentiable. 


Show: ‘ 
A(n op) = ((An) 0) |"| 
Deduce: If y is conformal then 7 is harmonic if and only if 7 0 ~ is harmonic. 


11. Characterization of the exponential function by a differential equa- 
tion 
Let D= Ror D=C. Let C € C be a constant and f : D — C differentiable 
with 
f(z)=C f(z) forall zeD. 
If A= f(0), then 


f(z) =A exp(Cz) forall zeED. 


12. Find all continuous maps 
y¥:R—-+S'={2eC; |z|=1} 


which satisfy 
x(v+t)=x(x) x(t) forall «,tER. 


Hint. Such a x is in fact differentiable. So make use of Exercise 11. 
Result. Each such x (i.e. each so-called continuous character of (IR, +)) is of the 
form 

x(@) =Xy(z) =e — (YER). 


13. Sketch the following level lines for the map f :C > C, z+ z? 


{zeEC; Ref(z)=c}, {2EC; Imf(z)=c}, {2€C; lf) =c} 


for c € Z with |c| < 5. 
Go on to find the images under f of these level lines and the images of the lines 
parallel to the real axis (resp. the imaginary axis). 

14. Let D={zEC; -a<Imz<7,0<Rez<b} and f =exp|D. 
Show: f defines a conformal map from D onto the set D’, where D’ = f(D) 
should also be determined. 


15. The Joukowski function —named after the Russian mathematician N.J. JOUKOWSKI 


(1847-1921)— 
foc" ==6 : : 
: SS — -— 
oI z 9) z ? 


is analytic, is not injective since f(z) = f(1/z), but it is (locally) conformal 
because of f’(z) = $(1 — 1/27) in C* \ {1, -1}. 
Show (by introducing polar coordinates): 
(a) The image of a circle is Cp :={zE€C; |z|=r},r>0, under f is 
(i) in the case r ¥ 1, an ellipse with the foci +1 and semi-axes 4 (r a +), 
resp. 3 |r — |, 


(ii) and else f(C1) = [—1, 1]. 


16. 


1: 
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(b) The image of a half-line rH re'?,r>0, (y ¢ {0,+7/2, 7}, y fixed) is 
a branch of a hyperbola with the foci +1. 


Further show: lf 


Di:={zeEC; |z|>1} 


and 


Dy:={zEC; O<|z,<1}, 


then the restriction of f to D, and respectively D2, gives a conformal map 
from these open sets onto the plane slit along the real axis from —1 to 1, 
C\{teRe —lepei}. 
Note: For z = x + iy € D, we have \z|? =ar+ y? > ills 
The JOUKOWSKI function plays an important role in aerodynamics (for example 
in describing flow around lifting surfaces —cf. the JOUKOWSKI-KUTTA profile, 
W.M. Kurta, 1902, N.J. JouUkOWSKI, 1906). 
Let a x 
D={zEC; -5<Rez<o}. 

Show: 
(a) For f(z) =sinz we have f(D) =C\{teER; |t)/>1}. 
(b) For f(z) = tanz we have f(D) =C\{ti; tER,t>lort<-—1}. 

The map tan: D — f(D) is conformal, and its inverse is 

1 1L+iz 


=p 
ae a ET 


Let us consider the upper half-plane H = { z€C; Imz> 0 } and the unit 
disk E={qeEC; |g) <1}. 
Show: The function 


zZ—-i 


fot 


provides a globally conformal map of H onto E. What is its inverse map? 


The map f is also called the Cayley map (A. CAYLEY, 1846). 


68 


18. 


19. 


20. 


21. 


I Differential Calculus in the Complex Plane C 


For an R-linear map T': C — C the following properties are equivalent: 
(a) T is a similarity transformation (rotation-dilation), 
(b) T is orientation- and angle-preserving . 


If u: R? — R is a harmonic polynomial (in two real variables), then 


zZ 2 
=2 ( 5D? 5: ) ~ ’ 
f()=2u( 5, =) - 00,0) 
is an analytic function with real part wu. 


Let f =u+iv: D—C bea totally differentiable function (in the sense of real 
analysis), defined on an open region D C C. Define the operators 


oe = 5 ($e itt) 


Oz 2\0xn Oy 

OF a5 ber ger 

dz 2 (6 +554) 
of 


Show: f is analytic if and only if a5 - 0, and when this is the case one has 
Zz 


,_ Of 
f= Oz” 
: f a) a ) = 
Remark. These differential operators 0 := — and 0 := — were originally 
iz 
introduced by H. POINCARE (1899). A systematic calculus was developed by W. 
WIRTINGER (1927) —the so-called Wirtinger calculus. However, it is not very 


important in the one-variable function theory; its full significance lies in many- 
variable function theory, for which it was originally developed by WIRTINGER. 


Where does the function f : C* — C, f(z) = 2% + 2/Z, satisfy the CAUCHY- 
RIEMANN differential equations? 


Il 
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In Section I.5 we already encountered the problem of finding a primitive function 
for a given analytic function f : D — C, D C C open, i.e., an analytic function 
F:D-—C such that F’ = f. 


In general, one may ask: Which functions f : D — C, D C C open, have a primitive? 
Recall that in the real case any continuous function f : [a,b] > R, a < b, has a 
primitive, namely, for example the integral 


F(x) := [ f(t) dt. 


Whether one uses the notion of a RIEMANN integral or the integral for regulated 
functions is irrelevant in this connection. 


In the complex case the situation however is different. We shall see that a function 
that has a primitive must itself already be analytic, and that is, as we already know, 
a much stronger condition than just continuity. To explore the similarities with 
and differences from real analysis we will attempt to construct a primitive using an 
integration process 


P= f #0 dts. te Feeds: 


For this we first have to introduce a suitable complex integral, the complex line 
integral. In contrast to the real case this not only depends on the starting and end 
points, but also on the choice of the curve connecting them. One obtains a primitive 
only when one can prove its independence of this choice. 

The Cauchy Integral Theorem (A.L. Caucuy, 1814, 1825) is the main result in 
this direction. However, as it can be extracted from a letter of C.F. GAuss to F.W. 
BESSEL sent on December 18, 1811, GAUSS already knew the statement of CAUCHY’s 
Integral Theorem (C.F. Gauss, Werke 8, 90-92). 

An extension of the CAucHy Integral Theorem is provided by the Cauchy Integral 
Formulas (A.L. CAUCHY, 1831), which are themselves a special case of the Residue 
Theorem, which is a powerful tool for function theory. However, we shall only get 
to the Residue Theorem in the next chapter. 
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II.1 Complex Line Integrals 
A complex-valued function 
f:[a,b]} —C (a,bER,a<b) 


on a real interval is called integrable, if Re f, Im f : [a,b] > R are integrable 
functions in the sense of real analysis. (For instance, in the RIEMANN sense or 
in the sense of a regulated function. Which notion of integral is to be used is 
not important, it is only essential that all continuous functions are integrable.) 
Then one defines the integral 


b b b 
/ f(x) dx =| Re f(z) ac +i f Im f(a) dx 
and furthermore 


"fe tee ” (2) de , “heh dia 
b a a 


The usual rules of calculation with RIEMANN integrals, or with integrals of 
regulated functions, then can be extended to complex-valued functions: 


(1) The integral is C-linear: For continuous functions f,g : [a,b] > C the 
following holds: 


b b b 
[G@+5@) a= f pe) ar f oe) ac, 
a r a ; a 
/ Ae) dx =f fia) de Gety, 
(2) If f is continuous and F is a primitive of f, i.e. F’ = f, then 


b 
/ f(x) dx = F(b) — F(a). 


(3) 
b b 
/ f(x) dx} < |f(x)| dx < (b-a)C, if |f(x)| <C 
for all a € [a,b]. This inequality holds for step functions from the triangle 
inequality, the general case follows by approximation. 
(4) Substitution rule: Let My, M2 C R be intervals, a,b € My, and 


yp: M\— M2 continuously differentiable and f : Mz2—> C continuous. 


Then 
(b) b ; 
[toa [ Fe@)e@ ae. 
y(a a 
Proof. If F is a primitive of f, then Fo y is a primitive of (fo y)y’. 
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(5) Partial integration 


Here wu and v : [a,b] > C are continuously differentiable functions. The 


proof follows from the product formula (uv)! = uv’ + u'v. 


Definition II.1.1 A curve is a continuous map 
a:|[a,b] —C, a<b, 


from a compact real interval into the complex plane. We call a(a) the starting 
point, and a(b) the end point of a. 


Examples. 


(1) The straight line connecting z,w € C is parametrized by 
a:[0,1J —-~C, a(t)=z+t(w-—z) (a(0)=2z, a(l)=w). 
(2) The k-fold unit circle, k € Z, is 
€x,: [0,1] —C, e,(t) = exp(2mikt) . 


Definition II.1.2 A curve is called smooth, if it is continuously differen- 
tiable. 


Definition II.1.3 A curve is called piecewise smooth, if there is a partition 
A= <a, <-+:+<a,=0 
such that the restrictions 
Ay =| [a,,a44], Ov<n, 


are smooth. 
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Definition II.1.4 Let 


a: [a,b] —C 


be a smooth curve and 
f:D—C, DcC, 


a continuous function, whose domain of definition contains the image of the 
curve a, i.e. DD a([a,b]). Then one defines 


| f= | HQ) de = i " sa(t))al(t) at 


and calls this complex number the line integral or contour integral of f 
along a. 


If a is only piecewise smooth, there exists a partition 
A=a9 <-:'<an=6b, 
such that the restrictions 
Gy? [dy Oui] —— C, Osv<n, 


are smooth. In this case we define 


n—-1 


| FAG) ae s= 3 | FO) a. 


It is obvious that this definition does not depend on the choice of the partition. 


By the arc length of a smooth curve we mean 


b 
I(a) =) la’ (t)| de . 


The length of a piecewise smooth curve is 


n-1 


ife) = > ey). 
v=0 
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Examples. 
(1) The length of the straight line connecting z and w is 
l(a) =|z-—wl . 
(2) The arc length of a k-fold unit circle is 
(ex) = 27 |kI . 


Now we shall list the fundamental properties of complex line integrals. 
The proofs all follow immediately from properties (1) — (5) of the integral 


Remark IT.1.5 The complex line integral has the following properties: 
1; or is C-linear in f. 
2. The “standard estimate” states 


[1o« 


3. The line integral generalizes the ordinary Riemann integral (or the 
integral of regulated functions). If 


<C-Ua), if |f(O| < C for all ¢ € Image a. 


a:[a,b]} —-C, a(t)=t, 


then a’ (t) =1, and for any continuous f : [a,b]  C one has: 


[sous fro. 


4. Parameter invariance of the line integral: 


Let a: [c,d] > C be a piecewise smooth curve and 
f:D—C, ImageacDcC, 
a continuous function, and 
yp: |a,b] — [od] (a<b,c<d) 


a continuously differentiable function with y(a) = c, y(b) =d. Then 


we have 
froa=f roa. 
a acy 


f:D—C, DCC open, 


be a continuous function, which has a primitive F (i.e. F’ = f). Then 
for any piecewise smooth curve a in D 


[ #0 a = Fla) - F(a(a) . 


5. Let 
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The last point in the remark implies: 


Theorem II.1.6 Jf a continuous function f : D— C, DC C open, has a 
primitive then 


[1Oa=o 
for any closed piecewise smooth curve a in D. 


(A curve a: [a,b] > C is called closed, if a(a) = a(b).) 


Remark IT.1.7 Let r > 0 and 
a(t) =rexp(it), O<t< 27, 


(a circle with the “counterclockwise” orientation). Then for n € Z 
i 0 forn#-1, 
cn ae 
a 271 forn=-1. 
Corollary II.1.7; In the domain D = C® the (continuous) function 


1 
f:D—C, zRre- 
z 


9 


does not have a primitive. 


Otherwise, because of IT.1.6, the integral along any closed curve in C* would 
have to vanish. However, 
1 
= d¢ = 2ni 
fi 


for the circle line (counterclockwise oriented) 
a: [0,27] — C°, 
tt rexp(it) (r>0). 


Proof of 1.1.7. In case of n 4 —1 the function f(z) = z” has the primitive 


n+1 
F(z) = - . Therefore its integral along any closed curve vanishes. For 
n+1 


n = —1, however, we have 
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2r 2r 
/ | a i (reit)—1 rie® dt =i dt = 2mi . 
a 0 0 


A different proof of the above formula uses the principal branch of the loga- 
rithm, which makes a “jump of 277i” while crossing the negative real axis (see 
1.5.8). 


Exercises for II.1 
1. The figure on the right shows a closed curve a, 


Give an explicit parametrization for a and calcu- 
late 


2. Let a: [0,7] — C be defined by 
a(t) := exp(it) 
and 3 : [0,2] — C by 


— Jl+t(-i-1) for t € [0,1] , 
= eon for t € [1,2] . 


Sketch a and £, and calculate 


[ee and pre. 
ay & gz 


3. Prove the transformation invariance of the line integral, I1.1.5, (4). 


4. Sketch the following curve a (“figure eight” ) 


(t) 1—exp(_ it) for t € [0,27] , 
a(t) := 
—1 + exp(—it) for t € [27,47] . 
5. Compute 
‘ zexp(z’) dz , 
where 


(a) a is the line between the point 0 and the point 1 +i, 
(b) a is the piece of the parabola with equation y = x”, which lies between 


the points 0 and 1 +i. 
/ sin z dz, 


6. Compute 
where a is the piece of the parabola with equation y = «7, which lies between 
the points 0 and —1 +i. 
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10. 


11. 
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Let [a,b] and [c,d] (a < b and c < d) be compact intervals in R. 
Show: There is an affine map 
yp: [a, b] — [c,d] ? 
troat+f, 
with y(a) = c and y(b) =d. 


Let R > 0 be a positive number. We consider the curve 


B(t) = Rexp(it), o0<t<4. 
Show: . 
| [et=) dz| < aU epink )) < a 


Let a: [a,b] — C be continuously differentiable and assume that the function 
f : Image a — C is continuous. 


Show: For any € > 0 there exists a 6 > 0 with the following property: 
If {ao,...,an} and {ci,...,cw} are finite subsets of [a, b] with 


a@=ao <c1 < ay < co < a2 < +++ S an_1 < cn < an =D) 


and 
ay — Qy-1 <6 forv=1,...,N, 


then 
<— €£. 


| i: f(z) dz— DS) f(a(ev)) - (a(av) — a(ay-1)) 


(Approximation of the line integral by a RIEMANN sum.) 

By splitting f into its real and imaginary parts, represent the complex line 
integral [ f(z) dz in terms of real integrals. 

Result: If f = u+iv, a(t) = x(t) + iy(t), t € [a,b], then 


[1© dz = [eae — vay) +i [ (wde + udy) 
- [ u(x(t),y(t)) a(t) — v(x(t), y(t) y(t) dt 
+ if v(a(t), y(t) a'(t) + u(a(t), y(t)) y(t) dt . 


A smooth curve is called regular if its derivative does not vanish anywhere. 
Assume that there are given an analytic function f : D— C, D C C open, and 
a point a € D with f’(a) 4 0, and also two regular curves a, 3: [—1,1] - D 
with a(0) = 3(0) = a. One may then consider the oriented angle Z(a’ (0), 3’(0)) 
(see I.1, Exercise 4). This is the angle between the two intersecting curves. Show 
that the two image curves foa and fo intersect with the same angle at their 


intersection point f(a) = f(a(0)) = f(G(0)). 
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fon 


a f(a) 


Thus an analytic function is “angle- and orientation-preserving” at any point 
at which its derivative does not vanish (see also Exercise 18 in 1.5). 


II.2 The Cauchy Integral Theorem 


By an interval [a,b] we will always mean a real interval. And we shall always 
understand, without mentioning it, that expressions like 

a<b, a<b, [a,)j 
imply that a and 6 are real. 


Definition II.2.1 A set D C C is called arcwise connected, if for any two 
points z,w € D there is a piecewise smooth curve joining z and w and lying 
entirely inside D, such that 


a:|a,b] —D, ala)=z, al(b)=w. 


Remark IT.2.2 Every arcwise connected set D C C is connected, i.e. every 
locally constant function on D is constant. 


Proof. Let f : D — C be locally constant. If f is not constant (this is an 
indirect proof), then there exist points z,w € D with f(z) # f(w). Join z 
and w by a piecewise smooth curve within D 


a: [a,b] —D. 


Since a is continuous 
g(t) = f(a(d)) 
is locally constant. Therefore g’(t) = 0, and so g = const. But we have 


g(a) = f(z) # F(w) = g(®) . 


It should be mentioned that for open sets D the converse of II.2.2 also holds, 
although we will not make use of this. 
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Definition IT.2.3 By a domain we understand an arcwise connected 
non-empty open set DCC. 


Remark. The connected subsets of R are known to be exactly the intervals. 
The concept of a domain is thus a generalization of the notion of an open 
interval. However, the domains in C can be much more complicated. 


Let 
a: [a,b] —> C and £: [b,c] —C, a<b<ec, 


be two piecewise smooth curves with the property 


Then the formula 


a@®Z:la,c]—-C, 


(a@ A)(t) = 


a(t) fora<t<b, 
B(t) forb<t<c, 


also defines a piecewise smooth curve. The curve a@{ is called the composition 
of a and (3. 


a (b) = B(b) 


If f is a continuous function, whose domain of definition contains the images 
of a and £, then 


[7 a= f roar f 10 ae 


For any curve 
a(b)= a (a) 


a: [a,b] —+C 


the reciprocal curve is defined by 


a: [a,b] —-C, 
trra(b+a-t). 
Obviously we have the reversal rule 


[ 10«=- fro« 


O(a)= a (b) 
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for all continuous functions f with Image a in the domain of definition of f. 


Convention. We shall assume, unless the contrary is explicitly mentioned, 
that curves are piecewise smooth. 


Theorem II.2.4 For a continuous function 
f:D—C, DCC a domain , 


the following three statements are equivalent: 


(a) f has a primitive. 

(b) The integral of f along any closed curve in D vanishes. 

(c) The integral f along any curve in D depends only on the beginning 
and end points of the curve. 


Proof. 
(a) = (b): Theorem II.1.6. 


(b) = (c): Let 
a: [a,b] —> D and f: [c,d] —+ D 


be two curves with the same starting and end points. We have to show 


[rf 


There is no loss of generality in assuming b = c, since by II.1.5, (4) one may 
replace @ by the curve 


tr B(it+c—b), b<t<b4+(d—-c). 


Now, we can consider the closed curve a @ 3~, and obtain 


o=f fafs- fr. 


(c) = (a): We fix a point z, € D and consider 


F(z) = / “FO ae 


as the integral of f along some curve connecting z. with z within D. The 
assumption ensures that the integral does not depend on the choice of the 
curve. 

Claim. fF’ = f. For the proof, we consider an arbitrary, but for the moment 
fixed point zo € D and show F"(zo) = f(zo). Since D is open, there is a full 
disk U,(zo) around zp in D. For z € U,(zo), by definition, we have 


F@)= f fi) a¢ = ff : seo) ac+ | F() a¢ = F(a) + [ f(a, 
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where we can take the integral from zo to z along the line segment connecting 
them: 


o(z0,z)(t) :=z0 +t(z-z), O<t<1. 


Since d¢ = z — % we have 


(20,2) 

F(z) = F(z0) + f(z0)(z — 20) + r(z) with 

r(z)= — f(zo)) d¢. 
=f (£0 ~ A) ac 


By the continuity of f at zo there is for any ¢ > 0a 6,0 <6 < @, such that 
for all z € D with |z — zo| < 0, 


If(z) — flzo)| <e. 


Therefore the usual estimate for integrals implies 


Ir(z)| < lz — 20] -€ 


But this means that F' is complex differentiable at zo and F’(zo) = f (zo). 
Since zo € D was arbitrary, F must be a primitive for f. 


The existence of a primitive is thus reduced to the question of the vanishing 
of line integrals along closed curves. In the next section we shall prove a van- 
ishing theorem for differentiable functions and special closed curves, namely 
triangular paths. 


Let 21, 22,23 € C be three points in the complex plane. The triangle spanned 
by 21, 22, 23 is the point set 


A:={ zEC; z= 112, + tez2 + t323, 0 < t1, to, ts, tr ttet+t3=1}. 


Clearly this set is convex, i.e. with any pair of points in A the line segment 
connecting them also lies in A, and A is, in fact, the smallest convex set 
containing 21, z2 and z3 (their convex hull). 


By the triangular path (21, 22, 23) we mean the 
closed curve 


£3 
(21, 22,23) = @:= a1 Paz Gaz , with 
ai(t)=21+(¢-0)(a-a), O<t<1, 
a2(t) = 22+ (t-1) (23-22), 1<t<2, 
a3(t) = 23 + (- 2) (21-23), 2<t<3. 
zi 9 


We obviously have 
Imageac A (or precisely Image a =Boundary A). 


The following theorem is the key for solving the problem of the existence of a 
primitive. It is sometimes called the Fundamental Lemma of complex analysis. 
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Theorem II.2.5 (Cauchy Integral Theorem for triangular paths, E 
Goursat, 1883/84, 1899; A. Pringsheim, 1901) Let 


f:D—C, DCC open, 


be an analytic function (i.e. complex differentiable at any point z © D). Let 
21, 22, 23 be three points in D, such that the triangle they span is also contained 
in D; then 


Proof. We shall inductively construct a sequence of triangular paths 
al”) = (26), 26), zh) 5 MSO 1, 2 Bi ves 


in the following steps: 
(a) a := a = (21, 22, 23). 


(b) a("+ is one of the following four 


triangular paths 23 
a ( aba om abbas” 
aa 2 ae 2 A 
(n) (n) (n) 2) 
a) 22 (rn) 44 
2 9 ’ ’ D) 
n n n Ne. 
a. f ate? om AU +e | 
° 2 a 2 
Dd {) ie : 
=o : 


a aan 
Thus we choose 

git) — ol” or a” or a” or a” : 
So we are partitioning the triangle using lines parallel to the sides and 


passing through their midpoints. Obviously the triangles corresponding 


(n) 


to the triangular paths a)” and a”) are entirely contained in A = A), 


and we have 
alr) al” os” as”) al”? 
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(c) We can and do choose a("*) such that 


Lf? | . al ffl: 
[toa] <# 


The closed triangles A are nested 


From this follows 


alr) 


fovac] 


(A is the triangle corresponding to the triangular path a‘”)). By CAN- 
TOR’s theorem for nested “intervals” there is a point zo, which is con- 
tained in all these triangles. We then use the fact that f is complex 
differentiable there: 


f(z) — f(20) = f'(20)(z — 20) + r(z) with lim r(z) 


220 |[z— 20] 


Since the affine part z+ f(z0) + f’(zo)(z — Zo) has a primitive, we have 


at a= fro 


[foal sar] f roal. 


We shall now prove that the right-hand side converges to 0 for n — oo. 
Let ¢ > 0. There exists 6 > 0 with 


and therefore 


Ir(z)| < e|z— zo| for all z € D with|z— z| <0. 
If n is large enough, n > N, then 
A”) Cc U5(z0) : 


In addition, 


1 
lz — z| < Wa) = pil(a) for z¢€ Am , 


[108 


for any positive ¢ and thus 


We get 
< 4". 1(al™) - l(a) = Ia)? - ¢ 


[ #@a=0. 
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For non-analytic functions this theorem is false. For example the integral of 
f(z) = |z/? along a triangle path is usually different from 0, as one verifies by 
direct computation. 


Definition II.2.6 A star-shaped domain is an open set D C C with the 
following property: There is a point z,.. € D such that for each point z € D the 
whole line segment joining z. and z is contained in D: 


{z+t(z-z);teE[O1}cD. 


The point z, is not uniquely determined, and is called a (possible) star center. 


Remark. Since one can join any two points through the star center, a star 
domain is arcwise connected, and therefore a domain. 


Examples. 


(1) Each convex domain is star-shaped, in particular, any open disk is 
star-shaped. Each point of the convex domain can be chosen as the star 
center. 


(2) The plane slit along the negative real axis is star-shaped. (As star 
centers we can take points z € R, x > 0, and only such points.) 

(3) An open disk U,.(a), from which we remove finitely many line segments 
which join a boundary point b with a point on the straight line between 


a and b. 

(4) D=C* =C \ {0} is not star-shaped since any z, € C* cannot be a 
star center for the point z := —z, “cannot be seen from” z,. 

(5) The annulus R={z¢e€C; r<|z|<R},0<r<R, is not star- 
shaped. 


(6) The ring sector 
{ z= 29 + Coe!” ; r<o<R,0<y<8 he R, €,20EC, |¢j/=1, 
is star-shaped, if G < m and cos 4 > 


(7) In the following figure the three left domains are star-shaped, the 
right one is not. 


xO © 


star-shaped not star-shaped 
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Theorem II.2.7 (Cauchy Integral Theorem for star domains) 


Version 1. Let 
f:D—C 


be an analytic function on a star domain D C C. Then the integral f along 
any closed curve in D vanishes. 


Version 2. Each analytic function f defined on a star domain D has a 
primitive in D. 


Corollary In arbitrary domains D C C an analytic function has, at least 
locally, a primitive, i.e. for each point a € D there is an open neighborhood 
U CD ofa, such that f | U has a primitive. 


Taking into account II.2.4, both versions of the theorem are clearly equivalent. 
We will proof the second version. So, let z. € D be a star center and F' be 
defined by 


F(z) = / “4 ac, 


where the integral is taken along the line segment connecting z. with z. If 
zg € D is an arbitrary point, then the line segment connecting zp and z does 
not have to lie in D. But there does exist a disk around zg which is entirely 
contained in D. It is easy to see then that: 

If z is a point in this disk, then the entire triangle spanned by z,, zo and z is 
contained in D. 


Then CAUCHY’s integral theorem for triangular paths implies 


20 z 2x 
fp +f+fo-o 
x Zo z 


(In each case integration is taken along the connecting line segments.) Now 
we can repeat word-for-word the proof of IT.2.4, (c) = (a). 

Proof of the Corollary. The proof is clear, since for each a € D there is an 
open disk U-(a) with U-(a) C D, and disks are convex, and thus certainly 
star-shaped. 


Thus we have achieved a solution to our existence problem for star domains. 
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As an application of II.2.7 we get a new construction of the principal branch 
of the logarithm as a primitive of 1/z in the star domain C_, namely 


B= fo eae. 


One integrates along some curve connecting 1 with z 
in C_. Since the functions Z and Log have the same 
derivatives, and coincide at a point (z = 1), we have 
L(z) = Log(z) for z € C_. If one chooses as the curve 
the line segment from 1 to |z| and then the arc from 
|z| to z = |zle'¥, we obtain the form we already know 


lz| 4 " 
Le) = f zat | dt = log |z|+iArgz. 
1 = 0 
The following variant of II.2.7 is a useful tool: 


Corollary II.2.7, Let f: D— C be a continuous function in a star domain 
D with center z,. If f is complex differentiable at every point z 4 z,, then f 
has a primitive in D. 


Proof. As one can see from the proof of II.2.7, 
it is enough to show that 


20 z x 
(ole f- ; 
Ze Zo z 

where we may assume that the triangle A 


spanned by zx, 29 and z is entirely contained zy Wo Zo 
within D. 

Moreover, we can assume 2, 4 z and z, 4 zo. Let w, resp. wo, be an arbitrary 
point different from z, on the line segment between z, and z, resp. z,. and 
zo. From the CAUCHY integral theorem for triangular paths (II.2.5 above) the 
integrals along the paths (wo, 20, w) and (zo, z,w) vanish. On the other hand, 


we have 
(zy 20,2) (Z%,Wo,w) (wo,20,w) (z0,2,W) (Z%,Wo,w) 


The assertion now follows by passing to the limit 


WZ, Wor Zs - 


Definition II.2.8 A domain D C C is called an elementary domain, if 
any analytic function defined on D has a primitive in D. 


Any star domain is thus an elementary domain. For example, C_, the plane 
cut along the negative real axis, is an elementary domain. In this connection 
it is of interest to note: 
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Theorem II.2.9 Let f : D— C be an analytic function on an elementary 
domain, let f’ also be analytic', and f(z) 4 0 for all z € D. Then there exists 
an analytic function h: D — C with the property 


f(2) = exp(h(2)) . 
The function h is called an analytic branch of the logarithm of f. 


Corollary I1.2.9; Under the assumptions in IT.2.9, there exists for anyn € N 
an analytic function H: D— C with H” = f. 
Proof of the Corollary. Set H(z) = exp ( +h(z) ). 
Proof of Theorem II.2.9. Let F be a primitive of f’/f. Then one can check 
immediately that, with 


one has G’(z) = 0 for all z € D. Therefore 
exp(F(z)) =C f(z) for all ze D 


with some nonzero constant C’. Since exp : C — C? is surjective one can write 
this in the form C' = exp(c). The function 


has the desired property. 


Since the function f(z) = 1/z does not have a primitive in the punctured plane 
C*, we see that C* is not an elementary domain; however it is not true that 
any elementary domain must be star-shaped, as the following construction 
shows: 


Remark II.2.10 Let D and D’ be two elementary domains. If DM D' is 
non-empty and connected, then DU D! is also an elementary domain. 


Corollary. Slitted annuli are elementary domains. 


«— elementary domain 
non-elementary domain — 


Proof of 1.2.10. Let f : DUD’ > C be analytic. By assumption there exist 
primitives 


' Actually, this assumption is unnecessary by II.3.4. 
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F.:D—-C, F&:D'—->C. 


The difference F, — Fy must be locally constant in DM D’, and therefore 
constant since DMD’ is connected. By addition of a constant if necessary, one 
may assume 

F,|DAD'=F,|DnD’'. 


The functions F; and F now glue to a single function 


F:DUD'—C. 


The following is also immediately clear: 


Remark JI.2.11 Let 
D, C D2 C D3 C-::: 


be an increasing sequence of elementary domains. Then their union 


oo 
= U D 
n=1 
is also an elementary domain. 
It can be shown (in a non-trivial way) that with the two constructions above 
give all elementary domains starting from disks. 


We shall later obtain a simple topological characterization of elementary do- 
mains (see Appendix C of Chapter IV): 

Elementary domains are precisely the so-called simply connected domains. 
(Intuitively these are the domains “without holes”). 


For practical purposes this characterization of elementary domains is not so 
important. For this reason we postpone the proof of this theorem. More ele- 
mentary domains can be obtained by means of conformal mappings (cf. 1.5.13). 


Remark IT.2.12 Let DCC be an elementary domain and 

yp: D— D* 
a globally conformal mapping of D onto the domain D*. We assume that its 
derivative is analytic. Then D* is also an elementary domain. 


Proof. We have to show: Any analytic function f* : D* — C has a primitive 
F*, This can naturally be reduced to checking the corresponding statement 
for D. 


D—*—> p* 


rN Ae 
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For if f* : D* — C is analytic, then so is f* oy: D— C analytic. But then 
(fT oy)y’: D—+C 


is analytic, and so has a primitive Ff’. (Here we have to assume that y’ is also 
analytic. This condition is, as we shall see in following sections, automati- 
cally satisfied.) In fact, F* := Fo y+ is analytic (y~+ is analytic too!) and 
F*! = F*. 


Exercises for II.2 


1. Which of the following subsets of C are domains? 
(a) {zEC; |z*-3] <1}, 
2? —1| < 3}, 


( 

(c) {2 EC; |lz|? — 2| < 1}, 

(d) {zEC; |z?-1| <1}, 

(e) {ze C; 2+ |z| #0}, 

(f){zEC;0<a2<1,0<y<1} U {e+iy; = 1/n,0<y<1/2}. 
2 


n= 


2. Let zo,...,zn € C (N EN). Define the line segments connecting z, with zy+1 
(v =0,1,...,N—1) by 


ay: [v,v +1] — C with a,(t) = 2 + ((- v) (2,41 -— 2) - 


Then a := ai @ a2 @:-: Pan-1 defines a curve a: [0, N] — C. One calls a 
the polygonal path, which joins zo with zn (along 21, 22,...,2N-1). 


Show: An open set D C C is connected (and thus a domain) if and only if 
any two points of D can be connected by a polygonal path a inside D (i.e. 
Image a C D). 


3. LetaeC,e>0. The punctured disk 
U.(a) ={zeC; 0<|z-al<e}, 
is a domain. 


Deduce: If D C C is a domain and z1,...,2m are finitely many points, then the 
set D! := D\ {21,...,2m} is also a domain. 


4. Let @# DCC be open. The continuous function 
f:D—C, zr, 
has no primitive in D. 


5. For a: [0,1] > C with a(t) = exp(27it) compute 


<27. 


/ 1/|z| dz , / 1/(\z|") dz , and show 


a 1/(4 + 3z) dz 
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6. Let 
D:={zEC; 1<|z| <3} 
and a: [0,1] — D be defined by a(t) = 2exp(2m7it). Calculate 


/ : dz. 
6s 
7. For a,b€ R$, let a, 8: [0,1] — C be defined by 


a(t) := acos 2rt + iasin 2rt , 
B(t) = acos2rt + ibsin 2zt . 


(a) Show: 


(b) Show using (a) 


[r 1 _ on 

9 a2cos?t+b?sin?t ~~ ab~ 

8. Let Di, D2 C C be star domains with the common star center z. . Then D,U D2 
and D, Dz are also star domains with respect to zx. 


9. Which of the following domains are star-shaped? 
(a) {zeEC; |z|<land |z+1|> V2}, 
(b) {zEC; |z|<1and |z-2|> v5}, 
(c) {zEC; |z|<2and |z+ i] > 2}. 
In each case determine the set of all star centers. 
10. Show that the “sickle-shaped domain” 


D={zEC; |zl\<1, |z—1/2| > 1/2} 


is an elementary domain. 
11. Let 0<r< Rand f be the function 


f:Ur0)—C, 
R+z 
(R= 2z)z 


a => 


1 
Show that f(z) =—+ , and, by integrating along the curve a, 
Zz z 


R— 
a: [0,27] —-C, a(t) =rexp(it) , 


that ‘ : i 
i _ Rar dt =T1 - 
2n Jo R? —2Rrcost+r? 
Show in a similar manner: 
1 7 st 
aes dt = —" , if0<r<R. 


Qn Jy R?—2Rrcost+r2° R2—4r?’ 
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12. Lemma on polynomial growth 
Let P be a nonconstant polynomial of degree n: 


P(z)=a@nz" +++-+a0, wEeEC,0<ven,n>1,4a,40. 


Then, for all z € C with the property 


n—-1 
2 
|2| 2 = wh rap jut ? 
v=0 


we have 


5 lanl lel" <|P(2)1< 5 lanl [2 - 


Corollary. Any root of the polynomial P lies in the open disk with radius p 
centered at the origin. 


13. A proof of the Fundamental Theorem of Algebra 
Let P be a nonconstant polynomial of degree n, 


P(z)=anz" ++:-+a0, avEC, 0O<v<n, n>1, an 40. 


We have P(z) = z(anz""' +--+ +.a1) + a0 = 2Q(z) +40. 
Assumption: P(z) #0 for all z € C. 
Then for z 4 0 we have 

_ Pl) _ 2Q(z) +0 _ Q(z) | _ ao 


2 2P@). #P@) ~~ PG) 2P@) 


By integration along a(t) = Rexp(it),0<t< 27, R>0, it follows that 


A ao 
2ri= | ——~dz. 
Ti [ Pe) z 


By using the lemma on growth of polynomials, derive a contradiction (consider 
the limit R — oo). 


I 
14. Let a € R, a > 0. Consider the : 
“rectangular path” a@ sketched in a3 iia 
the figure. 
a=, 0 a2 Ga3 0 aa. a4 a2 
Since 
epee “R 0 Ail TR Re 
fa)aer 


is analytic in C, and C is star-shaped, it follows from the CAUCHY integral 
theorem for star domains that 


o=fse)de=f tear] sear f seaet f fear. 


15. 


16. 


ve 


Show: 


= lim =0 


R-co 
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lim 
R—-o0o 


and deduce that 


/ en 2@tia)?” ay = el? dy (= v2zn). 


co R : 
I(a) = e 2(*H0)" doy = lim eW B(e tia)” ap 


R—-o0o =R 
is therefore independent of a and has the value 27. 


Corollary. (The FOURIER transform of x +> e7?/?) 
ane 1 - 
/ are cos(ax) dx = gV2re 2/2 
0 


Let D CC be a domain with the property 
zED = -zED 


and f : D — C a continuous and even function (f(z) = f(—z)). Moreover, for 
some r > 0 let the closed disk U,(0) be contained in D. Then 


/ f =0 for a,(t) :=rexp(27it), O<t<1. 


Continuous branches of the logarithm 


Let D Cc C® be a domain which does not contain the origin. A continuous 
function |: D — C with expl(z) = z for all z € D is called a continuous branch 
of the logarithm. 


Show: 
(a) Any other continuous branch of the logarithm T has the form 1 = 
1+ 27ik, k € Z. 
(b) Any continuous branch of the logarithm / is in fact analytic, and 
U'(z) = 1/z. 
(c) On D there exists a unique continuous branch of the logarithm only if 
the function 1/z has a primitive on D. 
(d) Construct two domains D; and D2 and continuous branches |; : Dy; > 
C, lg: Dz — C of the logarithm, such that their difference is not constant 
on Di M Do. 


Fresnel Integrals 


Show: 7 - i 
/ cos i) dt -| sin (t?) a= qv2r. 
0 ) 


Hint. Compare the function f(z) := exp(iz”) on the real axis and on the first 
bisector. The value of the integral ie exp(—t?) dt = \/7/2 can be used. Use 
also the inequality in Exercise 8, Sect. II.1. 
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II.3 The Cauchy Integral Formulas 


The following lemma is a special case of the CAUCHY integral formula: 
Lemma IT.3.1 One has 


where integration is performed along the circle 
a(t) = z9+re®* , zam€C,0<t<27,r>0, 


and a is an arbitrary point in the interior of the 

disc (ja — zo| <r). 

In the case a = zo(= 0) we have already formulated this in II.1.7, and we can 
reduce II.3.1 to this case by using the CAUCHY integral theorem; in fact we 


will show 
ee 
It-eolar$—@ Ji¢-ajao$ —@ * 


where 9 < r— |zp — al. 


Remark. We use a suggestive way of writing integrals along circles, which is 
self understanding. 


Proof. 


O11 


Op 


So it is claimed that the integrals along both of the circles drawn above agree. 
We shall limit ourselves to make the proof intuitively clear from the figure. 
It is easy but a little wearisome, to translate it into precise formulas. We 
introduce two additional curves a; and ag (see the above figure on the right 
and the next on the left). Slit the plane along the dashed lines, and get, in this 
way, a star domain in which the function z +> + is analytic. The integral 
“along the closed curve we have drawn”, which is composed by a (small) 
circular arc, line segments and a (large) circular arc, vanishes by the CAUCHY 
integral theorem II.2.7 for star domains. The same argument holds for the 
figure reflected along the line connecting a and zo, and the curve a2 sketched 
on the right. Therefore 
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1 1 
a¢ = and | d¢=0. 
Qy ¢ —a ag ¢ —a 


If one adds the two integrals, the contributions of the straight segments cancel, 
since the lines are traversed in reverse directions: 


Og 


Therefore it follows that (taking into account the orientation!) 


1 1 
- |C—al=o ¢ 7 |¢-—zol|=r 4 —a 


From now on we shall use the notations 


U,(zo)={2zE€C; |z-z|<r } 
Ur(%) ={zEC; |z-—za|<r} 


for the respectively open and closed disks of radius r > 0 around zp € C. 


Theorem II.3.2 (Cauchy Integral Formula, A.L. Cauchy, 1831) Let 
f:D—C, DCC open, 


be an analytic function. Assume that the closed disk U,(z9) is contained com- 
pletely in D. Then for each point z € U,(z0) 


fe)= sf ac, 


where the integral is taken “around the circle a”, 1.e. along the closed curve 


a(t)=ztre*,0<t<2r. 


We emphasize that the point z needs not to be the center of 


the disk. It only has to lie in the interior of the disk! 
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Using the compactness of U;,(z9) one can easily show that there exists an 
R>r such that 
DD UrR(z0) D Uz) . 


We can thus assume that D is a disk. The function 


fw) — f(2) 
aiahix ie forwAz, 
f(z) forw=z, 


is continuous in D and away from 2 is, in fact, analytic. We can therefore 
apply the CAUCHY integral theorem II.2.7; and obtain 


HOH FT) 
phe uno. 


The assertion now follows from II.3.1. 


In particular, the CAUCHY integral formula holds for z = zo: 


1 


f()= =f ‘ f (20 + rexp(it)) dt 


(this is the so-called mean value equation). 


The essence of the Cauchy integral formula is that it computes the values of 
analytic functions in the interior of a disk from their values on the boundary. 


From the LEIBNIZ rule one gets analogous formulas for the derivatives. 


Lemma II.3.3 (Leibniz rule) Let 
f:[ab])x D—+C, DCC open, 


be a continuous function, which is analytic in D for any fixed t € [a,b]. The 
derivative 


is also assumed to be continuous. Then the function 


b 
gle) = J flt,2) at 
is analytic in D, and 


Oz 


b 
g'(z) =} GAG 7) dt . 


Proof. One can reduce II.3.3 to the analogous result for the real case, since 
complex differentiability can be expressed using partial derivatives (Theorem 
1.5.3). Thus one uses the real form of the LEIBNIZ criterion to verify the 
CAUCHY-RIEMANN equations and the formula for the derivative of g. 
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For the sake of completeness we shall formulate and prove the real form of 
the LEIBNIZ rule that we need. 


Let f : [a,b] x [c,d] —> R be a continuous function. Suppose that the partial 
derivative 


O 
(1a) [= — f(t, 2) 
Ox 
exists and is continuous. Then 
b 
= / f(t, x) dt 


is also differentiable, and one has 


b 
g' (x) =| < f(t,2) dt . 


Proof. We take the difference quotient at xo € D: 


f(t 
ae)— oes) _ f* Sa) — fea) 
wv — XO tL — 2X 


By the mean value theorem of differential calculus 


f(t,v) — f(t,%0) _ 9 
eng - aye eee 


with a ¢t-dependent point € between vg and x. By the theorem of uniform 
continuity (cf. Exercise 7 from 1.3) for any given « > 0 there exists a 6 > 0 
with the property 


Aes) - hae) 


pe DE <e if jzi—a|<d, |ti—ta|<d. 


In particular, 
O a) 
Palas — Bai (th 20) 


<€ if |jx—ap| <0. 


It is decisive here that 6 does not depend on t! Now we obtain 


sea) _ f Opn) 


< e(b—a) if jv —ap| <d. 
w— XO 
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Theorem II.3.4 (Generalized Cauchy Integral Formula) With the as- 
sumptions and notation of I1.3.2 we have: Every analytic function is arbitrar- 
ily often complex differentiable. Each derivative is again analytic. For n € No 
and all z with |z — zo0| <r we have 


where a(t) = z + re", 0<t < 2r. 


The proof follows by induction on n with the help of II.3.2 and II.3.3. 
For another proof see Exercise 10 in II.3. 


Remark. Therefore it has also been proved that the assumptions of continuity 
of the derivative f’, resp. of analyticity of f’, we have previously made, were 
superfluous as they are automatically fulfilled. Moreover it follows that u = 
Re f and v = Im f are in fact C°-functions. 

It was not necessary to use Lemma II.3.3 in its full generality for the proof 
of 11.3.4. It would be possible just to check the required special case directly. 
Then one can get back II.3.3 from II.3.4 in full generality by using the FUBINI 
theorem: If f : [a,b] x [c,d] > C is a continuous function, then 


[ [sen ings = [ [sen Sey 


The following theorem gives a kind of partial converse to the CAUCHY integral 
theorem. 


Theorem II.3.5 (Morera’s Theorem, (G. Morera, 1886)) Let D Cc C 
be open and 

f:D—C 
be continuous. For every triangular path (21, 22,23) whose triangle is entirely 
contained in D assume 


/ HQ de =o. 
(21,22,23) 


Then f is analytic. 


Proof. For each point zo € D there is an open neighborhood Uz(z0) C D. It 
is enough to show that f is analytic in U-(zo). For z € Uz(zo) let 


F(2) = / of 


where o(Z0,2) is the line segment connecting zp and z. As in II.2.4 (c) > 
(a) one shows that F is a primitive of f in U-(zo), i. e. F’(z) = f(z) for 


z € U,(z9). In particular, f is analytic itself as the derivative of an analytic 
function. 
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Definition II.3.6 An analytic function f : C — C is said to be entire. 

An entire function is thus an analytic function defined on the entire complex 
plane C. 

Examples. Polynomials P : C — C, and exp,cos,sin : C — C are entire 


functions. 


Theorem II.3.7 (Liouville’s Theorem, J. Liouville, 1847) Every 
bounded entire function is constant. 
Equivalently: A nonconstant entire function cannot be bounded. 


(In particular, for instance, cos cannot be bounded. In fact 


. e*+e 
cosix = ———— -~ © for r-@. 


2 


LIOUVILLE actually only treated the special case of elliptic functions (cf. Chap- 
ter V and Exercise 7 in II.3). 


Proof. We show f’(z) = 0 for every point z € C. From the CAucuy integral 


formula ; (0 
'g)=— ie 
f ) 2m fi. OC a 2)? ¢ ; 


which holds for every r > 0, it follows that 


1 C C 
/ 
& — ey, 
I@l < = aan 5 = = 
ne 


The assertion can now be obtained by passing to the limit r — oo. 
From LIOUVILLE’s Theorem follows easily: 


Theorem II.3.8 (Fundamental Theorem of Algebra) Each nonconstant 
complex polynomial has a root. 


Proof. Let 
P(z) =ag +a12 +--+ an2", avEC,0<v<n,n>1,a,F40. 
be a polynomial of degree > 1. Then 
|P(z)| — co for |z| — oo 
i.e. for each C' > 0 there exists an R > 0 such that 
Wl>R => |P)IEC, 


(Note:? One has z~"P(z) — ay for |z| — oo.) We assume that P has no 
complex root. Then 1/P is a bounded entire function and so 1/P is a constant 
by LIOUVILLE’s theorem. 


? Cf. also Exercise 12 in II.2. 
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Corollary II.3.9 Every polynomial 
P(z)=anpt+ayz+-+-+an2", ayeEC, O<v<n, 


of degree n > 1 can be written as a product of n linear factors and a constant 
cec 
P(z) =C(z-—a1)-+-(¢-an) . 


The numbers a1,...,Q@ € C are uniquely determined up to their order, and 
C= Gp: 


Proof. If n > 1, there exists a zero a;. We reorder the polynomial by powers 
of (z — a1) 
P(z) =bo +bi(z— a1) +-°: 


From P(a;) = 0 it follows that bo) = 0 and therefore 


P(z) =(z-—ai)Q(z), degreQ=n-1. 


The assertion then follows by induction on n. 
If one collects equal a,, then one gets for P a formula 


P(2) = C(e — fr) (2 = By)” 


with pairwise different 3; € C and integers v;, for which we then have 
Wyte +yUp HN. 

We shall obtain other function-theoretic proofs of the fundamental theorem 
of algebra later (cf. also Exercise 13 in II.2 of this Chapter and application of 
the Residue Theorem III.6.3). 


Exercises for II.3 


We shall denote by aa;, the curve whose image is the circle with center a and radius 
r > 0, ie. with 
Qa : [0,27] —+C, aar(t)=atre™. 


1. Compute, using the CAUCHY integral theorem and the CAUCHY integral for- 
mula, the following integrals: 


z+ z+] 
(a) ; az , (b) / = az, 
231 2(24 + 1) 1;3/2 (24 + 1) 


e* COS TZ 
c —— dz, (d) / —— dz, 
( i (2 + 2)8 a0;3 2] 


GC i ane de, (bEC, bl #r). 


Z- 


a 
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Compute, using the CAUCHY integral theorem and the CAUCHY integral for- 
mula, the following integrals: 


oe ) = 7 


dd 
Omi J, 2+l’ 


es 2. / Sie, ti: 2 ae 


Qri z+ ON dey aie 2249 
Compute 
Zz n 
d 
(a) eC z, neéeN, 
1 
aor (2 — a)"(z — b) 


Let @ = a1 © a2 be the curve sketched in the figure with R > 1 and 


_ 1 
~ 14220 


f(z): 


Show: 


and 


Deduce that: 

we Si 7 

—, dx= lim —, dr=T7. 

_5 142? Ro0 J pl+2? 
These indefinite integrals could have been calculated more easily (arctan is a 
primitive!). However, this gives a first indication of how one can compute real 
integrals using complex methods. We shall return to this when applying the 
residue theorem cf. II.7). 
Let a be the closed curve considered in Exercise 4 of II.1 (“figure eight”). 
Compute the integral 

Lie 
Zz. 
qa l- 2? 


Show: If f : C — C is analytic and if there is a real number M such that for 
allzEC 


Re f(z) <M, 
then f is constant. 


Hint. Consider g := expof and apply LIOUVILLE’s theorem to g. 
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10. 


11. 
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Let w and w’ be complex numbers which are linearly independent over R. 
Show: If f : C — C is analytic and 


f(zt+w) = f(z) = f(z +’) forall z eC, 
then f is constant (J. LIOUVILLE, 1847). 


Gauss-Lucas Theorem (C.F. GAuss, 1816; F. Lucas, 1879) 


Let P be a complex polynomial of degree n > 1, with n not necessarily different 
zeros (1,.-.,¢n € C. Show that for all z € C\ {Gi,..., Gn} 


P'(z) 1 1 _1 ae z—G 


= | ———-—— 
7: 
v=1 |z— Cv| 


PG) 2a teat tae 


Deduce from this the GAuss-LUCAS theorem: 
For each zero € of P’ there are n real numbers \1,...,An with 


AS Ohta A= 1 nd C= Ane. 
g=l1 v=1 


Thus one can say: The zeros of P' lie in the “convex hull” of the zero set of P. 


Show that every rational function R (ie. R(z) = P(z)/Q(z), P,Q polynomi- 
als, Q 4 0) can be written as the sum of a polynomial and a finite linear 
combination, with complex coefficients, of “simple functions” of the form 


1 


Gs)’ nEN,seEC, 


the so-called “partial fractions” (Partial fraction decomposition theorem), see 
also Chapter III, Appendix A to Sections III.4 and III.5, Proposition A.7). 


Deduce: If the coefficients of P and Q are real, then f has “a real partial fraction 
decomposition” (by putting together pairs of complex conjugate zeros, or rather 
by putting together the corresponding partial fractions (see also Exercise 10 in 
1.1). 


A somewhat more direct proof of the generalized CAucuHy integral formula 
(Theorem II.3.4) is obtained with the following Lemma: 


Let a : [a,b] — C be a piecewise smooth curve and let p : Image a — C be 
continuous. For z € D :=C \ Image a and m € N let 


_ i p(¢) 
F(z) = maf toe dc . 


Then Fi, is analytic in D and for all z € D 
Fm (z) =m Fm+1(z) « 


Prove this by direct estimate (without using the LEIBNIZ rule). 


Let D C C be open, and L Cc C a line. If f : D — C is a continuous function, 
which is analytic at all points z € D, z ¢ L, then f is analytic on the whole D. 


12. 


13. 


14. 


15. 


16. 
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The Schwarz Reflection principle (H.A. SCHWARZ, 1867) 
Let D 4 Q be a domain which is symmetric with respect to the real axis (i.e. 
z€D => z€D). We consider the subsets 

Di, :={zED; Imz>0}, 

D_:={zED; Imz<0}, 

Do:={zE€D; Imz=0}=DnNR. 


If f : Dy UDo — C is continuous, f | Dy analytic and f(Do) C R, then the 
function defined by 


fz) i= 


x f(z) for z€ D,UDo , 
f(®) for z€ D,, 


is analytic. 
Let f be a continuous function on the compact interval {a, 6]. 
Show: The function defined by 


F(z) =i exp(—zt) f(t) dt 


is analytic on the whole C, and 
b 
ie oe 1 aol rae: 


Let D C C be a domain and 
f:D—C 
be an analytic function. 


Show: The function 
gy: DxD—-C 


with 
ee HOWL ite ge, 
£'©) eae, 


is a continuous function of two variables. 


For each given z € D the function 


Cr (6, 2) 

is analytic in D. 

Determine all pairs (f,g) of entire functions with the property 
fi+g al. 

Result: 


f =cosoh and g =sinoh, where h is an arbitrary entire function. 


Let f :C — C be a non-constant, entire function. Then f(C) is dense in C. 


Ill 


Sequences and Series of Analytic Functions, 
the Residue Theorem 


It is known from real analysis that pointwise convergence of a sequence of functions 
shows certain pathologies. For instance, the pointwise limit of a sequence of continu- 
ous functions is not necessarily continuous, and in general we cannot exchange limit 
processes, et cetera. Therefore we are led to introduce the notion of uniform conver- 
gence, which has better stability properties. For example, the limit of a uniformly 
convergent sequence of continuous functions is continuous. Another basic stability 
theorem holds for the (proper) integral: 


A uniformly convergent sequence of integrable functions converges to an integrable 
function. The limit and integration can be exchanged. 


However, differentiability in real analysis is not stable with respect to uniform con- 
vergence. 


The corresponding stability theorems are more complicated and require additional 
conditions on the sequence of derivatives. 


In function theory one introduces the concept of uniform convergence by analogy 
with real analysis. The stability of continuity and of the integral along curves can 
be obtained completely analogously to the real case, and in fact can be reduced to 
that case. 


In contrast to the situation in real analysis, complex differentiability (on open subsets 
of the complex plane) is stable with respect to uniform convergence. 


The reason is that the derivatives of an analytic function can be obtained through an 
integration process (CAUCHY’s integral formula). Because of this stability, properties 
analogous to those for integration also hold for differentiation. In particular we have 
the WEIERSTRASS theorem which is characteristic for complex analysis: 


A uniformly convergent sequence of analytic functions converges to an analytic func- 
tion. Taking the limit and differentiation may be exchanged. 


This has as a consequence the fact that proving the complex differentiability of a 
function defined as a limit is often much simpler than in the real case. We will see 
this already in the special case of power series. 


For our purposes it is usually enough to require instead of uniform convergence just 
local uniform convergence. This implies uniform convergence on compact sets. 
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Local uniform convergence of series of functions is often proven using the WEIER- 
STRASS majorant test . Series to which this “test” can be applied are called normally 
convergent: 


A series of functions is called normally convergent if each point of their domain of 
definition admits an open neighborhood and a majorant series of numbers which is 
valid in this neighborhood. 


Examples of normally convergent series are power series in the interiors of their re- 
gions of convergence. There, in particular, they define analytic functions. Conversely 
we shall show that any function analytic in an open disk can be expanded into a 
power series there. 


In particular, any analytic function can be locally expanded into a power series. 
The key to this powerful expansion theorem is the CAUCHY integral formula. 


However, this expansion theorem is just a special case of a general expansion theorem 
for functions analytic in annuli (ring domains) 


A={2z€E€C; r<|zi<R} (0<r<R<o). 


In such annuli the negative powers of z are also analytic. We shall show that any 
function analytic in an annulus can be expanded there in a so-called Laurent series 


Co 
n 
; Gnz . 


n=—oo 


The case r = 0 is of special interest, for this is the case of an isolated singularity. We 
will describe a classification of singularities. The type of a singularity —removable 
singularity, pole or essential singularity— can be read off from both the LAURENT 
series and the behavior of the mapping. 


Using the LAURENT expansion we shall prove the Residue Theorem, which can be 
used to compute integrals of analytic functions along closed curves avoiding the 
singularities of the function. 


With these function-theoretic tools we can also get insight into the behavior of the 
mappings defined by analytic functions, and derive results that are unexpected from 
the point of view of real analysis. We shall, for instance, prove the Open Mapping 
Theorem: 


The set of values of a nonconstant analytic function on a domain is also a domain. 


In particular, the absolute value of such a function cannot attain a maximum (maz- 
imum principle). 


We close the chapter with a small selection of applications of the residue theorem. 


III.1 Uniform Approximation 


A sequence of functions 


fo, fis fa, +++: DC 


defined on an arbitrary subset D C C, is called uniformly convergent to the 
limit 
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f:D—C, 
if the following holds: 
For each ¢ > 0 there exists a natural number N, such that 


| f(z) — fnr(z)| <¢ for alln > N andallzeD. 


In particular, N should not depend on z. 


In this definition D can be an arbitrary set. We now assume that D is a subset 
of the complex plane, or more generally, a subset of R?. 


The sequence (f,,) converges locally uniformly to f if for every point a € D 
there is a neighborhood U of a in R? such that f, | UMD is uniformly 
convergent. 


Using the HEINE-BOREL covering theorem it is easy to see that the sequence 
(fn | K) is uniformly convergent on any compact set K contained in D. 

So one can say: A locally uniformly convergent sequence of functions fy : 
D — Cis compactly convergent. 


There is a converse of this if D is open, for then there exists for each point 
a € D aclosed (and thus compact) disk with center a, which is contained in 
D. 


The analogue of the following is well known in real analysis: 


Remark III.1.1 Let 
fo, fi, fa, --- ’ 


be a sequence of continuous functions which converges locally uniformly. Then 
its limit function is also continuous. 


The proof follows as in the real case, see Exercise 1 in III.1. 
For line integrals there is an analogous stability theorem. 


Remark ITI.1.2 Let 
fos fis Jaye :D-C, DcC, 


be a sequence of continuous functions which converges locally uniformly to f. 
Then for any piecewise smooth curve a: [a,b] + D 


a fu(c) ag = ff #16) a6. 


nm— oo 
a 


Proof: One has to use the fact that the image of @ is compact, so that the 
sequence f,, is uniformly convergent on Image a. The assertion now immedi- 
ately follows from the estimate 


| f mr- ft] < aye, 


if |fn(z) — f(z)| < © for all z € Image a. Here I(q) is the arc length of the 
piecewise smooth curve a. 
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Theorem III.1.3 (K. Weierstrass, 1841) Let 
fo, fis fo,--- :D—-C, DCC open, 


be a sequence of analytic functions which converges locally uniformly. Then the 
limit function f is analytic and the sequence of the derivatives (f/) converges 
locally uniformly to f'. 


Proof. The assertion follows immediately from the fact that complex differen- 
tiability can be characterized by a criterion involving integration (MORERA’s 
Theorem, II.3.5), and the fact that our line integral is stable with respect 
to uniform convergence. The assertion about (f/,) results from the CAUCHY 
Integral Formula for f’ resp. f/, (cf. the proof of the Supplement to III.1.6). 


In this connection we should point out that the real analogue of III.1.3 is false. 
By the Weierstrass Approximation Theorem, any continuous function 


f : [a,b] —R 


is actually the limit of a uniformly convergent sequence of polynomials! 
However, in the real case there is also a stability theorem: 
Let fo, fi, fo,-++: [a,b] > R be a sequence of continuously differentiable func- 
tions that converge pointwise to a function f. If the sequence (f/,) converges 
uniformly, then f is differentiable and lim f/(x) = f'(a). 

n—-oo 
Theorem III.1.3 can naturally be rewritten for series: 


A series of functions 
fotfitfete::, fn: DAC, Dopen CC, nENo, 


is called (locally) uniformly convergent, if the sequence (S,,) of the partial 
sums 
Sn = fot fit-:-+fn 


is (locally) uniformly convergent. 


Definition III.1.4 A series fo+ fi + fo+--: of functions 
fn: D—-C, DCC, neENo, 


is called normally convergent (in D), if for each point a € D there is a 
neighborhood U and a sequence (Mn)n>0 of non-negative real numbers, such 


that: 
lfn(z)| < M, for allz EUND, allneNo, 


[oe) 
and y M,, converges. 


n=0 
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Remark III.1.5 (Weierstrass majorant test) A normally convergent se- 
ries of functions converges absolutely and locally uniformly. A normally 
convergent series of functions can thus be arbitrarily re-ordered without 
changing its convergence or its limit. 


Theorem III.1.6 (K. Weierstrass, 1841) Let 


foe ft eda 


be a normally convergent series of analytic functions on an open set D CC. 
Then the limit function f is also analytic and 


f=ftAtht:. 
Supplement. The series of derivatives is also normally convergent. 


Only the supplement remains to be proved. Let a be a point in D. Choose 
€ > 0 so small that the closed disk of radius 2¢ is contained in D, and such 
that the series has a convergent majorant }> M,, in this closed disk. Then, for 
all z in the e-neighborhood of a we have from the CAUCHY integral formula 
the estimate 


ae fu(6) — 
@l=| 55 § ead] < 2M, 
|\C-—al=2e 


An example of normal convergence. 


Let s € C and s :=o+it with o,t © R (RIEMANN-LANDAU convention). For 
all n € N the assignment 


stn := exp(slogn) 


defines an analytic function in C. One has |n*| = n’. Then we have the 
following 


Claim. The series 

Ys 

n> 

n=1 

converges absolutely and uniformly in every half-plane 
{seEC; Res>1+5},6>0. 
The convergence is normal in the half-plane 
D:={seEC; Res>1}. 


This defines a function ¢ which is analytic in D, the so-called Riemann Zeta 
Function: 
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We shall discuss the properties of this function and its role in analytic number 
theory thoroughly in Chapter VII. 


Proof of the assertion. For each 6 > 0 we have 


1 
=~ 5 Sais foralls witha >1+6. 


Exercises for ITI.1 


1. 


Prove Remark III.1.1: Let D C C and (fn) be a sequence of continuous functions 
fn : D — C which converges locally uniformly in D. Then the limit function 
f : D— Cis also continuous. 


With the assumptions of Theorem III.1.3 show that for each k € N the sequence 
(. -) of k-th derivatives converges locally uniformly to f () | 
Let D C C be open and let (fn) be a sequence of analytic functions f, : D— C 


with the property: For every closed disk K C D there is a real number M(K) 
such that |fn(z)| < M(4K) for all z € K andalln EN. 


Show: The sequence (f/,) has the analogous property. 
Show that the series 


I ge 
v=1 
converges normally in the unit disk E={zEC; |z| <1}. 


Show that the sequence 


v=1 
converges locally uniformly, but not uniformly, in D=C—N. 
Show that the series 


2. Par ieUsy 


converges normally in C — No, and determine its limit. 


In which domain D C C defines the following series 


\ sin(nz) 
n=1 2” 


an analytic function? 
(Answer: D={zeEC; |Imz| < log2 }.) 


Is there any domain in which the series 
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sins) 


n=1 


defines an analytic function? 


8. Let f be a continuous function on the closed unit disk 
E={zeC; |<1}, 
such that f|E is analytic. Then Piers f(¢) d¢ =0. 


Hint. Consider, for 0 < r < 1, the functions 


fr : U4/,(0) —C, zge->fi(rz). 


III.2 Power Series 
A power series (with center zero) is a series of the form 
ap tay zag 274+... ; 


where the coefficients a,,, n € No, are given complex numbers, and z varies in 


C. 


Proposition ITI.2.1 (Convergence Theorem for Power Series) For 
each power series 

ag +a, z+ a2 2+... 
there exists a uniquely determined “number” r € [0,00] := [0,co[ U{co} with 
the following properties: 


(a) The series converges normally in the open disk 
U,(0):={2z2E€C; |z| <r}. 


(b) The series diverges for each z € C with |z| > r. 


Supplement. The following holds: 


r=sup{t>0; (a,t”) is a bounded sequence } , and also 


r=sup{t>0; (a,t") is a null sequence }. 


Proof (N.H. ABEL, 1826). Let r be one of the numbers defined in the Sup- 
plement. In the case r = 0 there is nothing to prove, so let r be > 0. It is 
clear that the series cannot converge for any z with |z| > r. So it is sufficient 
to show that for each p, 0 < p <r, the given power series has a convergent 
majorant not depending on z. For this, we choose some pi, p < pi < rT. By 
definition of r as a supremum, the sequence (a,,p7') is (in both cases) bounded, 
let’s say by the constant M > 0. Then we estimate for all z with |z| < p: 
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| Anz” | — Divergence 


z 
TU 
AnP1 oa 
PY 


The geometric series 


co 
Yo (6/p1)” 
is Convergence 
possible 


is convergent, since we have 
0< p/p, <1. 
Remark. The quantity r € [0,00], uniquely determined by the properties in 
Proposition III.2.1, is called the convergence radius. The open disk U,(0), 
r > 0, ts called the convergence disk of the given power series. In case of 
r = oo we set U,(0) =C, and in case r = 0 we have U,(0) = 9. 


The slightly more general case of a power series for an arbitrary center a, 


> Gn, (2 — a)” 
can be reduced to the above case by means of the substitution ¢ = z — a. 


Corollary ITI.2.1; A power series with positive convergence radius r > 0 and 
center a gives rise to an analytic function f : U,(a) > C on the convergence 
disk U,(a). Its derivative is obtained by termwise differentiation. 


Explicitly, the function 
Co 
f(z) := do an(z — a)” 
n=0 
has in U,(a) the derivative 
fais > nay(z—a)"— . 
n=1 


Remark. The convergence behavior of a power series with convergence radius 
r on the boundary of the convergence disk { z€C  |z| =r} is not touched 
by Proposition III.2.1. It may be different from case to case. The standard 
examples are (as in the real case) the following series: 

OO yt 
(1) ye — with convergence radius r = 1. Because of the convergence of the 

co 
series y —e the power series converges for all z with |z| < 1. 


n=1 
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(2) The geometric series 
oo 


yo 
n=0 
has the well known convergence radius r = 1, but it does not converge 
for any z with |z| = 1, for in such a case (|z|") does not converge to zero. 
(3) The “logarithmic series” 


Yay] Log(t +-2)) 


n=1 


also has the convergence radius r = 1. At the boundary |z| = 1, it con- 
verges for z = 1 (LEIBNIZ’ criterion), but diverges for z = —1 (harmonic 
series). There exist both convergence and divergence points of the power 
series at the boundary. By the way, —1 is the only divergence point! Prove 
this. 


Theorem ITII.2.2 (Power series expansion, A.L. Cauchy, 1831) Let the 
function 
f:D—C, DCC open, 


be analytic. We assume that the open disk Up(a) lies inside D. Then one has: 


oo (n)(q 
f(Z= 2 An (z—a)” for allz €UrR(a), where ay = fia) 


nl ,nENo. 


n=0 


Especially, each analytic function can be locally expanded as a power series 
around each point of the domain of definition. Explicitly, for each a € D there 
exists a neighborhood U(a) of a in D, and a power series )>7° 9 Gn(z — a)” 
which converges for all z € U(a), and represents the function f in U(a). 

The convergence radius of the power series is thus > R. 


(On. 


Supplement to III.2.2 The involved coefficients have the integral represen- 
tation 


1 ACS) 


|¢—al=p 


Remark. If f can be expanded as a power series in a neighborhood of a, 
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f(z) =o an(z— a)”, 
n=0 
then we necessarily have 
f(a) 1 ¢ £(Q) 
— =— ——— d 11.3.4 | , 
“ n! Qri (¢ —a)r+} eo eee 
|¢—al=p 


because one obtains the higher derivatives of f by repeated termwise differ- 
entiation, Corollary III.2.114. The coefficients a, are, as in the real case, the 
TAYLOR coefficients of f at a, and the power series introduced by f is the 
‘TAYLOR series at a. 

Proof of III.2.2. Because of the uniqueness of the power series expansion, it is 
enough to exhibit for an arbitrary p, 0 < p < R, an expansion in the smaller 
disk |z — a| < p. From the Caucny integral formula for disks (II.3.2) one has 


fi@=55 ¢ AO ac for |jz-—al <p. 


|¢—al=p 


The Caucuy kernel (z,¢) — k(z,¢) := 1/(¢ — z) can be expanded into a 
power series by means of the geometric series, 


(Also observe g := 


< 1.) After multiplication with f(¢) and exchange 


of the line integral and the infinite sum, which is possible by III.1.2, we infer 
the claim. 
We collect: The coefficients a, have the representation 


The possibility of expansions into power series ITI.2.2 leads to a new fundament 
of function theory of one complex variable. 


Analytic functions are exactly the functions, which are locally representable as 
a convergent power series. 


Depending on the way whether one places the complex differentiability, or 
the representability as power series in the foreground, one deals with the 
CAUCHY-RIEMANN approach or with the WEIERSTRASS approach to complex 
analysis. 
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At our disposal now are different characterizations of the notion of an “ana- 
lytic function”. In the following theorem, which summarizes our already pre- 
sented results, we collect the various equivalent characterizations of “being 
analytic”. During the development of complex analysis there were different 
starting points, and this makes it understandable why even today different 
words such as “analytic”, “regular”, “holomorphic” and so on are still used. 
We prefer the term “analytic”, or occasionally “holomorphic”. The word “bi- 
analytic” is not very nice. One should instead choose “biholomorphic” or 
“conformal” . 


Theorem III.2.3 Let D C C be open. The following assertions are equivalent 
for a function f: DC: 


(a) f is analytic, i.e. complex differentiable at any point z € D. 
(b) f is totally differentiable in the sense of real analysis (C = R?), and 
u=Ref,v=Imf fulfill the Cauchy-Riemann differential equations: 


du _ dv 
Ox Oy 


(c) f is continuous, and for each triangle path (21, 22,23) whose convex hull 
A is contained in D one has: 


/ f(¢) dé =0 (Morera’s condition) . 
) 


(21,22,23 


(d) f locally admits primitives, i.e. for each point a € D there exists an open 
neighborhood U(a) C D, so that f|U(a) admits a primitive. 
(e) f ts continuous, and for each disk U,(a) with U,(a) C D it holds: 


fe)=so fp Pac for je-ai<p. 


|¢—al=p 


(f) f ts locally representable as a convergent power series, i.e. for each point 
a € D there exists an open neighborhood of a in D, where f is repre- 
sentable as a power series. 

(g) f is representable as a power series in each open disk fully contained in 
D. 


Here, the difference between real and complex analysis becomes clear! For a real 
interval M C R there exists “a lot of” functions f : M — R, which are 17 but not 
18 times differentiable, or which are differentiable with a non-continuous derivative 
f’. Here is the standard example 


x’ sin(1/z) , c#0, 


f:R—-R_ with ney={5 pay 
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In addition, CAUCHY’s example (CAUCHY, 1823) 


exp(-1/a?), «#0, 


f:R—-R_ with ney = {5 i 


shows the existence of a C°-function on R, which is not represented by its TAYLOR 
series around 0 in any neighborhood of 0. The representation theorem III.2.2 has thus 
no direct counterpart in real analysis. The membership f € C°°(M) is a necessary 
condition for the power series expansion of f, but not a sufficient one. We will occur 
in the next paragraphs many other essential differences between C°°-functions and 
analytic functions on an open set D CC. 


It is often inexpedient to compute the coefficients (or the convergence radius) 


from the equality 
_ i £Q 
Oe Ga ¢ (C—a)rtt d¢ 


|¢—a|=p 
or from the TAYLOR formula. It is better to use already known power series 
expansions. 
Example. Let us expand the analytic function f : C \ {+i}, f(z) =1/(1+ 2), 
around the zero point. 
The sum formula for the geo- 
metric series shows for |z| < 1 


1 co 
f(z)= ae dy 22 


The radius of convergence r of 
this series is r = 1, as it fol- 
lows from ITI.2.1. One can also 
determine it by pure complex 
analytic methods: 


(1) r is at least 1, r > 1, which follows from ITI.2.2. 
(2) ris at most 1, r <1, for f(z) is unbounded if z approaches i (compare 
with figure). 


The singularity in i, invisible in real analysis, is thus responsible for the fact 
that the radius cannot be bigger than 1. The convergence behavior of power 
series thus becomes more transparent in complex analysis. 


Often, one uses such function theoretical arguments to determine the conver- 
gence radius of a power series. The formula in HI.2.1 and analogous ones 
(e.g. Exercise 6 in III.2) are of minor importance in complex analysis. 

The radius of convergence of the TAYLOR series of an analytic function can 


of course be bigger than the distance of the center to the boundary of the 
domain of definition. For instance, the principal value of the logarithm has in 
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a point a € C_ (slit plane, the negative part of the real axis is removed from 
C) the expansion 


Log(a) + ea, 


where the convergence radius is |a]. For a point a € C_ with Re a < 0 the 
distance to the boundary is strictly smaller than this radius. 

Let us note that C_MU,(a) splits in two dis- 
joint connected components. In the “upper” 
part of the disk the series represents the princi- 
pal value of the logarithm, Log, but not also in 
the “lower” part, where it represents Log +271. 


Computation Rules For Power Series 


(A.L. Caucuy, 1821; K. WEIERSTRASS, 1841) 


1. Identity of power series 
If two power series 


foe) foe) 
y Anz” and y byz” 
n=0 


n=0 


converge in some neighborhood of 0 and represent there the same func- 
tion, then a, = by, for all n € No. 


2. Cauchy’s product formula 
We assume that the radius of convergence for both series 


loc) Co 
) Anz” and ) bpz” 
n=0 n=0 


is at least R > 0. Then one has 


& on . (> bo") = Sew for |z| << R 
n=0 n=0 n=0 


where 


Gi= » adybn—» (compare with 1.2.7) . 
v=0 


3. Multiplicative inversion of power series 
Let P(z) = a9 + a1z+--: be a power series with positive convergence 
radius. We assume ag # 0. Then P(z) # 0 for all z in an open disk 
|z| < r. In this disk Q := 1/P is analytic (see Theorem 1.4.3), and thus 
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representable as a power series. (In the real case one cannot argue in this 
way!) 


Q(z) =bo +biz+-:: for |z|<r. 
From the equation P(z)- Q(z) =1 we get using 2.: 


- 1 forn=0, 
LS ay 0n—v = 
= 0 forn>0. 


This system of equations can be recursively solved: 


n=0: dobop = 1 be ee; 
nm=1: agb; + a,bp = 0 b 
% cs 1; 
m=2: agbe +r a,b, + agbo =0 which gives be 
and so on 


An example is inserted at the end of the computation rules. 


The double series theorem of Weierstrass 
Let the power series 


fi(z)= > eje(z—-a)¥, FENo, 
k=0 


be convergent in the disk U,(a), r > 0. We also assume the normal 
convergence of the series }77°9 fj in U,(a). 
Then the limit function F := 2-8 f; is also analytic in U,(a), being 


represented as . . 
Faj=)" (> cin) =a)". 


k=0 ‘j=0 
Proof. By II.1.6 the limit function F’ := 2 f; is analytic in U,(a), 
too. It is represented by the TAYLOR series 


F(z)= ‘ by(z—a)®¥ with b= ee) (k E No) . 
k=0 


k) 


On the other side, repeated use of III.1.6 gives FO) = Yeo a espe- 
cially 


which gives rise to 
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b= Gk (k € No) : 
7=0 


Under the made assumptions, it is thus allowed to “sum up” infinitely 
many power series by reordering the sum. Subsequently, there will also 
be an example to 4. 


Rearrangement of power series 
Let 


P(z) =a9 +a\(z-—a)+-:: 


be a power series with positive convergence 
radius r, and let b be an interior point in 
the convergence disk. Due to III.2.2, P(z) 
must be representable as a power series in 
a neighborhood of b. 


P(z) = bop +b1(z—b) +b(z—b)? +--- 


The coefficients fulfill the formula 


7 P\™ (b) 


n! 


n 


The convergence radius of the rearranged 

series is at least r — |b — al. 

The reader can now convince himself, that one obtains the same result if 
one uses the formula 


(z-a)"= ~e—o4b-ayr=)°(%) (b—a)"-” (z—b)” 


and naively rearranges in powers of (z — b). So we obtained an exact 
argument for the “naive rearrangement” . 


Substitution of a power series into another one 
We restrict to the case 


P(z) = ap + a1z + aoz7 +--- , 
Q(z) = biz + bg27 +--+. , 


with Q(0) = 0. Then P(Q(z)) is well defined in a (small) neighborhood 
of z = 0, analytic and thus representable as a power series, 


P(Q(z)) = coterzteoz*+--- 


The coefficients c, can be simply calculated: 
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co = P(Q(0)) = P(0 
= P'(Q(0)) -Q"(0 
P"(Q(0)) -Q'(0)? + P'(Q(0)) - Q"(0) 


Q= ns aaa = ab? + ab ’ 


The “naive substitution” leads to the same result and can be justified in 
this way. 


Inversion of power series with respect to composition 


Let 
co 
= Yan" 
n=1 


be a power series with positive convergence radius (and without con- 
stant term!). We further assume a; # 0. The implicit function theorem 
(1.5.7) ensures the existence of an inverse function in a sufficiently small 
neighborhood of zero. This inverse is analytic, thus representable as a 
power series Q at 0. More precisely, there exists a number ¢ > 0, such 
that P(Q(w)) = w and Q(P(z)) = <z for all z,w € U,(0). As in 6. the 
coefficients of the power series 


w) = 3 byw” 
v=1 


can be computed recursively. 


e= ty (doen =o (atb, + R (a1,...540, b1,--+5v-a)) ae 
n=1 


v=1 


Here, R&) are polynomials in aj,...,a, and bj,..., _1 obtained by 
iterated application of the CAUCHY ‘iuiltiphiention nee 


1 
1l=aj,b; ; thus 6; = — , 
ay 


0= abe alr and, ; 


= a3b3 + 2a,a2b2 + a3b1 , 


0= aby + RY NGiyeethdepbiyscesbyna) . 


These formulas give conversely a proof for the local version of the im- 
plicit function theorem. One defines the coefficients b,, by this recursion 
scheme. A nontrivial point is then the convergence of the power series 
Q(w) = 232. byw”. A direct (and thus also in the real case working) 
proof without using the power series expansion theorem was given by 
CAUCHY. 
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An example to 3. Multiplicative inversion of power series 
Let (a) 4 
exp(z) — 
P(z) := —— (240): 


z 


Then we have (for z 4 0) 


n 


PO Dey a Deane ee es 


The right hand side is defined also at z = 0, where it takes the value 1; for this we 
also set P(0) = 1. Then, Q = 1/P is analytic in an e-neighborhood U-(0) and has 
the power series expansion 


Q(z) = bo + biz + bez? +--- 


The computation of the coefficients b, becomes simpler in the form 


bie 
v! 
i.e. B B 
2 
Q(z) = Bo+ Tt ore + 


From P(z)Q(z) = 1 we infer 


a 1 Boe. Vi ifn=0, 
2 (v+ 1)! (n—-v)! )o, ifn>0. 


We get Bo = 1, and for n > 1 the equation 


1 Bn 1 Bn-1 1B, 1 Bo _ 
In! B(n—1)! ni i! (n+1)! 0! 


After multiplication with (n + 1)! we obtain the more transparent formula 


1 n+l n+1 n+1 
(1 )os(™PJacene(*tar(tt mer. 6 


Hint. If we formally replace in the equation 
(B+1)"t'— Br —0 (n > 1) (2) 


each occurrence of B” by B, (symbolically BY +> B,), then (**) leads to (*). For 
instance 
2B, +1=0, 
3B2+3Bi+1=0, 
4B34+6B2+4B,+1=0, 
5B4+10B3 +108B2+5B,;+1=0, 
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with explicit solutions 


The so called BERNOULLI numbers B,, (J. BERNOULLI, 1713) are rational numbers; 
they vanish for odd n > 3. The form of the first B, should not lead to premature 
conclusions, one has for instance 

495057205241079648212477525 

B59 = ———_——_ .. and 

66 

94598037819122125295227433069493721872702841533066936133385696204311395415197247711 
33330 ; 


Bi00 = — 
The convergence radius for Q is finite, the CAUCHY-HADAMARD formula gives even 
lim sup,,_,, |Ban| = co 


The denominators of the BERNOULLI numbers play an important role in many 
branches of mathematics. We will later come back to them. For the moment we 
list some other examples: 


12 


—i 5 691 
Br 2 é 5 a 55 66 ~~ 2730 Z 


B _ 3617] _ 174611} 8615841276005 | _ 261082718496449122051 
Ue 510 330 14322 13530 


An example to 4. The double series theorem of Weierstrass 
Let D=E={zeEC; |z| <1}, and for z€E let 


J 
L397 ? 


f(z) = jen. 


Then be ~, fj is normally convergent in E. 


Ale 5 = gt 274 224 2th 2P4 284 274 ZF 4... 
=2 

2 
fo(z) = = = 274 24 26 24 

— 2 
fa(z) = os + Zo4 

_— 33 

ae , : 


In the j"" row of this scheme appears the term z”, iff n € N is a multiple of j. For 
k EN let d(k) be the number of (positive) divisors of k. (For a prime number p we 
have d(p) = 2.) Then 4. gives for |z| < 1 
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ag es 


j=l :=1 
the so-called LAMBERT’s series (J.H. LAMBERT, 1913). 


An example to 5. Rearrangement of power series 


Let us expand the function f : C \ {1} — C, z — 1/(1 — 6), as a TAYLOR series at 
i/2 and find its radius of convergence. We have (first for arbitrary b with |b] < 1) 


Lo 1 ol 1 
l=-z 1-b-—(z-b) 1-6 ies 
1—b 


— 2S aap 8)" Sf): 
n=0 


The radius of convergence of this series is |1 — 0, 
so especially for b = i/2 it is 


1 VW 
142-=£21,118>1. 
ji+i=% : 


The power series 1+ z+27+... has the radius of convergence 1 and represents an 
analytic function a priori (by this formula) only for |z| < 1. After rearrangement, one 
obtains an analytic extension into a disk with bigger radius. The analytic extension 
is in the given example obvious, for we can use the sum formula 


—— =1leztge7s... 
l-<z 


This example shows that under certain circumstances rearrangement gives analytic 
continuations into larger domains. 


Exercises for III.2 


1. Find the convergence radius for each of the series: 


co oo yn 
1” —— 
@) Finer, @ OE, 
n=0 n=0 
Sn! a a” n even 
c — 2" ,(d Qn Zz”, Gni= ; * b>a>0. 
io ain ia) 2 i n odd, 


2. Show directly (without using theorem III.1.3): 
The power series > ,¢nz" and the termwise differentiated power series 
yor hen z”-! have the same radius of convergence r. Moreover, for all 
z € U,(0) one has P’(z) = Q(z). 
Hint. For z,b € U-(0) 


P(z) — P(b) = So en(z” — b”) = (z—b) 5 enon (z) 


n=0 n=1 


with o,(z) = 2°" +2" 7b ++ + 2b 7 48" . 
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Give examples of power series with finite radius of convergence r 4 0, which 
have respectively one of the following properties: 

(a) the power series converges on the full boundary of the convergence disk, 
(b) the power series diverges on the full boundary of the convergence disk, 

(c) there are at least two convergence points and at least two divergence points 
on the boundary of the convergence disk. 


A power series with positive radius of convergence r < oo converges absolutely 
either for all points 
or for no point 

on the boundary of the convergence domain. Give examples for these cases. 


For the following functions f defined in a neighborhood of the point a € C 
determine the TAYLOR series at a and the convergence radius: 


(a) f@)=en(), — a@=1, () F@)=5, a=1, 
1 1 


TO gapaqe 8 i te) =a 


Let )>7-_9 anz” be a power series with radius of convergence r. 


Show: 
(a) If R:= lim |an|/lan4i| exists, then r= R. 


(b) If 6 lim ¥%/Jan| € [0, co] exists, then r = 1/. Here we formally use the 
conventions 1/0 = oo and 1/oo = 0. (r = 0 for f = ov, and r = o for 


p=0.) 
(c) If we set 


p:= lim Van] := Jim (sup { Saal, longa, e/ lanaaly +s ae 


n— co 


then —following the same conventions as in (b)— one has: 
r=1/p (A.L. Caucuy, 1821; J. HADAMARD, 1892) 


Let f : D—C be an analytic function, defined on a domain D C C,a € D, 
and let Ur(a) be the largest open disk inside D. 


Show: 

(a) If f is not bounded on UR(a), then R is the radius of convergence of the 
TAYLOR series of f in a. 

(b) Give an example with r > R, even in the case where there is no analytic 
continuation of f into a strictly larger domain. 


Assume that the power series P(z) = S0°_,anz” has a positive radius of 


convergence, and that in the convergence disk the equality P(z) = P(—z) 
holds. Then a, = 0 for all odd n. 


Determine in each case an entire function f :C — C, which satisfies 
(a) f(0) =1, f’(z) =zf(z) for all z EC, 
(b) f(0) =1, f'(z) = 2+ 2f(z) for all z EC. 


10. 


da. 


12. 


13. 


14. 


15. 
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Determine the radius of convergence of the TAYLOR series of 1/ cos with center 
a=0. The numbers E2,, defined by the formula 


1 _ i Ean Pe 
= : 
cosz << (2n)! 


are called EULER numbers. Show that all E2, are natural numbers, and com- 
pute Fo, for0O<v <5. 

Result: Eo = 1 = Eo , &4=5, Bo = 61, Eg = 1385 ; Fiyo = 50521 » fiz = 
2702765 . 

Determine for the TAYLOR series with center 0 of tan := sin /cos the radius of 
convergence, and the first four coefficients. 


Assume that the power series P(z) = )>~ 9 ¢nz" has convergence radius r, 
0 <r <_o. Let D := U,(0) be the corresponding convergence disk. A point 
pe€O0OD:={2zEC; |z|=1 } is called a regular boundary point for P, if 
there exists an e-neighborhood U = U-(p) and an analytic function g on U 
with gJjU A D = P|UN D. A non-regular boundary point is called singular. 


Show: 


(a) There exists at least one singular boundary point for P. 
(b) The series 1+ 57°, z? has convergence radius 1, and any boundary point 
is singular. 


Determine an entire function f :C — C with 
2p (z)t2f'(z)+ef(z)=0 forallzec. 


Result: One solution is the BESSEL function of order 0, 
= (-1)" 2n 
= il yay Pend : 
f(z) = Jolz) +2 4.6 ane * 
Let the BESSEL function of order m (m € No) be defined by the formula 


_ 3 Eira ay 
Im(z) = n'i(m +n)! , 
Show: Each JZm is an entire function. 


Let f(z) = 07.9 Gnz” be a power series with convergence radius r > 0. Show 
that for each p with 0 < p < r the following inequality holds: 


co 


x |an|" 9°" < My(p)? (GUTZMER’s inequality, A. GUTZMER, 1888) —(*) 
n=0 


Here, My(p) := sup{ |f(z)| ; |z] = }. Derive from (*) the CAUCHY estimate 
|an| < ne ne No 


When does the equality in (*) hold? 
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16. Let f :C —C be an entire function. Assume the existence of m € No, and of 
the positive constants M and R, such that for all z with |z| > R the inequality 
|f(z)| < M |z|™ is satisfied. 


Show: f is a polynomial of degree < m. What does this mean in the case 
m = 0? 

17. Find all entire functions f with f(f(z)) = z and f(0) =0. 

18. Fix a,b,c € C, —c g No. The hypergeometric series 


yw a(at1):--(a+k—1)b(b+1)-+-(b+k—1) 2 
ENG D ——-aeeinateeb=a). 


k=0 


converges for |z| < 1, and satisfies the differential equation 


2(1— 2) F"(z)+ (e—(a+b4+1)z) F'(z) —ab F(z) =0. 


III.3 Mapping Properties of Analytic Functions 


Let D CC be an open set. A subset M C D is called discrete in D, iff there 
is no accumulation point of M in D. 


1 1 21 1 41 
Bramples M={ 1, —~,>,7,755,75 wh 
This set is 
(a) discrete in D=C?, 
(b) non-discrete in D = C. 
Being discrete is thus a relative notion. 


Caution. The notion of a discrete subset is not consistently standardized in 
the literature. 


Proposition III.3.1 Let f : D— C be an analytic function on a domain D, 
which is not identically zero. Then the set of zeros N(f):={zeED; flz)= 
0 } is discrete in D. 


Proof. We assume the contrary. Let a be an accumulation point of N(f) in 
D. We consider the power series expansion of f around this point, 


f2a=)> | & (z-a)", |z-al<r. 
n=0 


Since a is an accumulation point of the zero set, we find in any neighborhood 
of ain D points z £.a with f(z) = 0. Since f is continuous, we get 


co = f(a) =0. 
Now we can apply the same argument to the power series 


fe) 


zZ—a4 


= ¢C1 + e2(z-—a)+-::- 
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to deduce a, = 0 and so on. All coefficients of the power series vanish, so 
f(z) = 0 for all z in a neighborhood of a. The set 


U={2z¢€D; ~~ isan accumulation point of N(f) } 
is thus an open set! Trivially, the complement 
V={2z¢€D; ~@ is not an accumulation point of N(f) } 
is also open. The function 
g:D—R, 


f forzEeU, 
ZH> g(z):= 


0 forzEeV, 


is locally constant, because U,V are open sets. But D is connected, so g must 
be constant. Because U is not empty, we have V = @ and thus f = 0. 


Theorem III.3.2 (Identity Theorem for analytic functions) Let f,g : 
D—C be two analytic functions, defined on a domain D4. The following 
statements are equivalent: 

(a) f=g. 


(b) The “coincidence set” 


{z€D; f(z)=g(z) } . 


has an accumulation point in D. 
(c) There exists a point z9 € D with f(z) = g((z0) for all n € No. 


Proof. This is an application of III.3.1 with f — g instead of f. 


Corollary III.3.2; (Uniqueness of the analytic continuation) 

Let D C C be a domain, M C D a subset with at least one accumulation 
point in D (for instance M open and non-empty) and let f : M — C be a 
function. If there exists an analytic function f: D —C which extends f (i.e. 
f(z) = f(z) for all z € M), then f is unique with this property. 


The Identity Theorem is so remarkable that we have to comment it. 

(1) It states that the whole behavior of an analytic function in a domain D C C is 
already fully determined when its values are known on a “very small” subset of D, 
e.g. on a small path inside D. 
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We can rephrase this: 


Two analytic functions on D coincide, when they coincide on a small path, or on the 
elements zn € D, zn # a, of a sequence (Zn) converging to a € D. One can consider 
this as a massive solidarity between the values of an analytic function. In the real 
case, even if we restrict to C® functions, the situation is completely different. A C° 
function on an interval M C R can be changed on a subinterval Mop C M, without 
losing the C°° smoothness on M. 


ne ae Oe 
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(2) In the assumption of the Identity Theorem it is essential that D is a domain, and 
thus especially connected. Else, if D would be of the form D = D, U Do, Di 4 O, 
Dz 4% and D, M Dz = 9, one can define functions f,g : D — C by f|Di = 1 and 
f | D2 = 0, and respectively g = 0. Though the restrictions f | D2 = g | D2 coincide, 
f and g do not coincide on D. 


For the identity theorem it is essential that the coincidence set of f and g is not 
discrete in D as the following example shows: D = C°, f : D — C given by z 
sin1/z, and g: DC, g = 0. The coincidence set {z € D; f(z) = g(z)} has the 
accumulation point 0, which does not lie in D but on its boundary. 

(3) It becomes clear now that the real functions sin, cos, exp, cosh, sinh : R > R 
etc. can be extended to C in only one way. 


If D CC is a domain with DOR #9, and if f,g : D — C are analytic functions 
with f| DO R=g| DOR, then we have f(z) = g(z) for all z € D. 
Functional equations can be transferred from real to complex analysis. We want 


to illustrate this permanence principle for functional equations only in a few cases. 
From the functional equation of the real exponential function 


exp(a +y) =exp(z)exp(y), a, yeER, 
we obtain by means of the Identity Theorem 
exp(z + y) = exp(z) exp(y) for all z €C 


for any fixed (but arbitrary) y © RR. Repeated application leads to 
exp(z + w) = exp(z) exp(w) for arbitrary z,w € C. Analogously one can follow the 
Addition Theorems for trigonometric functions and their periodicity from their real 
form. That there are no other periods as from the real theory are know is a fact 
which has to be proved. 


The complex exponential function exp has the period 27i, which is invisible in real 
analysis. 
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The functional equation of the real logarithm log(zy) = logx + logy is true 
for complex x,y only in a restricted sense. For the principal value Log one has 
Log(z12z2) = Log(z1) + Log(z2), if -m < Arg z1 + Arg z2 < m is required. (See also 
Exercise 22 in I.2.) Using the Identity Theorem we obtain a new proof for this. 

(4) The real functions sin, cos and exp are “real analytic” functions. (An infinitely 
differentiable function f : M — R defined on a non-degenerate interval M is called 
real analytic iff for any a € M it is represented by its TAYLOR series in some neigh- 
borhood of a.) We have: 


Remark. Let M C R be a non-degenerate interval. A function f : M — R has an 
analytic continuation to a domain DCC, M CD, iff f is real analytic. 


The condition is obviously necessary. For the converse one can argue as follows. For 
any a € M we can choose a positive number ¢(a) such that f is represented by its 
TAYLOR series in the interval of radius ¢ centered at a (intersected with M). We 


then define 
Dis U Ue(a) (a) : 
aeM 
Using the TAYLOR series we have for each a € M an analytic continuation into the 
disk U-(a). The Identity Theorem ensures the coincidence of the local extensions in 
intersections of any two disks. They glue to a well defined function on D. 


Im D 


Re 


(5) The set of analytic functions on an open subset D C C is a commutative ring 
with unit (sum and product of analytic functions are analytic functions). We denote 
this ring by O(D). A direct consequence of the Identity Theorem ensures that O(D) 
has no zero divisors for a domain D C C. Explicitly: 


If the product of two analytic functions on a domain D vanishes identically, then 
one of the two functions vanishes identically on D. 

Proof: Let f,g € O(D) satisfy fg = 0. We show: f = 0 or g = 0. Equivalently, if 
f #0 then g = 0. 

From f # 0 follows the existence of an a € D with f(a) 4 0. By continuity there 
exists a neighborhood U Cc D of a with f(z) 4 0 for all z € U. The assumption 
f(z)g(z) = 0 for all z € D gives now g(z) = 0 for all z € U. Hence g | U is identically 
zero and by the Identity Theorem we have g = 0 = zero function, which is the zero 
element in the ring O(D). 


Conversely, if O(D) is an integral domain, then D is connected, and thus a domain. 


The Identity Theorem couples thus an algebraic statement about the structure of 
the ring O(D) (its integrality) and the topological nature of D (its connectivity). 


A further remarkable mapping property of analytic functions, which cannot 
be expected from the real theory, states: 
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Theorem ITI.3.3 (Open Mapping Theorem) /f f is a nonconstant ana- 
lytic function on a domain D CC, then its image f(D) is open and arcwise 
connected, i.e. also a domain. 


Caution: The image of the real sine is sin(R) = [—1, 1], which is not open in 
R. 


Proof. Let us fix an a € D, and show that a full neighborhood of b = f(a) is 
also contained in f(D). Without loss of generality we can assume 


a=b=f(a)=0. 
We consider the power series expansion in a suitable neighborhood of 0, 
f(z) =2"(Gn t+ Gnqizt++:) = 2"h(z), an AO, n>O0. 
The function h defined by 
A(z) = an + Qn4qiz+-°: 


is analytic and without zero in a full disk U,(0), r > 0. Using II.2.9, we find 
an analytic n*® root of h, and thus also an analytic n*® root of f in this disk, 
f(z) = fo(z)” . Then a, = f§(0)” implies f$(0) 4 0. The Implicit Function 
Theorem 1.5.7 shows that the image of fo contains a full neighborhood of 0. 
It remains to prove: 


The function z ++ 2” maps an arbitrary neighborhood of 0 onto a neighborhood 
of 0. (At this point the proof breaks down in the real case!) 
One verifies this using polar coordinates 


re? rs pre? . 


the disk of radius r around 0 is mapped onto the disk of radius r”. 


f(D) is also arewise connected because of the continuity of f. The image f(D) 
is thus a domain. 


This proof clarifies the local mapping behavior of an analytic function. 


Each non-constant analytic function f with f(0) = 0 is in a small open 
neighborhood on 0 the composition of a conformal map with the n** power 
map. The angles in 0 are multiplied by n. 


Z fo (zJ=w ¥ ~ 3 
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If f is especially injective in a neighborhood of a, the derivative f’ of f is 
nonzero in a neighborhood of a. 


As a simple application of the Open Mapping Theorem we get a result that 
follows also from the CAUCHY-RIEMANN differential equations I.5.5. 


Corollary III.3.4 If D CC is a domain, f : D— C is analytic, and 
Re f = const. or Im f = const. or |f| = const. , 


then the function f is constant. 


Proof. By assumption, for any z € D the value f(z) is not an interior point 


of f(D). 
Corollary III.3.5 (Maximum Principle) Jf for an analytic function 


f:D—C, DadomaininC, 


its modulus |f|:D— Ry reaches its maximum on D, then f is constant. 
Here, we use the following terminology: |f| has a mazimum on D, iff there 
exists ana € D satisfying 


|f(a)| > \|f(z)| for allzeD. 


III.3.5; Supplement. 


(a) Because of the Identity Theorem, it is enough to assume the existence of 
a local maximum for |f\. 

(b) If K is a compact subset of the domain D, and f : D > C is analytic, then 
the restriction f | K being a continuous function has a maximal modulus 
on Kk. By HL.8.5 we can moreover affirm that the mazimal modulus value 
is necessarily taken on the boundary of D. 


Proof of 1.8.5: By the Open Mapping Theorem III.3.3, f(a) is an interior 
point of f(D) if f is non-constant. In each neighborhood of f(a) there are 
then of course points f(z), z € D, with | f(z)| > |f(a)]. 
Directly from III.3.5 we get: 

Corollary ITI.3.6 (Minimal Modulus Principle) If D C C is a domain, 
and f : D — C ts analytic and non-constant, and if f has ina € Da 
(local) minimal modulus, then we necessarily have f(a) = 0. 


Proof. In case of f(a) #0, the function 1/f would be well defined in a neigh- 
borhood of a and would take in a a maximal value of the modulus. 


From this we get another simple proof of the Fundamental Theorem of Algebra. 
Let P be a polynomial of degree n > 1. Because of lim),)_,.. |P(z)| = 00, 
the modulus |P| takes its minimal value on C, and because of the Minimal 
Modulus Principle this shows the existence of a root of P. 


An important application of III.3.5 is 
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Lemma ITI.3.7 (Schwarz’ Lemma, H.A. Schwarz, 1869) We consider 
the unit disk E:={zEC; |z| <1 }. 

Let f:E—C be an analytic function with |f(z)| <1 for all z © E, and with 
zero as a fixed point, f(0) =0. Then one has for all z € 


1c] 


If(2)I < zl and If'(O)| <1. 


Proof (according to C. CARATHEODORY, 1912). Let f(z) = ao tarz+-:-- 
be the TAYLOR series of f in 0. Because of f(0) = 0 we have ag = 0. Then 
f(z) = zg(z) with 

g(z) =a, + aoz + az? ++. 


Clearly the function g is analytic in E, and we have f’(0) = a, = g(0). For 
r €]0, 1[ we derive from the assumption |f(z)| < 1 with z € E first 


1 
lg(z)| < : for all z € C with |z]} =r (<1). 


From the Supplement to the Maximal Modulus Principle II1.3.5; (b) then we 
have even more, 


for all z € C with |z| <r and all r €]0,1[ . 


RleR 


Ig(z)I < 


Passing to the limit with r — 1 we get 


|g(z)| <1, and thus |f(z)| < |z| for all z € E, and also |g(0)| = |f’(0)| <1. 


Let us now assume that there exists a point a € E, a 4 0 with the property 
| f(a)| = |a|. Then |g| has in E a maximum, and is thus constant. It follows 


with a suitable constant ¢ of modulus |¢| = 1. The same argument can be 
applied in the case |f’(0)| = 1. 
As an important application of SCHWARZ’s Lemma we determine all (globally) 
conformal maps of E onto itself. If such a map f has the zero point as a fixed 
point, then applying SCHWARz’ Lemma to f and its inverse f~! 


If siz] and |zl=[f-"(F(2))| SIF) 


we get |f(z)| = |z|, and then the following result: 


Proposition III.3.8 Let yp: E — E be a bijective map with zero as a fixed 
point, p(0) = 0, such that both p and yp are analytic. Then there exists a 
complex number € with modulus 1 with 


(y is thus a rotation with center 0.) 


IlI.3 Mapping Properties of Analytic Functions 131 


One can rise the question, whether there are conformal maps E — E, which 
don’t fix 0. 


Proposition III.3.9 Fix a¢E. Then the map y,:E—- E, 


z—-a 


Pa(z) = az—1 


is a bijective map of the unit disk onto itself which satisfies 


(a) Ya(a) =0, 
(b) ~ga(0) =a and 
(c) ya? =Ya- 


Especially, Yq is in both directions analytic. 


Proof. The function is well defined on the unit disk, since the denominator 
has no zero in E. We show first |~a(z)| < 1 (for |z| < 1). This is equivalent to 
|z — al? < Jaz —1|? = |1 —@z|?, and further to (1 — |a|?)(1 — |z|?) > 0, which 
is obviously true. A simple computation shows ya(ya(z)) = z. From this, is 
surjective and injective, and thus bijective. All other properties are clear. 


Theorem ITI.3.10 Let y: E — E be a conformal (i.e. bijective and in both 
directions analytic) map of the unit disk onto itself. Then there exists a com- 
plex number ¢ of absolute value 1, and a point a € E with the property: 


z—a 


Oe =o 


For the proof, let a = y~+(0). The composition y o y, is a self map of the 
unit disk which fixes 0, thus a rotation. 


Remarks. 

1. The set of all conformal (self) maps D — D of adomain D C C isa group 
with respect to the composition of maps. It is often denoted by Aut(D), the 
group of automorphisms of D. We have thus determined in III.3.10 Aut(E). 


2. For the numerous applications of SCHWARZ’s Lemma one should check the 
exercises for this and the next sections. 


Exercises for ITI.3 


1. Let (an) and (bn) be two sequences of complex numbers. Two power series are 
defined by 


P(z):= 2 Qnz" and Q(z) := > baz”. 


Prove or refute: If the equation P(z) = Q(z) has infinitely many solutions, 
then P = Q and thus an = by for all n € No. 


2. Decide, whether there are analytic functions f; :E— C,1<j < 4, with 
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(b) fo (=) = fr es = , nm>i. 
(c) f{P(0) =(n!)?,, n>0. 


a n! 
(@) APO) =], n20. 


3. Let r > 0, and f : U,(0) — C be analytic. For all z € U,(0) MR assume 
f(z) ER. 
Show: The TAYLOR coefficients of f with respect to the center c = 0 are real, 
and one has: f(z) = f(z). 


4. Let DCC be an open set. 


Show: For a subset M C D the following properties are equivalent: 
(a) M is discrete in D, i.e. no accumulation point of M lies in D. 
(b) For each p € M there exists an ¢ > 0, such that U-(p) M = {p}, and M 
is closed in D (i.e. there exists a closed set A C C with M = AND). 
(c) For each compact subset AK C D the intersection M1 K is finite. 
(d) M is locally finite in D, i.e. each point z € D has an e-neighborhood 
U-(z) C D, such that M1 U-(z) is finite. 
5. A discrete subset (see Exercise 4) is at most countable, i.e. either finite or 
countably infinite. 
6. Ifthe analytic function f : D — C on the domain D is not constant zero, then 
the zeros of f are at most countable. 


7. Let f,g:C—C be two analytic functions. We assume 
f(g9(z)) =0 for allzeC. 


Show: If g is non-constant, then f = 0. 

8. Fix R > 0, and consider the closed disk Ur(0) := { 2 € C; |z| < R } and 
continuous functions f,g : Ur(0) — C which are analytic on the open disk 
Ur(0), and such their absolute values coincide on its boundary: 


|f(z)| =|g(z)| for all |2|) = R. 


Show: If f and g have no zeros in Up(0), then there exists a constant \ € C 
with |\A| = 1 and f = dg. 

9. Let f,g: E—E be bijective analytic functions, which satisfy f(0) = g(0) and 
f'(0) = g'(0). Moreover, assume that f’ and g’ have no common zero. 
Show: f(z) = g(z) for all z € E. 

10. Determine the maximum of |f|on E:={z¢€C; |z| <1} for 


(a) f(z) = ne) 
Zz 
b _ 
>) f(y = 248, 
(c) f()=2+2-1, 
(d) f(z) =3-|e\?. 
In (d) the maximal modulus is attained in the (interior) point a = 0. Is there 
any contradiction to the maximum principle? 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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Let u be a non-constant harmonic function on a domain D C R?. Show that 
u(D) is an open interval. 

Variant of the maximum principle for bounded domains. If D C C is 
a bounded domain, and f : D — C is a continuous function on the closure of 
D which is analytic on D, then |f| takes its maximum on the boundary of D. 


Using the example of the strip 
G={zeC; jim 2|< 2 } 


and the function f(z) = exp(exp(z)) show the necessity of the boundedness of 
D. 

If f : E > E is an analytic map having two fixed points a,b € E, a ¥ }, ie. 
f(a) =a and f(b) = 6b, then f(z) = z for all z EE. 

The image of a non-constant polynomial is closed, as one sees by studying its 
growth properties. Using this and the Open Mapping Theorem, give a new 
proof for the Fundamental Theorem of Algebra. 

Let f be an analytic function on an open set containing the closed disk U,(a). 
We assume |f(a)| < |f(z)| for all z on the boundary of the disk. Then there 
exists a zero of f in the interior of the disk. 

Using this, find a further proof of the Open Mapping Theorem. 


A Maximality Property for Aut(E). (The Schwarz-Pick Lemma): 
(a) Show: For each » € Aut(E) and each z € E, the following holds: 


le'(z)| 1 
1—|p(z)|?_ 1 —|zP | 


(b) If f : E > C is a non-constant, analytic function with |f(z)| < 1 for all 
z € E, then we have either for all z € E the strict inequality 


LF) 1 
1-lf@P ~ 1-[P’ 


or f € Aut(E) and the equality as in (a) holds. 
Prove LIOUVILLE’s Theorem (II.3.7) using SCHWARZ’ Lemma. 


III.4 Singularities of Analytic Functions 


Functions like 


sin z 1 1 
, — and exp- 
z z 


z 


are not defined at 0. But they are analytic in a punctured neighborhood U,(0). Their 


behavior near 0 is quite different. They have different singular behavior. We will see 
that these three examples are characteristic. 


Let D C C be open and f : D — C be an analytic function. Let a be a point, 
which is not in D, but has the property that for a suitable r > 0 the whole 
punctured disk 
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U,(a):={2z EC; O0<|z-al<r} 


is contained in D. We call a an (isolated) singularity of the function /f. 
The set DU {a} = DUU,(a) is then open (as union of two open sets). 
Naturally, it may happen that a is not “really” a singularity, in other words 
it may be possible to extend f analytically into a. One calls a in this case a 
removable singularity. 


Definition III.4.1 A singularity a of an analytic function 
f:D—C, DCC open, 


is called removable, iff f can be analytically extended to DU{a}, i.e. iff there 
exists an analytic function f : DU{a}—>C with f | D= f. 


We often write f instead of f for the sake of simplicity, i.e. we define 


f(a) := lim f(z). 
Za 
From the removability the existence of this limit follows. This is the case in 
the example of the beginning of this section, a = 0 is a removable singularity 
for the function 
Si si 
f(z)= a , and one has to set f(0) = lim es, 


z z—-0 Z 


If a is a removable singularity, then f can be continuously extended to a. 
Especially, f is bounded in a neighborhood of a. The converse is also true. 


Theorem ITII.4.2 (Riemann Removability Condition, B. Riemann, 
1851) A singularity a of an analytic function 


f:D—C, DCC open, 
is removable iff there exists a punctured neighborhood U = U,.(a) Cc D of the 
point a where f is bounded. 


Proof. We can assume without essential restrictions that a is the zero point. 
The function h : U,(0) >= C 


0, z=0 
is differentiable in U,(0). But h is also differentiable in z = 0, for we have 


h(z) — h(0) 


z—0 z—0 


= lim zf(z) = 0. 


The function h is analytic, and thus representable as a power series: 
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h(z) =ao tayztaoz74+-:: 
Because of h(0) = h’(0) = 0 we have ap = a; = 0. We obtain for z 4 0 
f(z) =a. +agz+agz74+-°: 


The power series 
2 
ag + a3z + a4z fees 


defines an analytic function f in a neighborhood of zero (including zero). The 
function f is the analytic continuation of f, which we looked for. 


Definition III.4.3 A singularity a of an analytic function 
f:D—C, DCC open, 


is called non-essential, iff there exists an integer m € Z, such that the 
function 


g(z) = (2— a)” f(z) 


has a removable singularity at a. 


Removable singularities are of course non-essential (m = 0). A non-essential 
singularity which is not removable is called a pole. 


If f has in a a non-essential singularity, then the function 
g(z) = (z-a)" f(z) (with a suitable m € Z) 


can be expanded as a power series near a, 


g(z) = ag + a1(2 — a) + ag(z — a)? +--- 


If this power series does not vanish identically, then there exists a minimal 
integer n € No, such that a, 4 0: 


gz) = an(2—a)> +onsa(e—a)" +. , an 40. 
Obviously, the function 
h(z)=(2-a)*f(z), k=m—n, 


has a removable singularity at z = a. We claim that k is the minimal integer 
with this property. If this is not the case, then the function 


An 


+ Onti + Gn42(z—a)+--- 


z—4 


would have a removable singularity at a, and thus the same would happen for 
z+ (z—a)7!. This is not the case. We get: 
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Remark ITI.4.4 Let a be a non-essential singularity of the analytic function 
f:D—C, DCC open. 


If f does not vanish identically in some neighborhood of a, then there exists a 
minimal integer k € Z, such that 


24 (z—a)*f(2) 
has a removable singularity at a. 
Supplement. One can characterize k also by the following two properties: 
(a) h(z) =(z—a)¥ f(z) has a removable singularity at z =a. 
(b) h(a) £0. 
Definition ITI.4.5 The negative —k of the number k from IIL.4.4 is called 
the order of f ina. 


Notation. ord(f;a) := —k. 
Obviously we have: 


(a) ord(f;a) >0 <> ais removable, 
(b) ord(f;a) =0 <> ais removable and f(a) 40, 
(c) ord(f;a) <0 <= > aisa pole. 


In the last case k = — ord(f;a) € N is called the order of the pole a of f. A 
pole of order 1 is called simple. 


Examples. 
(1) f(z) = (2-1)? +2(z- 1) = (2-1)? (14+ 2(2-1) = (z- 1)? Ale), 
and thus ord(f;1) = 5. 


Q) fa)=qrs=2%+2)=27 Ale), 


and thus ord(f;0) = —2. The function f has in 0 the order —2, the pole 
order is +2. 


If f : D > C vanishes in some suitable neighborhood of a (for a domain D 
we then have f = 0), we complete our definition by setting 


ord(f;a) =co. 
Remark ITI.4.6 Leta be a non-essential singularity of the analytic functions 
f,g:D—C, DCC open. 


Then a is also a non-essential singularity of the functions 


ftg, f-g and 2 if ge) 40 for all z€D\ {a} , 
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and we have 


ord(f + g9;a) > min{ ord(f;a) , ord(g;a) }, 
ord(f - g;a) = ord(f; a) + ord(g; a) , 


ord (4 a) = ord(f; a) — ord(g; a) . 


Here we use the usual convention 


tt+o=o+r=o foralxeR, 
oo +00 = 0Oo and 
x<oforallxeR. 


The proof is simple, and we skip it. 
Remark ITI.4.7 Let 

f:D—C, DCC open, 
be an analytic function, which has a pole at a. Then 


lim |f(2)| = 00 . 


ED 
In other words: For each C > 0 there exists ad > 0 with 
lf(z)| 2=C if0<|z-al<6,zeED. 
Proof. Let k € N be the pole order of f in a. The function 
h(z) = (z—a)*f(z) 


has then in z = a a removable singularity, and we have h(a) 4 0. Especially 
there exists a positive number M > 0 (for instance M := |h(a)| /2), such that 
|h(z)| > M > 0 holds in a full neighborhood of a. This implies 


se 
lz — a 


for all z in this neighborhood, excepting a. The claim now follows because k 
is positive. 


Definition III.4.8 A singularity of an analytic function 
f:D—C, DCC open, 


is called essential iff it is not non-essential. ! 


' This definition is an impressive example of mathematical language arts. 
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Analytic functions have near essential singularities a completely different 
(rather “nervous” ) mapping behavior, namely: 

Theorem ITI.4.9 (Casorati-Weierstrass, F. Casorati, 1868; K. Weier- 


strass, 1876) Let a be an essential singularity of the analytic function 


f:D—C, DCC open. 


U,(a) is an arbitrary punctured neighborhood of a, then the image 


ifU = 
fn D) is dense in C, i.e. for any b€ C and any « > 0 we have 


f(U AD) NU-(b) £0. 


Equivalently we have: 
For any b € C and any € > 0 there exists z € UN D with 


|f(z) -—b]) <e. 


(So one can say: In an arbitrarily small punctured neighborhood of a, we can 
approach any given complex number with values of the function f arbitrarily 
close.) 


Proof. We give an indirect proof, and assume that there exists a punctured 
neighborhood U := U,(a) such that f(U 9 D) is not dense in C. Then there 
exists a b € C and ane > 0 with | f(z) — | > ¢ for all z € UND. The function 


1 
g(2) = fla) —b 


is then bounded in a neighborhood of a. By RIEMANN Removability, g has in 
a a removable singularity. 


We now see that by simple case by case considerations that the converse 
statements for III.4.7 and II.4.9 also hold. If, for instance, a is an isolated 
singularity of f satisfying lim... |f(z)| = oo , then it is neither removable, 
nor essential (the last using CASORATI-WEIERSTRASS), so it is a pole. 

If, on the other side, the CASORATI-WEIERSTRASS property (from the as- 
sumption of IV.4.9) is fulfilled for f at a, then a is neither removable, nor a 
pole, else f could not approximate zero in the neighborhood of a because of 
lim, oo | f(z)| = co. So a is an essential singularity of f. 


We conclude: 


Theorem ITI.4.10 (Classification of singularities by their mapping 
behavior) Let a€C be an isolated singularity of the analytic function 


f:D—C, DCC open. 


The singularity a is 
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(1) removable <= > ff is bounded in a suitable neighborhood of a, 
(2) a pole => lim |f(z)| =o, 


(3) essential <> in any (arbitrarily small) neighborhood of a the function 
f comes arbitrarily close to any given value. 


The functions 
(1) fi : C*’ —> C, with fi(z) =sin(1/z), and 
(2) fo: C* —+C, with fo(z) = exp(1/z) 
both have at a = 0 an essential singularity. One can easily verify that 


fi (U,.(0)) =C, and 
fe (U,.(0)) =C*, both foranyr>0. 


These examples are typical. Namely one can prove: 


Theorem. (So-called Big Theorem of Picard, E. Picard, 1879-80) [fa is 
an essential singularity of the analytic function f : D — C, then there are exactly 
two cases possible: 


If U C D is a punctured neighborhood of the point a than we have either 


fU)=C, 


or 


#0) =C\{c} fora suitable c. 


Comparing with the Casorati-Weierstrass Theorem, the function f not only ap- 
proaches each value arbitrarily close, it even takes each value with at most one 
exception. 


The proof of this theorem is very intricate. In the second volume we will give a proof 
using the theory of RIEMANN surfaces. A direct proof can be found for instance in 
[ReS2]. 


We close this section with an example for the notions we have just introduced, and 
for an application of the Cauchy Integral Formula. 


In Fourier analysis the following Dirichlet integral 


7 sing 1. (=3 / sin x az ) 
0 x 2 dom 2 


plays an important role. At 0 it is harmless because of 


. sing 
lim 


z-0 


= 15 


The integral is thus only at co an improper integral. It is the standard example of 
a convergent integral, which is not absolutely convergent. The value of this integral 
can be computed using only methods of real analysis, using some special tricks. We 
want to compute the integral by function theoretical means, and claim 
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Te 
sin x T 
dz = —. 

0 x 2 


For the proof, we consider the analytic function 


Peo 6, goes 
: Zz 


? 


and integrate it along the following closed curve 


a=a18a2G8az30a4. 


If we slit the plane along its “negative imaginary axis”, then the curve a runs in a 
star domain D, where f is analytic. The CAucuHy Integral Formula for star domains, 


II.2.7, then gives 
omfraf ref ref ref pt. (x) 


We consider each of the integrals: 


(a) We parametrize a4(t) = Rexp(it),0<t<q, 


wT eifcost,—Rsiné , 
[ toa= [a — ine" at 
a4 0 


Reit 
and thus 
ss : n/2 , 
| / f(O) a <| eo eaint ae 2 | e Bsint dt . 
Oa 0 0 
y 
For0<t< m/2 we can use the so- detect be tees Soot 


called inequality of Jordan 


2t 
— <sint (< t) 
ug 


Nia sess sense 
“y 


and thus 


Lf f(¢) a <af aba (1-e"*) , 


Taking the limit, we get 
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(b) Putting together es and tus we get: 


[ro ace f 16) acm [PEP gay [ME 


x x 


(c) Finally 


exp(i¢) ,,_ f 1 exp(i()~1 4. _ ss exp(iG) — 1 
/. C a= fo zacs fe - = i+ ft ae 


The function z — (e!* — 1)/z has at z = 0 a removable singularity, and is thus 
bounded in a neighborhood of 0. This gives 


tim | 19 eat 


e-0 ¢ 


Passing to the limits « — 0 and R — oo we get from (*) and (a), (b) and (c) 
Ro Ra 
0= lim (im (xf = az) ) — i= 2i lim Simi 
R-o \e-0 ze x R-0oo 0 Gs 


T : ® sing °° sina 

—= lim dx = dx. 
2 Roof y 2 0 x 

This shows how —under certain circumstances— it is possible by function theoretica: 


or 


means to compute real integrals. We will come back to this, and systematically 
consider analogous integrals as applications of the Residue Theorem (compare with 
III.7). 


Exercises for III.4 


1. Let DCC be open and f : D \ {a} — C an analytic function. 
Show: 
(a) The point a is a removable singularity of f, iff each one of the following 
conditions is satisfied: 
(a) f is bounded in a punctured neighborhood of a. 
(B) The limit lim-—. f(z) exists. 
(7) lim (z — a) f(z) = 0. 


(b) The point a is a simple pole of /, iff lim(z — a) f(z) exists, and is 4 0. 
2. Let f: U,.(a) — C be analytic (a € C, r > 0). Show that the following 
properties are equivalent: 
(a) The point a is a pole of f of order k EN. 
(b) There exist an open neighborhood U,(a) C U;-(a) and an analytic function 
h:U,(a) > C such that h(a) £ 0 and f(z) = aa for all z € Up(a). 
zZ-a 
(c) There exists an open neighborhood U,(a) C U;(a) of a, and an analytic 
function g : U,(a) = C not vanishing in U p(a), which has a zero of order 


k in a, such that f = 1/g in U,(a). 
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(d) There exist positive constants M, and M2, such that we have for all z in 
a punctured neighborhood of a: 


M,\|z—a|~* < |f(z)| < Malz—al* . 


Prove the formulas in Remark III.4.6 for the order function ord. 


Which of the following functions have a removable singularity at a = 0? 


(a) exp(z) (b) (exp(z) = 1)? 
zit? 22 ’ 
(c) ei > (d) corte} “I 


The functions defined by the following expressions have poles at a = 0. Find 
the orders of these poles. 
COS Z zg4] exp(z) — 1 
ge? a: Pz . 


If the singularity a € C of the analytic functions is not removable, then the 
function expof has an essential singularity at a. 


Prove the complex analogue of the rule of L’ HOSPITAL: 

Let f,g: D— C be analytic functions, which have the same order k in a € D. 
Then h := f/g has in a a removable singularity, and the following formula 
holds: 


Let us consider the function 


(z—1)?(z +3) 


Te) T ance). * 


Find all singularities of f and determine for each one its type. 
Show: 


om 
8 
2. 
Q]e 
Oo Le} 
8 

Q 

ll 
1A 


Show: 


om 
8 
a. 
as] 
io] A 
8 
Q 

| 

lA 


III.5 Laurent Decomposition 


Let us fix numbers r, R with 


0<r<R<w 


(r = 0 and R = ~ are allowed). We consider analytic functions in the annulus 
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A:={2zEC; r<|z|<R}. 


Examples of such functions can be easily constructed. One can start with two 
analytic functions 


Then the function z+ h(1/z) is analytic for |z| > r, and we can define 

f(z) := g(z) +hQ/z) forr <|z|<R. 
Indeed, each function which is analytic in an annulus can be decomposed in 
this way. 


Theorem ITI.5.1 (Laurent decomposition, P.A. Laurent, 1843; K. 
Weierstrass, 1841, Nachlass, 1894) Any function, which is analytic on 
an annulus 


A={2zE€C; r<lze<R}, 


admits a decomposition as 


f(z) = gz) + A(L/z) . (x) 
Here, 


g Ur(0) —> C and 
h :U;/,(0) —C 


are analytic functions. If we further require h(0) = 0, then the above decom- 
position is unique. 

After normalizing h by h(0) = 0, we call h the principal part of the Laurent 
decomposition (*) for f. 

Proof. 

(1) The uniqueness of the Laurent decomposition. For this, we start with a 
preliminary remark: 

Two analytic functions 


fp: Dy —C, D, cCCopen,v=1,2, 


which coincide on Dj D2 4 @ can be uniquely merged to an analytic function 
f : Di U Dog =F C. 
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Since the difference of two LAURENT decompositions for the same function 
is a LAURENT decomposition for the zero function, it is enough to prove the 
uniqueness for this zero function. From the equation 


g(z) + h(1/z) =0 


follows that the functions z + g(z) and z + —h(1/z) can be merged to 
an analytic function H :C — C. By assumption, H is bounded. LIOUVILLE’s 
Theorem shows that it is constant. Because of lim),)_,.. H(z) = 0 this constant 
is zero. 


(2) Existence of the Laurent decomposition. We choose P, @ with the property 
r<o<P<R 


and construct the LAURENT decomposition in the smaller annulus of all z 
with 
o<|zf<P. 


Because of the uniqueness of the LAURENT decomposition, and because these 
smaller annuli exhaust the given annulus, we are done. 

The claim will follow from the following auxiliary result, the CAUCHY Integral 
Formula for annuli, which is of independent interest for its own right. 


Theorem ITI.5.1, Let 
A={2€C; r<lzi<R} (<r<R<o) 


be an annulus, and G: A — C an analytic function. If P and @ are chosen, 
such that 
r<o<P<h, 


then we have: 


Proof. We reduce the proof to the CAUCHY Integral Formula for star domains, 
II.2.7, by finding suitable curves which lie in star domains of the shape of an 
annulus sector. There we can apply the CAUCHY Integral Formula, Sect. I.2. 
Adding the line integrals which appear in the following figure we obtain the 
claimed formula, because two integrals along two inverse curves cancel each 
other. We indicate this in the following figure: 
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VY 
sy 


Because each @, lies in a star domain, we have es G(¢) d¢ = 0. After sum- 
ming all integrals along the curves Q1,...,@, in the right figure, the integrals 
over the radial segments cancel pairwise to give the conclusion. 


We go back to the proof of III.5.1. Let z € A be fixed. The function G: A > C 


with 
£(Q) = f) 
G(¢) = c= 


R 


mo G#z, 
£0) =z, 


is continuous in A and analytic in A \ {z}. Using the power series expansion 
of f at z, or by the RIEMANN Removability Theorem, we see that G has at 
¢ =z aremovable singularity. From the auxiliary result III.5.1; we deduce 


G dC = G dc , 
- (0) ae fi, (0) ac 


LO ae _ l 
er) | te 

a MO ae SF 

2 er fe $. taae 


Let z € A be chosen, such that @ < |z| < P holds, ie. z is an interior point of 
the smaller annulus. Then we have by II.3.1 on the one side 


and further 


L 
¢ C—2 d¢ = 0 because of |z| > 0, 
ICl=o > 


and on the other side 


1 
¢ d¢ = 2mi because of |z| <P. 
Ker 6-2 


We get 
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1 £Q 1 £Q 
f= sp Pa gp Pac = aotnaye), 
( Qri iti=P 6-2 271 Jicjzo 6 — 2 
a 
g(2) —h(1/z) 


which is the wanted LAURENT decomposition, it uses the functions g and h 


defined by 
1 10 
g(2) = 50 fi. WEEu, bse, 


_ 1 10 
A(z) :=— a 
) Onl Jigjap l= Ce 


1 
dé, |z|<-, 
p 


and using II.3.3 we see that g,h are analytic. Moreover h(0) = 0. 
If we represent g and h as power series, then we get the so-called LAURENT 
series of f 


Co co 1 
= n wv f C R, h = bn . fi Pe 
ae z” for |z| < (z) 2d z” for |z| < : 


After setting a_, := b, we obtain the LAURENT series in the form 
F(z) = g(z) + h(1/z) = 3 An Z 
n=—0oo 
Convention: A series of the form 
3 Qn witha, €CforneZ, 
n=—0o 


is called convergent iff both series 


co Co 
) Gn and ) Quan 
n=0 n=1 


converge. As in the case of usual power series, one uses the same series symbol 
to refer to two different objects, on the one side the pair of the series }+7—_ 9 an 
and $>°°_, a—n, and on the other side the number obtained as the sum of two 
numbers yar Qn + peu a_n, assuming convergence. 

In the same sense we use notions as absolute, uniform or normal convergence. 


Corollary III.5.2 (Laurent expansion) Let f be analytic in an annulus 
A={z€EC; r<|z-al<R} (O<r<R<o). 


Then one can represent f as a Laurent series which normally converges in 
this annulus, 
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[o<) 


f(iZi= S- Gn (2 — a)” forzeEA. 


n=—oo 
Supplement. This Laurent expansion is unique,its coefficients are given by 
1 di 
a ¢ rae neZ, r<o<R. 


Qri ¢-—a)rti? 
|C—al=o 


If we set M,(f) :=sup{ |f(d)| 3 |¢ —a| =a }, then there hold the following 
Cauchy estimates: 
M(f) 


o” 


lan| < »neZ. 


Using LAURENT series we can reformulate the classification of isolated sin- 
gularities. If a is an isolated singularity of the analytic function f, then the 
restriction of f to 


U,.(a) = U,(a)\ {a} C D _ is analytic for a suitable r > 0. 


The punctured disk U,(a) is an annulus, where we can expand f into a LAvu- 


RENT series, 
co 


fe) = S> an 2-0)". 


n=—0o 
The type of the singularity can now be read off from this expansion: 
Remark ITI.5.3 (Classification of singularities) The singularity a is 


(a) removable, iff 
ayn = 0 for alln <0, 


(b) a pole, of order k (€ N) iff 
ar~#0 and a,=0 foralln<—k, 
(c) essential, iff 


Qn #0 — for infinitely manyn <0. 


The simple proof is left to the reader. 
Remark. With the help of the LAURENT expansion one obtains a more trans- 
parent proof of the nontrivial direction in the RIEMANN Removability Theo- 
rem, compare with IV.2. 

If the analytic function f is bounded in a suitable punctured neighborhood 
U,(a) of the point a, then f has there a removable singularity. 


Without restriction we can assume for this a = 0. Then the LAURENT decom- 
position looks like 
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fe) =9@)+n() . 


z 


Here, hf is an analytic function in the whole C, and it is even bounded, because 
f is bounded near 0. By LIOUVILLE’s Theorem h is constant. 


One also can use the same strategy as in the proof of LIOUVILLE’s Theorem, 
to get a direct proof, namely: 


We expand f in U-(a) into a LAURENT series 


CoO 


f2)= So an (2-a)". 


n=—Co 


From the Supplement of III.5.2, we get 
foralln€ Zand0<o<e. 


We have to show a, = 0 for alln < 0. From the assumtion we have M,(f) <M 
for a suitable M > 0, and hence 


lan] <@ "M forallneZ. 
For n < 0, i.e. for —n := k > 1, we get 
la_n|}<o*M forkeN. 


From lim o” = 0 follows 
o= 


a_,~=0 foralkeN, 


i.e. the principal part vanishes identically. 
Examples. 
(1) The function 


sin z 


f:C°’—C_ with f(z)= 


Zz 
has at a = 0 a removable singularity, because from 


OF — z z i. 
SS ag ap oe? 
we find for all z € C® 
sin z 2 gt 8 


| 
ar 
| 
| 
+ 
| 
| 
| 
iT 
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(2) The function 


z 


=a 0<|z|<27, 


has at a = 0 a removable singularity. We have namely (see also Example 3 at 
the computation rules for power series in Sect. III.2) 


(3) The function 
_ expz 


f=B* 40) 


has at a= 0 a pole of order 3, because we have: 


ee eee 
pe) = tite t atte 
7 1 oe oe a 
~ts Tis aa a oe pees 
a nc 
R(1/z) 9(2) 


(4) The function 


has at a = 0 an essential singularity, because the LAURENT series is of the form 
1 1 1 1 1 


The principal part contains infinitely many coefficients 0. 


For the uniqueness in the Supplement to II.5.2 it is not enough to specify only 
the center a. One and the same function can have different LAURENT expansions in 
different annuli centered at a. 
Example. We consider the analytic function given by the expression 
2 
ie) = ea 
f :C\ {1,3} — C. We want to expand f in three annuli centered at 0 into a 
LAURENT series, 
O0<|zj<1, 1l<|zj/<3, 3<|2|. 
The partial fraction decomposition of f is 
2 1 1 


pers G=1723 - T=2 bs 23° 
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(a) For z with 0 < |z| < 1 there holds 
1 - 1 1 1 loz" 
“Sem Se) EO 
t= a = jay (3) 3 (3 
That is why we have 


2 il 
= eS 1— —— | 2” f 1. 
f(z) oases x =) z or |z| < 


The LAURENT series is in this case the power series expansion of f at 0. 
(b) For |z| > 1 one has 


1 1 1 1 
—-2(z) = 2 aH 
and for |z| <3 
1 a 
3-2 Lea 


so that putting this information together we get for 1 < |z| <3 


2 =! ce ae 
Te orig = ae + get? 


—— ———— 
h(1/z) 9(2) 
(c) For |z| > 3 there holds 


1 1 3” 
z-3  2(1—3/2) 2 gut 


and thus me 
1 aa 
We conclude this section with an excursion about 
Complex Fourier series 
Let ]a, b[ be an open interval in R. We allow also a = —co and b = ow. So the 


interval can be a half-line or the whole real axis. We consider the horizontal 
strip 


Im 


ib 


D={2zEC; a<Imz<b} 


and we are interested in analytic functions 
f :D—-C, which admit a real period w 4 0, 


fetwy=f(z) ED, z+weED). 
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Then function g(z) = f(wz) has the period 1. There is thus no loss of gener- 
ality to start with a function with period 1, f(z+ 1) = f(z) . 


We now consider the map 
Qriz 


zZer-qi=e 


It maps D onto the annulus 


A={qeC; r<lq<R}, riee 7, Rize, 


where we use the conventions 


and 
As we know, 


By 
q+ g(q) = g(e?"”) = f(z) 


we thus define a function g : A —> C , which is like f also analytic, because 
the map 


DA, 2eo0, 


is locally conformal, since its derivative has no zero. Thus each point in D has 
an open neighborhood, which is conformally mapped onto an open neighbor- 
hood of the image point. The function g can be represented as a LAURENT 
series: 


Co 
auy= > tad” 
n=—0co 


i WM) 4 -[ g(oe?™*) 
pe | OS 


ia 7 n+1 N p2Tin«e 
ami Jini=— 7 ae 


dx (r<o<R). 


If we write 
o=e*™ — (y €]a,0[) , 
we get 


1 
Qn = ‘, f(x +iy)e 27+) dy 
0 


From this we are led to the following 
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Proposition ITI.5.4 Let f be an analytic function in the strip 
D={2zE€C; a<y<b} (-coo <a<b<oo), 


which is 1-periodic, f(z +1) = f(z) for all z € D. Then one can represent f 
as a normally convergent complex Fourier series 


f(z) = 3 Gn e2tinz : 


n=—Co 


The coefficients an, n € Z, are the so-called Fourier coefficients. They are 
uniquely determined and can be given by the formula 


1 
an = | fe" de (z=a+iy), 
0 


where y can be arbitrarily chosen in ja, b[. 


Of course, one can recover from III.5.4 the LAURENT expansion. 


Observation. One can also prove Proposition II.5.4 by using methods of real 
analysis, as follows: 
For each fixed y the function f(x + iy) is two times continuously differentiable 
in the variable x, and by a well-known result of real analysis it allows a 
FOURIER expansion 


f= YD anly) mre 
with 
1 . 
én(t) = i f(2) 2" dx 
0 
or also 


1 
an(y) e2nry -| f(z) e 2ninz dx. 
0 
We are done if we show that 


in7=a,lyle"™ 


does not depend on y, because if this is the case then we have 


For this we show 


or, equivalently, 
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/ 


a, (y) = —20nan(y) - 


For the proof we use the CAUCHY-RIEMANN differential equations 


Of (2) Of (2) 


PENEE as 4g PUNY 


Ox Oy 


The integral formula for a,(y) together with the LEIBNIZ rule gives 


I 1 
ay, (y) _ if ors) cou dx = i ere) eo 2ming dx 
0 y 0 Ir 
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and after partial integration we obtain the desired differential equation for 


an(y). 


The power series expansion is a special case of the LAURENT expansion. We 
also get in this way a new proof for the local representability as power series 
for (twice continuously) differentiable complex functions. But one should have 


in mind that the real theory of FOURIER series is anything but trivial. 


Exercises for III.5 
1. Expand the function given by the formula f(z) = z/(z? +1) in 
A={2zEC; 0<|z-i <2} 


into a LAURENT series. What kind of singularity has f at a = i? 


1 
2. Expand the function given by the formula f(z) = ———————~ into a LAu- 


(z — 1)(z — 2) 


RENT series in the annuli 
A(a;r,R):={2~E€C; r<|z-al<R} 
for the following parameters: 


(a;r, R) € { (0;0, 1), (0; 1, 2), (0; 2, 00), (1; 0, 1), (2;0, 1) } 


3. Expand the function given by the formula f(z) = —— into a LAv- 


z(z —1)(z—- 2) 
RENT series in each of the annuli A(0; 0,1), A(0;1,2) and A(0; 2,00) 


4. Does the following “identity” contradict to the uniqueness of the LAURENT 


expansion 


1 1 1 i 1 
0 +} ——— = = 
z-1 1-z 1-1/z 1-2z 
=-Yathet= 
n=1 n=0 n=—oo 


5. Let us consider the recursively defined FIBONACCI sequence (fn) with fo = 


fi =1 and fr := frn—1 + fn—2 for n > 2. 


154 


10. 
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Show: 
(a) The power series f(z) := >>, fnz” coincides with the rational function 
1 
Zh ———_... 
l-z-2? 


(b) For all n € No we have the following formula of BINET for the FIBONACCI 


numbers 1 : 
1 =" oa 4)" 
v5\ 2 v5\ 2 , 
If f has at a a pole of order m EN, and if p is a polynomial of degree n, then 
the composition g = po f has at a a pole of order mn. 


For v € Z, and w € C let %(w) be the coefficient of z” in the LAURENT power 
series expansion of 


f:C°—C,_ f(z) :=exp (4 («- *) w) , Le. 


f= YO AWw)e”. 


Tn = 


Show: 
(a) J(—w) = J-r(w) = (-1)" Z(w) for all v € Z and all w € C. 
Qr us 
(b) A(w) = mall cos(vt — wsint) dt = - | cos(vt — wsint) dt . 
27 Jo T Jo 


(c) The functions 7,(w) are analytic at C. Their TAYLOR expansions around 
the origin have for v > 0 the form 


1) (pw) ** 


Be ey oe 
Fol) = era 
p=0 
(d) The functions 7% satisfy the BESSEL differential equation 
wf" (w) + wf'(w) + (w — v)f(w) =0. (*) 


The function 7% is called the BESSEL function of order vy (compare with page 
123). 


Show directly (without using more general propositions) that the function 
1 
f(z) = exp - 
takes in any punctured neighborhood U,.(0) any value w € C® infinitely often! 
Let A be the annulus 
A={2zEC; r<lzZli<R}, O<r<R. 


The function f(z) = 1/z cannot be uniformly approximated in A by polyno- 
mials. 

The function z — cot 7z has the period 1, and is analytic in both the upper and 
the lower half-plane. Determine the two corresponding FOURIER expansions. 
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A Appendix to III.4 and III.5 


It seems to be natural to include also poles of analytic functions into their 
domain of definition, and to assign in each pole oo as function value. 


We thus set C := CU {oo}. 
Definition A.1 A map 


f:D—C, DCC open, 
is called meromorphic, iff the following conditions are satisfied: 


(a) The set S(f) = f~1({oo}) of places with value oo is discrete in D. 
(b) The restriction fo of f from D to D\ S(f), 


fo: D\ S(f) -C, 


is analytic. 
(c) The points in S(f) are poles of fo. 


Addition of meromorphic functions 


Let f,g : D — C be two meromorphic functions with S,T as pole sets. The 
function f + g is analytic in the domain D \ (SUT), and has in SUT only 
non-essential singularities. (Some singularities can be removable.) In any case, 
one can extend f +g from D\ (SUT) — C to a meromorphic function D > C. 
We denote this extension by f +g. 

Analogously, one can define fg, f’ and f/g, where the last function exists 
only in the case that the zeros of g lie discretely in D (or equivalently, g 4 0 
on each connected component of D). 


Remark A.2 The set M(D) of all meromorphic functions on a domain D 
is aa field. In addition, for each f € M(D) its derivative f' also belongs to 
M(D). The set O(D) of all analytic functions on D is a subring of M(D). 


Here, we committed a small inaccuracy, we have identified an analytic function 
f : D—C with the corresponding meromorphic function f =v0o f: D—C, 
ut: CC being the canonical inclusion. 

Examples for meromorphic functions in whole D = C are the rational func- 
tions 

_ Plz) Ganz” + An—12"-1 +++ +49 

- Q(z) 7 bmz™ as O12 ete ee bo 


where P and Q are polynomials and m € No, bm 4 0. The set of singular- 
ities of R is finite in this case, being contained in the zero set N(R) of the 
denominator. 


A typical example of a function with an infinite set of singularities is 
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Because of 
sinaz = 0 2€EZ, 


(and cos does not vanish on 7Z), the set of singularities of cot (mz) is Z, the 
set of integers. If f €¢ M(D) and a is a pole of f, then knowing that the set 
S(f) of poles is discrete in D, there exists a punctured neighborhood U(a) of 
a with U(a) N S(f) = 0. If k is the pole order of f in a, then for all z € U(a) 


we have 
fo(2) 


f(z) = @—aF 


with a suitable analytic function fp in U(a), fo(a) 4 0. 


Locally we can thus always represent a meromorphic function as quotient 
of two analytic functions. It is a non-trivial result that this is also globally 
possible, i.e. for any meromorphic f € M(D) there exist analytic g,h € O(D), 
h £0, which satisfy 
p-2 
A 


We will prove this result in case of D = C in Chapter IV using WEIERSTRASS 
products. 


Algebraically, we can restate this result as follows: The quotient field 
g 
Q(0(~D)) ={ 2; g,neow), n#o} 


of O(D) is the field M(D) of meromorphic functions. 


Generalization. 


We have already allowed oo as a value of meromorphic functions. Then why 
not also allow co in the domain of definition? For this, we have to topologize 
the set C = CU {oo}. 


Definition A.3 A subset D C C is open iff the following conditions are 
satisfied: 


(a) DOC is open (in C) . 
(b) If co € D, then there exists an R>O with 


Dd{zEC; |z|/>R}. 


In the following we use the conventions: 


A set D C C is obviously open iff the set {2 €C; 2-1 €D} is open. 
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Definition A.4 A function 
f:D—C, DcC open, 


is meromorphic, iff the following holds: 


(a) f is meromorphic in DNC. 
(b) The function 7 
f(z) = fQ/z) 


is meromorphic in the open set 
D:={zeEC; lf/zeD}. 


If co ¢ D, so D is a subset of C, then this definition coincides with A.1. Else, if 
oo € D, the zero point lies in D and (b) is a non-empty condition. It expresses 
the meromorphy of f at oo. The behaviour of f “near” z = oo corresponds 
by definition to the behavior of f “near” z= 0. 

In this context, we use the terminology: 

If D C C is an open subset containing oo, and if f : D\ {oo} — C is an 
analytic function, then the singularity at co of f is 


(a) removable, 
(b) non-essential, respectively a pole of order k € N, 
(c) essential, 


iff the function f: D \ {0} — C has a corresponding property at 0. 


The LAURENT expansion of f at oo is obtained from the LAURENT expansion 
of f at 0 by substituting 1/z for z. 


Examples. 
(1) Let 
pea) ave"; aweC, O<v<n, 
v=0 


be a polynomial. What is the behavior of p at oo? By definition, we have 
to investigate the behavior of p near 0, 


x 1 Gn. « Gra 
ate) =»(4) = 4 tag. 


gn gn-l 


If p is a non-constant polynomial, i.e. n > 1, an 4 0, then p has in z =0 
a pole of order n. By this, p has a pole of order n at oo. 
(2) By the exponential series 


fle) =exp2) = 0 
n=0 ~ 
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we introduce an entire function. To study its behaviour near co we asso- 


ciate 
. 1 x. i 
ie) = exp (=) ~ a nl zr 


n=0 


The exponential function f = exp has thus at oo an essential singularity. 


The entire functions are divided by their behavior at oo in two classes, 

the entire rational functions (polynomials), which have a non-essential 
singularity at oo, and 

the entire transcendental functions, which are essentially singular at oo. 


In the case D C C, D may thus contain 00, we also denote 

by M(D) the set of all meromorphic functions in D, and 

by O(D) the set of all analytic functions in D, i.e. by definition those 
meromorphic functions that don’t take the value oo. 


An open set D C C is called a domain, iff the intersection DNC is a domain 
in C. 
In analogy to A.2 we have 


Remark A.5 The set M(D) of all meromorphic functions on a domain D C 
C is a field, which contains O(D) as a subring. 


Proposition A.6 The meromorphic functions on the whole C are exactly the 
rational functions. 


Proof. Consider a function f € M(C). The function f is analytic in a punc- 
tured neighborhood of oo, i.e. in a region of the form 


{ze€C; |z|>C},  withasuitableC>0. 


Therefore f has only finitely many poles. The principal part of f in such a 
pole s is of the form 


1 
hs ( ) , As polynomial . 
zZ-8 


The function 


oz) =fl2)— SD hg (=) 


sec 
f(s)=00 


is then analytic in the whole C. By hypothesis, it has a non-essential singu- 
larity at oo, so it is a polynomial. 


We have not only proved A.6, but we also have 


Proposition A.7 (Partial fraction decomposition) Each rational func- 
tion can be written as a sum of a polynomial and finitely many linear combi- 
nations of special rational functions (partial fractions) of the form 


ze(z—s)", neN. 


A Appendix to III.4 and III.5 159 


We further obtain: 


Theorem A.8 (Variant of Liouville’s Theorem) Any analytic function f : 
C = C is constant. 


One can argue as follows: f | C is a rational function without poles, i.e. a 
polynomial. Because it has no pole at oo it is constant. 


We will not make use of the following remark, but it is useful to notice that 
C is a compact topological space with the topology given by A.3. 
It is homeomorphic to the sphere 


R 


N=(0,1) “north pole” 


oe {(w,t) €C x R&R; jw? +4? = 1h, 


as one can see by using the stereographic 
projection ¢ : S? — C = CU {oo}, which 
is defined by 


ay 


t 
oe) for (w,t) = (0,1) =: N. 


o(w,t) = {i=7 EE yn) 


The inverse map o~! : C — S? is given by 


22 |z|?-1 ) ; 
Dla Tele or Z [© @) 
a '(zZ)= {{ PP +i? [2741 ee 


N forz=o. 


When one considers S? as a “model” for C, then one uses the terminology 
Riemann sphere. 


The variant of LIOUVILLE’s Theorem A.8 can be seen in a new light using 
the compactness of C. Each continuous function on C with values in C has a 
maximum of its modulus. By the Maximum Principle, it is constant if analytic. 


Mobius transformations 


A rational function gives a bijective map C — C of the RIEMANN sphere onto 
itself, iff it is of the form 
az+b 
cz+d’ 


Zi 


a,b,c,d€C, ad—be #0. 


We call such transformations linear fractional transformations, or Mobius 
transformations. To each invertible matrix 


,. {ab 
m= (25) 


with complex entries we can assign the MOBIUS transformation 
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az+b 


Mz := —. 
- czt+d 


The set of all invertible 2 x 2 matrices is the group GL(2,C). The set IM of all 
MOBIUS transformations is also a group, the group law being the composition 
of functions. 


Proposition A.9 The map 
GL(2,C) — Mm, 


which associates to each invertible matrix M the corresponding Mobius trans- 
formation, is a homomorphism of groups. Two matrices define the same 
Mobius transformation iff they differ by a scalar factor 4 0. 


Corollary. The inverse of the Mobius transformation given by the matrix M 
18 


Mol: = dz—b 
—cze+ta- 


In the exercises of this appendix one can find more about MOBIUS transfor- 
mations. 


Exercises for the Appendix to III.4 and ITI.5 


1. Let DCC bea domain. The set M(D) of all meromorphic functions on D is 
a field. 


The zero set of a non-vanishing meromorphic function one a domain is discrete. 
Let oo be a singularity of an analytic function f. Classify the three possible 
types for this singularity by mapping properties of f. 

4. Prove that the stereographic projection (see p.159) 


a:S7 —-+€ 


is bijective by means of the mentioned formula for its inverse. 

5. Let f:C—C be an entire function, which is injective. Show that f is of the 
form 

f(2)=az+b, a0, 

and deduce that each such map is a conformal map from C onto itself. The 
group Aut(C) of conformal maps C — C consists exactly of the affine maps 
zreaz+b,abeC,aF0. 
Find all entire functions f with f(f(z)) = z for all z € C. 


An automorphism of the RIEMANN sphere C is a map f : C — C with the 
following properties 

(a) f is meromorphic, and 

(b) f is bijective. 

Show: 

(a) the inverse map f~! is also meromorphic, and 


10. 


11; 


12. 


13. 
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(b) each automorphism of C is a MOBIUS transformation, and conversely, i.e. 
Aut(C) = mM. 

A non-identical MOBIUS transformation has at least one, and at most two fixed 

points. 


Let a, b and c be three different points in the RIEMANN sphere C. Show the 
existence of exactly one MOBIUS transformation M with the property: 


Ma=0, Mb=1, Mc=o. 


Hint. Consider 
Mz:= 27%, baa ‘ 

z—-c b-c 
Note: The expression on the right hand side of the above equation is called the 
cross ratio of the four complex numbers z, a, b and c, for short CR(z, a, b,c). 
A subset of the RIEMANN sphere C is called a generalized circle, iff it is 

either a circle in C, 

or the union of a straight line in C (not necessarily passing through zero) 

with oo. 
A map C — C is called circle preserving, iff it maps generalized circles to 
generalized circles. 
Show that the MOBIUS transformations are circle preserving. 


For any two generalized circles, there exists a MOBIUS transformation, mapping 
the first circle onto the second one. 

The following proposition is proved in linear algebra, by means of the JORDAN 
(normal) form. 


For any matriz M € GL(2,C), there exists a matriz A € GL(2,C) such that 
AMA™ is either a diagonal matrix, or an upper triangular matrix with the 
same diagonal entries. 


Give a proof using function theory. 


Hint. Choose A conveniently, and by replacing M with AMA~", reduce to the 
case, where oo is a fixed point of M. 


For any matrix M € SL(2,C) of finite order, there exists a matrix A € GL(2,C) 
such that 


with a suitable root of unity ¢ € C. 
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III.6 The Residue Theorem 


Preliminary observations about winding numbers 


In II.2.8 we introduced the notion of an elementary domain. 


A domain D C C is called an elementary domain, iff any analytic function 
f : D — C possesses a global primitive in D. Equivalently, for any closed, 
piecewise smooth curve a in D, and any analytic function f : D — C one has: 


[ #oa=o. 


A natural question in this context is the following one: 


Let DC C be an arbitrary domain. 


How can we characterize all closed, piecewise smooth curves a in D, 
which satisfy { f(¢) d¢ = 0 for any analytic function f : D — C? 


In the Appendix B to Chapter IV we will see that this is the case exactly 
for those closed curves a in D which do not “surround” any point of the 
complement C \ D. Especially, elementary domains are characterized by the 
property that the “interior of D” lies entirely in D. Intuitively this means 
that D has “no holes”. 


How is it possible to define rigorously the number of times a curve goes around 
a given point? 

As a motivation for the forthcoming definition we consider an example: 

For k € Z\ {0}, and r > 0, zo € C let 


E(t) = zo + rexp(2mikt), O<t<1, 


be the circle path, which circulates k times, with 
radius r and Zo, 
Then we have: 
1 1 k for all z with |z — zo] <r, 
Imi =, C-2 0 for all z with |z — zo| >r. 
This example leads to: 


Definition ITI.6.1 Let a be a closed, piecewise smooth curve, whose image 
does not contain the point z € C. The winding number (or the index) of 
a with respect to the point z is defined by the formula: 
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es 
Ph Cx 


This definition is completely ungeometrical. For the moment we should be 
content that it respects geometric intuition, at least in the case of circle lines. 
The reader should realize that a rigorous definition supporting the intuition 
cannot be simple. One can prove (see also Exercise 3(e)) that the integral 
involved in the definition of the winding number for the curve a measures the 
total variation of the argument of a(t) while ¢ runs through the parameter 
interval of a. 

In the appendices to Chapter IV we shall show that one can continuously 
deform any closed curve in the punctured plane into a circle line, which is 
k times surrounded for a suitable / in concordance with our geometrical in- 
tuition. Anyway, in the exercises to this section one can find and derive the 
main properties of the winding number, including its integrality. If a is a 
closed curve in an elementary domain D, then by the CAucHy Integral For- 
mula, the winding number of a@ with respect to any point of the complement 
of D is equal to zero. We will show in Appendix B of Chapter IV that the 
converse is also true. Intuitively, we see again that “elementary domains are 
exactly the domains without holes” . 


If A is an annulus, r < |z| < R, then the 


circle lines of radius p, r < @ < R, also 
surround points of the complement of the 


annulus, namely all z with |z| <r. 


Using the winding number, we can define what should be understood under 
“the interior” and “the exterior” of a curve. 


If a: [a,b] > C is a piecewise smooth curve, then we define 


Int(a@):={ z€C\Imagea; y(a;z) 40}, the interior of a, 
Ext(a):={ z€C\Imagea; x(a;z)=0}, the exterior of a. 


We always have 


C\ Image a = Int (a) UExt (a) (disjoint union) . 
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In our example of the circle line a = €, the introduced notions coincide with 
our intuition: 


Int(a)={ z€C\Imagea; x(a;z) #0} ={z €C; |z-zl<r}, 
Ext (a) ={ z€C\Imagea; x(a;z)=0 } ={ zEC; |z-zol>r}. 


For an elementary domain D we have: 
If a is a closed curve in D, then Int (a) C D. 


We conclude these preliminary observations with a procedure to determine the 
winding number in concrete situations (e.g. in TII.7.2). If we slit the complex 
plane along a half-line starting in z € C, then we obtain a star-shaped (and 
thus elementary) domain. The integral 


lea 


along an arbitrary curve a : [a,b] — C, z ¢ Image a, depends only on the 
beginning point and the end point of a, as long as the curve does not intersect 
the half-line. This can be used to simplify a given curve without changing its 
winding number. 


First Example. For both curves a@ and (3 in the figure we have 


bae-fo« 


Second Example. Let r be > 0, and con- 


sider Im A 
t for —-r<t<r, 
a(t) = ds 
rel") forr<t<rdtn. 
7 ir 
Then we have . ; : Re 
(asi) 1, ifr>l, poe od 
a;i) = . 
e i, #Oer <i, 


Instead of integrating along the interval from —r to r, one can also integrate 
along the “lower half-circle” to obtain in totality an integral along the full 
circle. 
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Definition III.6.2 Let f : U,.(a) — C be an analytic function, such that a 
is a singularity of f, and let 


co 


Flz)= So an(z-a)” 


n=—Cco 


be its Laurent series in U,(a). The coefficient a_, in this expansion is called 
the residue of f at the point a. 
Notation. Res(f; a) := a_1. 


Using the coefficient formula in III.5.2 we also can write 


Relid=sa fp FOd 


—a|=o 


for suitably small values of 9. At removable singularities the residue vanishes. 


But it can also vanish for true singularities. For instance, for f,(z) = 2”, 


n € Z, we have Res(f,;0) = 0 for n 4 —1 and Res(f,;0) = 1 for n = -1. 


We come now to the main result of this chapter. 


Theorem ITI.6.3 (The Residue Theorem, A.L. Cauchy, 1826) — Let 


DCC be an elementary domain, and 21,...,2~ € D finitely many (pairwise 
distinct) points. Further, let f : D\ {z1,...,2n}— C be an analytic function 
and a: [a,b] — D\ {z,..., 2%} @ closed, piecewise smooth curve. Then the 


following formula holds: 


The Residue Formula 


i 
[FO ae = aio Res( F525) x(a) - 


j=l 


Proof. We expand f around each of its singularities z; into a LAURENT series, 


co 


F2)= Do a(z—2)", 1<j<k. 
By definition, a) = Res(f;z;), 1 < 7 <k. Because each principal part 


i ae = 
(=) = Yo aPe- a) 


n=—-1 


defines an analytic function in C \ {z;}, the auxiliary function 


ole) =) - Oy (5) 


j=l 
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has at all z;, 1 <j < k, removable singularities. It can be thus analytically 
extended to the whole D. Because D is an elementary domain, it follows 


o= faa f (10-2 (e) } « 


=f #6) wf Y al) (¢ — 2)" de 
= [ 1 «- =o - 


- [108 $84 [As 


=| 10 d¢ — oni 57 Res( fi 2) x(a; 25) , 


j=l 


by definition of residue and winding number. We obtain 


1G ) de = oni 7 Rest F325) X(a5 25) - 


j=l 
Remarks. 


(1) In the residue formula of Theorem III.6.3 there is a contribution only 
from those points z; with x(a; z;) € 0, ie. points that are surrounded by 
a, i.e. points in the interior of a, z; € Int (a). 


(2) If f can be analytically extended into the points z1,..., 2%, then we have 


[1@a=0. 


Hence the Residue Theorem is a generalization of the CAUCHY Integral 
Formula for elementary domains. 


(3) If f is analytic in D (elementary domain), then for any z € D the function 


h: D\{z}—C, po FO. 


is analytic, and we have Res(h; z) = f(z). The Residue Formula now gives 


= f mc) ag = 5 f FE ac = Rests) x(0%2) = Fl) xlas2) 


IlI.6 The Residue Theorem 167 


This gives a generalization or the CAUCHY Integral Formula for arbitrary 
curves, 


x(a; 2) f(z) = = / — dC . 


Before we consider applications of the Residue Theorem, we list some useful 
methods for the computation of residues at non-essential singular points. 


Remark ITI.6.4 Let D C C be a domain, a € D a point in D, and f,g : 
D\ {a} > C analytic functions with non-essential singularities at a. Then we 
have 


(1) JIford(f;a) is > —1, then 
Res(f:a) = lim(z—a)f(2) 


More general, if the point a is a pole of order k, then 


(k-1)(q 
Res(fsa) = with Fle) = (2a) 102) 
(2) If ord(f;a) > 0, and ord(g; a) =1, then 
Res(/g;a) = 59 
g(a) 


(3) If f #0, then on has for all a € D 


Res(f’/f;a) = ord(f; a) . 
(4) Ifg is analytic, then 


Res Ge «) = g(a) ord(f; a) . 


For the proof, use the LAURENT series of f,g. 


Examples. 


(1) The function 


exp(iz) 
h = 
(z) 22 +4 1 
has at a =ia pole of first order. 
From III.6.4 (1), using 2? + 1 = (z — i)(z +i) it follows 


h: ;)= li = h =-—. 
Res(h; i) lim(z i)h(z) de 
The same result follows using III.6.4 (2) with f(z) = exp(iz) and g(z) = 


2+, 
fG) _ exp(-1)_ ii 


Res(h; i) = gay a. ee 
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(2) The function 


i= eos) 


sin(7z) 


has at k € Z poles of order one, and we compute 


cos(7k) 


Res(h; k) = "Zr cos(mk) alk 
(3) The function 
1 
f(z) = (2? + 1)3 


has at. z =ia pole of order 3. From III.6.4 (1) we get 


F(2) (4 be 1 
hence 33 
Res(f;i) = =— : 


Exercises for III.6 


1. For the functions defined by the following expressions compute all residues in 
all singular points. 


3 
1—cosz z 1 


(a) ae a (b) Gane’ (c) @aD 
1 exp(z 1 
© apes © Ge © ze(th), 
es 1 , 1 
‘s) (2? + 1)(z—i)8 ’ e exp(z) +1” (i) sin7tz ¢ 


2. Let DC C beadomain, a: [0,1] — Dasmooth closed curve, and a ¢ Image a. 
Show: The winding number 


1 1 
-a) = —— | ——ad 
x(a5 a) mf a ¢ 
is always an integer. 
Hint. Define for t € [0, 1] 


A(t) =[ ee and F(t) := (a(t) — a) exp(—G(2)) , 


then compute F’(t), and finally show a(t) — a = (a(0) — a)expG(t) for all 
t € 0, 1). 
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Computation rules for the winding number 


(a) If q@ is a closed curve in C, then the function 
C\Imagea—C, z+ yx(a;z), 


is locally constant. 


(b) Ifa and G are two composable curves then we have 


x(a ® 8; 2) = x(a3z) + x(8;2) , 


for all allowed z (not lying in the image of a or (3). Especially, 
x(a; 2) = —x(05 2) . 

(c) The interior of a closed curve is always bounded, and its exterior is always 
unbounded (and thus non-empty). 

(d) If a curve a is runs in an open disk, then the exterior of a contains the 
complement of the disk. 

(e) Ifa: [0,1] — C is a curve, and a is a point in the complement of the 
image of a, then there exists a partition 0 = ao < ai < ++: < an =1, and 
elementary domains (even open disks) Di,..., Dn, which don’t contain a, 
and such that alay—1,a,] C Dy, 1 < v < n. Because in each D, there 
exists a continuous branch of the logarithm, we obtain another proof of 
the integrality of the winding number for a closed curve a, a(0) = a(1). 


Assume that f has at co an isolated singularity. We define 
Res(f; 00) = — Res(f; 0), where we set 
9 1+ 1 1 
f(e)== $l) = 31 (4) - 


The factor z~? is natural, as it will become transparent from the following 
computation rules, especially Exercise 5. 
(a) Show: 


Res(f; 00) = -—f f(g) dc , 


where ar(t) = Rexp(it), t € [0,27], and R is chosen big enough to ensure 
that f is analytic in the complement of the closed disk centered at 0 with 
radius R. 


(b) The function 
1/z, if z #00, 
, At 
f() {! ; if Z= 60°: 
has at oo a removable singularity, but Res(f;0o) = —1 (not zero!). 


It seems that oo plays a special role. The special role disappears if one 
defines the notion of the “residue” for the differential f(z) dz instead of 
the function f. The notion of residue of f is related to the differential 
f(z) dz, and the notion of order of f to the function f itself. 
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5. Let f:C —C bea rational function. 
Show: 
S_ Res(f;p) = 0. 


pec 
6. Compute the following integrals: 


_ 1 7 c 
@ 0=$ eae” O) tap aad. 


7. If f has at a € Ca pole of order 1, and if g is analytic in an open neighborhood 
of a, then 


Res(fg;@) = g(a) Res(f;@) . 


8. The residue of an analytic function f at a singularity a € C is the uniquely 
determined complex number c, such that the function 


J@)> 


Cc 


zZ-a 
admits a primitive in a punctured neighborhood of the point a. 


9. Let f be analytic in U;(0) := U,(0) \ {0}, r > 0. 
Show: Res(f’;0) =0. 
10. Lety: D— D bea conformal map between two domains in the complex plane, 


a a curve in D, and a = yoa its image in D. Then we have for any continuous 
function f : D — C the “substitution rule” 


[tans f e@)e' Oa. 
Deduce from this the transformation formula for residues: 
Res(f; p(a)) = Res((foy)y’;a) , 


where f is an analytic function on D \ {y(a)}. This property also covers the 
invariance of the winding number with respect to conformal transformations. 


III.7 Applications of the Residue Theorem 


From the richness of the applications of the Residue Theorem we only choose a 
few. First, we consider applications inside the theory of functions of a complex 
variable, as for instance the existence of an integral that counts zeros and poles of a 
given analytic function. Another important application is the calculus of integrals. 
The Residue Theorem offers an instrument to compute many integrals, including 
real integrals. Finally, we apply the Residue Theorem to summation of series, and 
especially compute the partial fraction decomposition of the cotangent function. For 
other applications of the Residue Theorem, e.g. computations of GAUSS sums, the 
reader will find some exercises at the end of this section. 
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Function theoretical consequences of the Residue Theorem 


We start with a result that connects the number of zeros and the number of 
poles of an analytic function defined on an elementary domain. From III.6.4, 
(3) we immediately obtain 


Proposition III.7.1 Let D C C be an elementary domain, e.g. a star do- 
main. Let f be a meromorphic function on D with the zeros ay,...,@4n € D, 
and the poles bi,...,b0m € D. Then, for any closed piecewise smooth curve a 
in D, which avoids in its image all zeros and poles, one has: 


m 


Poa eu 


rm | FO) GB = Dior F au)x(a5 au) + D ord fi b.)x(a% b,) . 
& p=1 v=1 


An application of III.7.1 is the following result of A. HURWITZ: 


Theorem ITI.7.2 (A. Hurwitz, 1889) Let fo, fi, fo, --:: DC bea 
sequence of analytic functions that converges locally uniformly to (the analytic 
function) f : D— C. Assume that none of the functions f, has a zero in D. 


Then f is either identically zero, or it has no zero in D. 


Proof. We assume the contrary, i.e. that f 4 0 but there exists a point a with 
f(a) = 0, and derive a contradiction. We can choose an ¢ > 0 small enough 
such that the disk centered at a of radius 2¢ is contained in D, and there are 
no zeros of f in this disk, excepting a. One easily sees that the sequence f? / fr, 
converges locally uniformly in U2-(a) \ {a} to f’/f, which gives 


1 f ie 1 f' 
=z Se rane 
2mi Jau.(a) fn 2mi Jau.(a) f 


in contradiction to the assumption f(a) = 0. 


Corollary ITI.7.3 Let D C C be a domain, and fo, fi, fo, ... a@ sequence 
of injective analytic functions fr, : D— C, which converges locally uniformly 
to the (analytic) function f : D—>C. Then f is either constant, or injective. 


Proof. We assume f to be non-constant, and pick an arbitrary a € D. Because 
of the injectivity, each function z > fp(z)— fr(a) does not vanish in D \ {a}. 
By III.7.2, this is also the case for the limit function 


ze f(z) — f@), 
and thus f(z) 4 f(a) for all z € D \ {a}. 
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Variants of Proposition III.7.1 and further applications 


Proposition ITI.7.4 (Special case of ITI.7.1) Using the notations of III.7.1 we 
define 


N(0) := » ord(f; ay) = total number of zeros of f , 
pH=1 
N(oo) := -S- ord(f;b,) = total number of poles of f , 
v=1 


in both cases counting multiplicities. We assume that the curve a surrounds all zeros 
and poles with index 1. Then we have: 


Number of zeros and poles 


(¢) d¢ = N(0) — N(oo) . 


1 f’ 
aris, f 


If f has no poles, we get a formula for the number of zeros. Using this formula, it 
is often numerically possible to decide whether an analytic function has zeros in a 
given domain. 


Remark III.7.5 (Argument Principle) Let f : D— C be an analytic function, 
a a Closed curve in the domain D, such that f does not vanish on its image. Then 
we have: 


Jf £) 
ami Ja £(6) 


The result is an integer. (See also Exercise 2 in III.6 or the Consequence to A.10.) 
Under the assumption of III.7.1 and III.7.4, and using the same notations, this 
number equals N(0). 


d¢ =x(foa;0). 


The number of zeros of f, counted with multiplicities, is thus equal to the winding 
number of the image curve f oa around 0. The correctness of III.7.5 follows from 
III.7.4 and the substitution rule for integrals. 


During the proof of the Open Mapping Theorem, ITI.3.3, we showed that in a domain 
D containing 0, any non-constant analytic function f with f(0) = 0 can be written 
in a small open neighborhood of 0 as the composition of a conformal map with the 
n'” power map. From this we derive the following result, which can also be proven 
by means of the Residue Theorem. 


Theorem ITI.7.6 Let f : D—C be a non-constant analytic function in a domain 
DCC. Leta € D be fixed, and b := f(a). Let n € N be the order of f(z) — b at 
z=a. Then there exist open neighborhoods U Cc D of a, and V C C of b, such that 
anyw€EV,w#b has exactly n pre-images 21,...,2n € U. We thus have f(z;) = w 
for1<j <n. Moreover, the order of f(z) —w at any point z; is exactly 1. 


Proof using the Argument Principle. We choose an ¢-neighborhood of a, whose clo- 
sure is contained in D. We can choose € small enough, such that f does not take 
the value 6 on its boundary, and such that the derivative f’(z) has no zero in 
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0 < |z—a| < e. We choose U = U-(a) and V = V5(b), where 6 > 0 is taken small 
enough to ensure 


Vin f(aU) =0. 


This is possible, since the image of OU is compact. Hence the complement of f(0U) 
is open and contains b. Let us pick w € V. The number of places in U where f takes 
the value w is equal to the winding number y(f oa; w) by the Argument Principle. 
Here a is the curve, 

a(t) =atee®™, O<t<1. 


This winding number depends continuously on w, and takes only integral values. It 
is thus constant (= n). That the order of f(z) — w,; at any point z; is one follows 
finally from the condition imposed on f’. 


Theorem III.7.6 contains another proof of the Open Mapping Theorem. In the case 
n = 1 it implies the injectivity of f on U, wich gives a new proof of the Theorem of 
Inverse Functions. 


Corollary III.7.6; Let f : D — C be an analytic function on an open subset 
DCC, and let a € D. The function f is injective on a small open neighborhood 
aé€UC D iff f(a) 4 0. In this case f maps a small open neighborhood of a 
conformally onto an open neighborhood of f(a). 


This is the promised proof for the local version of the Open Mapping Theorem, 
which does not involve the real Implicit Function Theorem. 


Theorem III.7.7 (Rouché’s Theorem, E. Rouché, 1862) Let f,g be analytic 
functions defined on an elementary domain D, and let a be a closed curve in D, 
which surrounds each point in its interior Int(a) exactly once. For simplicity, we 
assume that f and f +g have only finitely many zeros in D. (This condition is 
superfluous, see also Chapter IV, Appendix B). 

Assumption: |g(¢)|<|f(¢)| for ¢€ Image a. 


Then the functions f, f+g have no zeros on the image of a, and the functions f and 
f +g have in the interior of a the same number of zeros, counting multiplicities. 
This result ensures the invariance of the number of zeros of an analytic function for 
“small deformations” . 

Proof of III.7.7. We consider the family of functions 


hs(z) = f(z)+sg(z), O<s<1, 


which connects f (= ho) with f + g (= hi). It is clear that these functions have 
no zeros on the image of a. The integral which “counts the zeros” depends then 
continuously on the parameter s, and is an integer by III.7.5, hence constant. 


If we are also interested in the position of the zeros of a given analytic function, and 
not only just their number, then there is the following generalization of III.7.1: 
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Proposition III.7.8 Let D Cc C be an elementary domain, and let f be a mero- 
morphic function in D with zeros in a1,...,@n and poles in b1,...,bm € D. Let 


g:D—C 
be an analytic function. Then for any closed, piecewise smooth curve a: [a,b] > D, 


which avoids the zeros and poles of f, the following formula is true: 


Sa | $9 = Lord hay) x(asan) gay) + Yo ord( fsb) x(asbv) (by). 


w=1 v=1 
For instance, if we know that f has exactly one simple zero, than we can find its 


position by choosing g(z) = z. 


Examples and applications 


(1) Using II.7.4, we discover further proofs of the Fundamental Theorem of Alge- 
bra. For instance, we can argue as follows: 


Because of | mae |P(z)| = co there exists an R > 0, such that P has no roots 
z|—co 


z with |z| > R. The number of all roots of P is 


1 PO) 


N(0) = = =~ dc. 
27i Jicier P(¢) 
The function P’/P hat at co a simple zero. The LAURENT series in oo has the 
form ae 4 ‘ 
2 3 4 =e 
Pear aa ee ee (n = deg P) . 
This gives 


N(0)=n=degP. 
A polynomial of degree n has thus exactly n roots, counting multiplicities. 


A slightly different proof uses the Theorem of ROUCHE, applied to the functions 


f(z) =anz" and g(z) = P(z)— f(z); 


P(z) = anz" +--+-+ a0 being here the given polynomial of degree n > 0. 


The Theorem of ROUCHE can be used to solve equations, especially one gets 
more information about the position of solutions; it is somehow possible to 
“separate” them. As an illustration, we give two examples: 


(2) We consider the polynomial P(z) = z* + 6z +3. 


Let f,g be the polynomials Im 
fiz)=z*, and g(z)=6z4+3, 
then we estimate for |z| = 2: Re 


lg(z)| < 6|z| +3 = 15 < 16=[f(z)| 
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The functions f and f + g = P have the same number of zeros in the disk 
|z| < 2 by III.7.7, and because f has at 0 its only zero of order four, we get 
that P has in the disk |z| < 2 also exactly four zeros. 


We apply once more the same idea for the new decomposition P = fi + 91 with 
fi(z) = 62 and gi(z) := 24 +3. For |z| = 1 we have: 


|g (2)| = |z* +3] < |2l? +3=143=4<6= [62] = (file) . 


The Theorem of ROUCHE claims then that fi and P = f; +1 have the same 
numbers of zeros in the unity disk U;(0) = E, namely one as for fi. We now 
have the following information about the zeros of P: Among the four roots of 
P exactly one, say a, lies in the unit disk E, and the other three lie in the 
annulus 1 < |z| < 2. The precise position of a in E can now numerically be 
“determined” by evaluating the integral 


4G +6 
fo, SCA +6643 a, 


which gives approximately a + —0.5113996194... 


(3) Let a € C be a complex number of modulus |a| > e = exp(1). We claim that 
the equation 
azexp(z) =1 (ie. az — exp(—z) =0 ) (*) 
has exactly one solution in E. 


In addition: If a > 0 is real and positive, then the solution is also real and 
positive. 


Here, it is natural to introduce the auxiliary functions 
f(z) =az and g(z)=exp(—z). 


There is exactly one zero for f at zo = 0, and for |z| = 1 we can estimate 


|9(z)| = lexp(—z)| = exp(—Re (z)) Se < lal =|f(z)| . 


ROUCHE’s Theorem ensures that {+g has in E exactly one zero, i.e. the equation 
(*) has exactly one solution in E. 


The additional remark follows from the Mean Value Theorem of real analysis. 
Computation of integrals using the residue theorem 


If a € C is an isolated singularity of an analytic function f, then f is in a 


punctured r-neighborhood U,.(a) representable as a LAURENT series, 


and we have by ITI.5.2 
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Res(f;a) = a_1 = 5— ae C<pe<r. 


If we have other methods at our disposal to compute the residue Res(f; a), 


then the residue formula gives us the possibility to compute integrals. We 
restrict to three types: 


Type I. Integrals of the form 


20 
R(cost,sint) dt , 
0 
where FR is a complex rational function, which we write as a quotient of two 
polynomials P,Q in the variables z, y, 


R(x, y) = 


We require Q(x, y) #0 for all x,y € R with x? + y? = 1. Such integrals can 
be computed by suitable substitutions (e.g. u = tan(t/2)), which reduce the 
given integral to the integral of a rational function, which can be computed 
by means of the partial fraction decomposition. 

It is often much simpler to apply the Residue Theorem, by interpreting the 
given integral as an integral along a suitable closed curve. 


Proposition ITI.7.9 Let P and Q be polynomials of two variables x,y, and 
assume Q(x, y) #0 for all (x,y) € R? with x? + y? =1. Then 


2" P(cost, sin t) 


9 Q(cost, sin t) 


where E is the unit disk, and f is the rational function 


Proof. Because of 


exp(it) + exp(—it) Sie exp(it) — exp(—it) 


cost = 
2 , 2i ; 


the rational function f has no poles on the unit circle. For all a € E the winding 
number of this unit circle with respect to a is one. The Residue Formula in 
III.6.3 gives 
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20 
P(cost, sint) 
9 = d et) it dt = P(cos 
Pe fra) Ic <p FO c= [4 ha Q(cost, sin t) 
Examples. 


(1) One has for alla € E 


[ 1 Qn 
———_, dt = — . 
9 1l-—2acost+ a? 1—a? 
For a = 0 this is evident. Else, we associate by II.7.9 the rational function 
1 i/a 


10" Tay@—a-@) a @-1a 


There is exactly one pole of f in E, located at a. It is a simple pole, so 
we can use III.6.4 (1), to compute 


Res( fa) = lim(z— a) f(z) = 


we az—1— 


As claimed, we get 


27 ‘ 
1 2 
| fp gi 
9 1-—2acost + a? az#—-1 1l1-a? 


(2) Analogously, we get for a,b € R witha>b>0 


7 ae 1 2Qra 
—§{_ dt = ——— 

9 (a+ bcost)? (a2 — b?)8 

Further examples can be found in the exercises. 


Type II. Improper convergent integrals of the type 


al 7 f(a) de 


Remark. We take the notion of improper integral as granted, see also VI.1. 
To apply the Residue Theorem, we reformulate this integral as the limit 


R 
Jim / _ fle) ae 


the so-called CAUCHY principal value. From the existence of this limit with 
“correlated” integration limits one cannot in general deduce the convergence of 
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f- = f(x) da. Its existence, i.e. its convergence, is equivalent with the existence 
of both separated limits 


0 


[ f(x) dx := lim arr ) dx and [is f(a) dx := lim f(a) dx 
0 0 


Ri 00 R200 —Ro 


(see also Sect. VI.1). The existence of the improper integral ie f(a) dx im- 
plies the existence of the CAUCHY principal value, both having the same value. 
For an even or a non-negative function f one can also conversely deduce from 
the existence of the CAUCHY principal value the existence of the improper 
integral, both having the same value. 


The computation of improper integrals is based on the following idea. Let 
DCC be an elementary domain containing the closed upper half-plane 


H={zeC; Imz>0}. 


Let a1,...,@% € H be pairwise distinct points in the (open) upper half-plane, 
and let 


r > |ap| forl<v<k. 


We consider then the curve a, which is 
sketched in the figure. It is built from of the 
line segment [—r,r] and the half-circle a, 
from r to —r. The Residue Formula gives 
(because of y(a;a,) = 1) -r r Re 


r k 
a fle) ae+ f fle)de = f fle) de = 2m J Res( fia) 


If one can knows 


lim f(z) dz=0, 


T= 05 


then 


If we independently know that [ ae f(x) dx exists, then 


Let P and Q be two polynomials, such that their degrees satisfy 
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degQ>2+degP. 


We assume that Q has no real roots. The rational function 


defined on the domain 
Imz>-—-e, e¢€>O0 sufficiently small , 
trivially satisfies the assumption lim [, f(z) dz = 0. We then have 
T— Co eS 


Proposition ITI.7.10 Let P,Q be two polynomials with deg Q > deg P + 2. 
Assume that Q has no real roots. Let a,,...,a, € H be the complete set of 
poles in the upper half-plane of f = P/Q. Then 


Examples. 


(1) We compute the integral 


ee | Lf? & 
| 1446 s/o 


The zeros of Q(z) = 26 +1 in H are 


TT, TT, OT. 
ay = exp (Fi) ; ap = exp (Zi) , and «=e (i) , 


By II.6.4, (2), we have 


1 1 Ay 
Res (5: a) = Ga ie 


This gives 


Apes 1 Ti T, T 5m 
= = +6 U6 («x0(Fi) +exp(5) +exn()) 


“us TW T 
= 7 (2sinZ +1) = . 
(2) We show 
cae n  (2n—2)! 
[. (t2 +1)” Q2n—2 : ((n- 1)! 2 (néN), 
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especially 


7 1 1 7 aad 1 37 
= dt=r, _—_. dt = = ae oe 
he (¢? + 1) pete oe (t? +1)? aa pe (t2 + 1)3 8 


The meromorphic function f(z) = 1/(z*+ 1)” has in H its only pole 
at z = i. The LAURENT series of f at this pole is obtained using the 
geometric series, or III.6.4 (1), and one shows 


sean 1 1 (2n — 2)! 


i\n—1)92n-1 92n-1; ((n— yy? : 


Res(f;i) = 


Let k,n € Z,0<k <n. Then 


ee 1 
a 
[. 1+” nsin((2k + 1)7/2n) 
The roots of Q(z) = 1+ 2?" in H are 


2v + 1)ri 
ay = ep (A =). O<v<n. 
n 


The derivative Q’ is 4 0 in all these places, hence all a, are simple roots. 
By III.6.4 we have for the function 


R=f/g, f(z) =27* and g(z)=1+2?" _ the residues 
. 1 2k es 
Res(R; ay) = atv =—5 a 
From the functional equation of the exponential function we further have 


n—1 


a = vow (= @v+1)@k+1)) 
v=0 
= (ot tit) es Ge wv) 


v=0 


(2k+1)mi\ 1l—exp((2k+1)zi_ ) 
me ( ) “TS exp((2k + 1)zi/n) 


~ sin((2k + 1)m/2n) ” 


Apply now III.7.10. 


The following proposition can be seen as a generalization of III.7.10. 
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Proposition III.7.11 Let P and Q be polynomials, and let a > 0. Assume 
that the polynomial Q has no roots on the real line, and also that the degree 
inequality holds 

deg Q > 2+ deg P in case of a=0, and 

deg Q > 1+ deg P. 
Let ay,...,ax% be all roots of Q in the upper half-plane. Then 


oe) k 
/ — exp(iat) dt = 2ni y Res(f; ay) . 


The meromorphic function f in the R.H.S. is the integrand in the L.H.S., 


fe) = 22 
Q(z) 

Proof: We have already considered the case a = 0. The sharp degree inequality 

deg Q > 2+deg P always ensures the absolute convergence of the integral, we 

have to use only the simple estimate | exp(iat)| < 1. 

In the case a > 0 it is enough to demand deg Q > 1+ deg P. This can be seen 

as follows: 

We first choose R > 1, such that all roots of @ lie in the disk Up(0). 

For an arbitrary r > R we 

consider the closed polygonal 

path with vertices in —r,r,r + 

ir, —r+ir. It contains in its in- 

terior the half-disk of radius R, 

and hence also all roots of Q) _,4iye Pee 

that lie in H. The contributions 

of Imz< J/RandImz>VR aR R r Be 

are estimated separately. 

(1) The standard estimate for integrals gives immediately 


po 


exp(iaz) . 


Im 4 


—r+ir r+ir 


ee" 
rs 


with a suitable constant C’. This expression goes to zero for r — oo. 

(2) For Im z > \/r we have |exp(iaz)| < e~°V”. This expression converges to 
zero for r — oo quicker than any rational function. 

From (1) and (2) we obtain 


Co o 
= lim = lim 
a roo J_,. roo 


which is 277i times the sum of residues. 
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This proof shows III.7.11 first for the CAUCHY principal value of the integral. 
But this integral is also convergent (but not absolutely) as an improper inte- 
gral. To show this, one can for instance repeat the argument for a rectangle 
which is not symmetric with respect to the imaginary axis. 

Example. 

We show for a > 0 


cost 
| : ; dt = J ens ; 
9 tt+a 2a 


We obviously have 


“cost 1 °° exp(it) 
>— dt==- dt) . 
| t? + a? (fe 


The function f(z) = exp (iz) 
zeta 


namely ia. Using III.6.4, we get 


has only a simple pole in the upper half-plane, 


e@ 


Res(f;ia) = 


2ai ’ 


and Proposition III.7.11 completes the proof. 
Type III. Integrals of the form 


i x !R(a) dx , AER, AS>O,AGZ. 
0 
Here, R = P/Q is a rational function with polynomials P and Q, such that 
the denominator Q has no roots on the positive real axis R;. Also assume 
R(0) £0, and 

lim «*|R(x)| =0 


which is equivalent to deg Q > A+ deg P. We then consider in the slit plane 
Cz :=C\ Rso the function 
f(z) = (—z)1R(z) for z€ Cy :=C\Rso. 


Here (—z)*~! := exp( (A — 1) Log(—z) ), which uses the principal branch of 
the logarithm Log : C_ — C. From z € Cy we get —z € C_. The function f 
is hence analytic in Cy. 


Proposition ITI.7.12 Using the above assumptions we have 
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Sketch of the proof. The function f is meromorphic in C1. We consider then 
the closed curve a := a1 © a2 © a3 © a4, where the curves aj, 1 <j < 4, are 
up to a translation of the parameter intervals (such that can be composed) 


1 Im 
a(t) :=exp(iy)t , bet is 
fa 2 
a2(t) =r exp(it) ’ Y < t < 27 — ~; ae 
1 
ag(t) -= — exp(—iy)t , =i SUS = (| oe 
1 . Re 
ag(t) :=-exp(i(2t-—t)) , p<t<Ir-py. 
Tr 
We of course assume r > 1 and 0 < 


p<. 


Because C; is an elementary domain, we can find a sufficiently large r > 1 
with 


[teu f sear f sear f todas f tea 
= 2ri > Res(f; a) . 


aeCy 


(*) 


For this r, we take the limit y — 0. Because of the definition of (—z)*~1, the 
integrals on a; and ag converge to 


T 


exp (—(A — ini) | a! R(x) dx , 
1/r 
and respectively to 


r 


—exp( (A— 1)mi) [eRe dx . 


On the other side, the other two integrals do not contribute to the result, 
because one easily can show 


lim i f(z)dz = lim f(z) dz =0 
a2 TOO a4 


uniformly in y. 


oO gral 1 
FE le. dx = , 
ihe [ l+z2 v sin(A7) 


The partial fraction decomposition of the cotangent 


As another application, we deduce the partial fraction decomposition of the 


cotangent 
COS TZ 


cot mz := , zeEC\Z. 


sin 7z 
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Proposition ITI.7.13 For allz<«C—Z 


1 1 
t =- y 
7 cot mz ra 


zZ—MT 


—= it 1 1 ~~ 2 
(-2+ (+t }-r ss] 


n=1 
The involved series are absolutely (even normally) convergent. 


We recall the definition 


[oe] lo) 
y an =) an + Caw 
n=1 n=1 


n#0 
Proof. The absolute convergence follows from 


1 1 z 


z-n n  (z—n)n 


FJ 


and from the convergence of the series 1+1/4+1/9+.... By the way, the ab- 
solute convergence of a series 7, 40 Ins NE Z, implies by standard arguments 
of real analyis 


where $1, S2, $3,... is an increasing sequence of sets exhausting Z \ {0}, i.e. 
Si, C SoC S3C--- and Z\ {0} = $1 U SpU $3 U--- 


To prove the partial fraction decomposition formula, we introduce for a fixed 
z €C\Z the function 


Its singularities are 

w=zandw=neZ. 
All singularities are simple poles, excepting w = 0 which is a pole of second 
order. The residues in the simple poles are obviously 


—7cot mz and forn #0. 


z 

n(z—n) 
1 

A short computation gives for the residue in 0 the value —. All involved 


z 
residues are exactly the summands in the partial fraction decomposition 
III.7.13! 
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(-14i)(N+4) ‘Im (1+i)(N+)) 
We now integrate the function f along 
the boundary 0Qy of the square Qn 
with vertices in (+1 + i) (N + $). Its 
edges are parallel to the axes, and their 
length is 2N+1, N €N, and we more- 
over assume N > |z|. 


(-I-i)(N+3) (1-i)(N+3) 
On the integration path there are no singularities of f. We obtain 
. f(Q) de taz+=+ ~ 
a = —ncotmz+-— 
Zz 


277i Jagy ee n(z—n) 


z 


It remains to show that the integral in the L.H.S. converges to zero for N — oo. 
For this is enough to show that 7 cot tw is bounded on 0Qy, because of the 
estimate 


[2] 


f(¢) ic < const - 4(2N + 1) (We))(Vti-k) 
2 2 


| 0QNn 


In the region |y| > 1, y = Im z, we have 


1 + exp(—2r |y|) Z 1 + exp(—27) 


cot < . 
lcot mal < 1 — exp(—2z |y|) — 1 —exp(—2r) 


The boundedness of 


1 
root ( 2 (w+5)+w) for jy] <1, 


follows from the periodicity of the cotangent. 


In Section III.2 we have introduced the BERNOULLI numbers B, by the TAYLOR 
series 

co 

z Bor ox 


9(2) Or ea os 


and we found Bp = 1 and B, = —=. 


Using the BERNOULLI numbers, there is a direct connection to the TAYLOR expansion 
of mz cot 7z at the zero point, and then further to the special values of the RIEMANN 


zeta function at natural numbers 2,4,... . First, we have by definition 
Peers exp(iz) + exp(—iz) = exp(2iz) +1 
exp(iz) — exp(—iz) exp(2iz) — 1 
2iz 
apage1 ee 
2iz Bor 2k — 2" 2k 
-_ 1-— — ——_(2 =1 —1)*—— Box 
Bad a 2 ae + DUC" apy Bee # 
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We replace z by 7z, and obtain 
g2k 
nzcotmz =1+ xe 1)* —— 77?* Box 2k («) 


in a suitable neighborhood of 0. On the other side, (compare with HI.7.13) 


oe 


Tzcotmz = +>) 


—— 


Using the geometric series we see 


hence 


ye (- ee 
nmzcot7mz =1+4 2z (5) : 
m2 2 
area 


n=1 


We exchange the order of summation, to finally obtain 
mzcotTmz =1 -255 (>: =z) a 
k=1 \n=1 
Comparing with (*) we can isolate the values ¢(2k). 


Proposition III.7.14 (L. Euler, 1737) The values of the Riemann zeta function 
at the even natural numbers are given by the Euler formula: 


Examples. 
Using the values of Ba; listed at the end of Sect. III.2 we get 
4 8 8 10 


x? us us —— 
¢(2) = ra OF aas ¢(6) = 945 ° ¢(8) = 9450 and ¢(10) = 35-5-7-11° 


The values ¢(2n + 1), n € N, are less understood. However, we know that ¢(3) is 
irrational, [Apé], (R. APERY, 1978). 


Exercises for III.7 


1. Find the number of solutions of each of the following equations in the given 
domains: 


22° —5z+2=0 inf{zeC; |z|/>1}, 
2" —5z*+iz? -2=0 infvec: |z/<1}, 
2 +iz*—42+i=0 in{zeC; 1<|zj<2}. 


10. 
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The polynomial P(z) = z* —5z+ 1 has 
(a) one root a with |a| < +. 
(b) and the other three roots in the annulus 3 < |z| < 2 


Let A > 1. Show that the equation exp(—z) + z = X has in the right open 
half-plane {z€C; Rez>0 } exactly one solution, which is real. 


For n € No define 

2 

en(z) = dX aa 

For a given R > 0 there exists an no, such that for all n > no the function e,, 
has no zero in Up(0). 
Let f be analytic in an open set D containing the closed unit disk E = { z € 
C; |z| <1}. Assume |f(z)| < 1 for |z| = 1. 
For any n € N the equation f(z) = z” has exactly n solutions in E. Especially, 
f has exactly one fixed point in E. 
Let f : D — C be an injective analytic function on a domain D C C. Let 
U,(a) C D be a closed disk in D. For w € f(Uo(a)) prove the following explicit 
formula for the inverse function f~! of f, 


7 1 CFO) 
fw) =s aA ees 
20 |¢-al=e f(g) —w 
Let ai,...,a, € C be pairwise different non-integral numbers, Let f be an 
analytic function in C \ {a1,...,ai}, such that |z*f(z)| is bounded outside a 


suitable compact set. We set 


Tv 


g(z) :=mcot(mz) f(z) and = h(z):=—- f(z). 
sin 7z 
Show: 
N l 
ae a. f(n) =— > Res(g; a) , 
N 
wim 2a tet "f(n) = Yo Re (h; a;) 
Using exercise 7, show 
— nr _ n4.l 7 


Compute the integrals: 


Qn Fi 
cos 3t 1 
5—4cost Tapesne t R,a>1. 
| 5 —4cost : | (a + cost)? » aER,a> 


Qn : Qr 
sin 3t 1 5 
aa = ———, d= =. 
: 5 — 3cost ae | (5 — 3sint)? 32 


Show: 


188 III Sequences and Series of Analytic Functions, the Residue Theorem 


11. Show: 
a! T oe 7 
dz = — ae 
(a) | =m L a’ (b) | sai Tie 
fore) a? 1 a 1 1 
— == d —.—_ dx = — =. 
© ff aqe-f. © | apeni®-as 
12. Show: 
(a) /- a? dz = — (a > 0) 
oo (2? +47)? 2a’ 
re da T 
b =a 
(b) | = ees a 
as dx T 
(c) : G@oe\Gsh) dbase? 9): 
13. Show: 
°° cos T 
OR 
ia | wp !n 2 
a cos x T e? 67% 
oy oS ae (SF - ‘i ) tO USO oP s 
“cos 27x _ avs 
(c) ‘ Poel 3A : 
14. Show: 
/ _de_ _ rVTOV5+ VB 1 69 96... 
9 lta 25 


Hint. Let ¢ be a primitive root of unity of order 5. The integrand takes on the 
half-lines {¢; t > 0} and { t¢ ; t > 0 } the same values. Compare the integrals 
along these half-lines. 


Generalize the exponent 5 to an arbitrary odd natural exponent, and compute 
the integral. 


15. Show: 


co 2 3 foe) 
/ jog dz =~ , / Jee dx=0. 
o l+2? 8 9 l+2? 


[= T 
a dx = —. 
9 «w+i1 2e 


17. Give a proof for the following formula 


16. Show: 


/ e? dar, 


—oco 


by integrating 


exp(—z7) : mi/A 
= ———_ th a:= 
f(z) cea 2a) with a := ee" \/7 
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along the parallelogram with vertices in —R, —R+a, R+a and R, and by 
taking the limit R — oo. Also use the identity 


f(z) — f(z +a) = exp(—2’) . 


18. (MOoRDELL’s trick) Compute in two different ways 


| exp( 27i2z?/n ) a 


exp( 27iz)-—1 


n-1 +72 
Qnik 
in order to obtain for the GAUSS sum Gy, := s exp eccllaaty n EN, the following 
n 
k=0 


explicit formula: 


The integral is taken along one of the curves a = a(R) sketched in the figure. 


+iR +HR+n 


=e ar n—-e+aR 


—— - —iR -iR+n 
—-e-—aR n—-e—aR 2m 


Especially we have Gi = 1, G2 = 0, G3 =iV3, Ga = 2(1 +i), ... 

19. Assume that the polynomials P and Q, and the number a fulfill the same 
properties as listed in Proposition III.7.11, excepting the fact that we allow 
more generally simple poles on the real axis 71 < 72 <---: < Xp for P/Q. We 

P(2) 

Q(z) 


for sufficiently large values of r > 0, and sufficiently small values of € > 0: 


@1—€ wQ-€ Lp—e r 
I(r,6) = / +f feet f + f(x) dz. 
—7T xzy+e Lp—1te Lpte 


consider the function f(z) = exp(iaz), a > 0, and the following integral 
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Then the limit 
I:= lim I(r,e) 
e-0 


is called the CAUCHY principal value of the integral, sometimes denoted by 
P.V. f(x) dx . 


Show, “using the Residue Theorem for the sketched closed path the following 
formula: 


IS 2ni \ > Res(f; a) +nid- Res(f; xj) . 


acH j=l 


—r+ir r+ir 


IV 


Construction of Analytic Functions 


In this (central) chapter, we are concerned with the construction of analytic func- 
tions. We will meet three different construction principles. 


(1) We first study in detail a classical function using methods of the function theory 
of one complex variable, namely the Gamma function. 

(2) We treat the theorems of WEIERSTRASS and MITTAG-LEFFLER for the con- 
struction of analytic functions with prescribed zeros and respectively poles 
with specified principle parts. 

(3) We prove the RIEMANN Mapping Theorem, which claims that an elementary 
domain D # C can be conformally mapped onto the unit disk E. In this context 
we will once more review the CAUCHY Integral Theorem, prove more general 
variants of it, and gain different topological characterizations of elementary 
domains as regions “without holes”. 


The zero set and the pole set of a given analytic function f 4 0 are discrete subsets 
of the domain of definition of f. The following question naturally arises: 


Let S be a discrete subset of D C C. Let us fix for each s € S a natural 
number m(s). Does there exist any analytic function f : D — C, whose 
zero set N(f) is exactly S, and such that for any s € S = N(f) we have 
ord(f;s) = m(s)? 


The answer is always yes, but we will give a proof only in the case D = C. As a corol- 
lary, we obtain the existence of a meromorphic function with prescribed (discretely 
chosen) zeros and poles of given orders. Another proposition claims that for fixed 
prescribed poles, and fixed prescribed corresponding principal parts, there exists a 
meromorphic function with exactly this singularity behavior. (But the control on 
the zero set gets lost.) The solutions to both problems are closely connected with 
the names WEIERSTRASS and MITTAG-LEFFLER (the WEIERSTRASS Factorization 
Theorem and the MITTAG-LEFFLER Theorem). This way, we obtain new interesting 
examples of analytic and meromorphic functions, which are important for further 
applications. Moreover we also discover new alternative formulas for already known 
functions, and new relations between them. 


Both principles of construction are already encountered in the example of the 
Gamma function, which is the first we want to study in this chapter. 
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IV.1 The Gamma Function 


We introduce the Gamma function as an EULERian integral of the second 
kind (L. EuLEr, 1729/30): 


T(z) =, pte de, 
0 
with ¢7-1 := e@-Dlest  — logt eR, Re(z)>0. 
Name and notation go back to A.M. LEGENDRE (1811). 


At the beginning, we have to make some comments about improper integrals. 


Remark. Let S C C be an unbounded set, let 1 € C, and let f: S—> C bea 
function. The terminology 


f(s) ~1 (soo) oralso jim f(s) =1 


has the following meaning: 


For any € > 0 there exists a constant C > 0 with 
lf(s)-—Ij<e forallse€ SCC with |s|>C. 


In the special case of S = N, we obtain the notion of a convergent sequence 
(f(n)). The usual rules for the manipulation of limits remain valid. We don’t 
need to reformulate or prove them, because of 


lim, f(s) = lim f(1/e) 


s—oo 


A continuous function 
f:[a,bl —C, a<b<oo (b= is allowed) , 


is called improperly integrable, iff the limit 


[ f(a) dar := lim [ f(x) dx 


exists. 

The function f is called absolutely integrable, iff the function |f| is integrable. 
The absolute integrability implies integrability. More precisely: 

The continuous function f : [a,b|— C is (émproperly) absolutely inte- 
grable, iff there exists a constant C > 0 with the property 


t 
/ |f(x)| dx < C for allt € [a,b . 
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This is a direct simple generalization of the corresponding proposition (in real 
analysis) for real valued functions, after splitting a complex function into the 
real and imaginary parts. We do not prove the result in real analysis, but 
mention that it also uses a splitting, namely into the positive and negative 
part, in order to reduce the assertion to non-negative functions. Then one can 
use a monotonicity criterion. 


In full analogy, one introduces the notion of improper integrability for left 
open intervals, and continuous functions 


f:ja,b]} —C, -ox<a<b, 


and finally for (left and right) open intervals: 


A continuous function 
f :ja,o[—C , —o<a<b<w, 


is called improperly integrable, iff for some (or any) c €]a,b[ the restric- 
tions of f to a,c], and to [c,b[ are both improperly integrable. 


It is clear that this condition and the definition 


[1 des [1 dws f 2) a 


are independent of c. 


Proposition IV.1.1 The Gamma integral 


T(z) =| 1 e-* dt 
0 


converges absolutely in the half-plane Re z > 0, where tt represents an analytic 
function. The derivatives of the Gamma function are f given by 


Pz) = | #7! (logt)* et dt. (k E No) . 
0 


Proof. We split the I’-integral into two integrals as 


1 love) 
T(z) =i Coe a+ | poe" ae 
0 1 


and use 
epee (a = Re z). 


For any xo > 0 there exists a number C’ > 0 with the property 


t®-1 < Ce'/? for all x with 0<x<2, and forallt>1. 
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This ensures the absolute convergence of 


/ te dé 
1 
for all z EC. 


For the convergence of the first integral we use the estimate 
iu | <i for £>0 


and the existence of j 
1 
— dt (s<1). 
o 


Moreover, this estimate shows that the sequence of functions 


n 
fn(z) =| eae 

1/n 
converges locally uniformly to I’. Hence I is an analytic function. (The same 
argument shows that the integral from 1 (instead of 0) to oo is an entire 
function.) The formulas for the derivatives of are obtained by applying the 
LEIBNIZ rule to the functions f,, see also II.3.3, followed by passing to the 
limit n — oo. 


Obviously 


rman) =} é t=) =1, 
0 0 
By partial integration (u(t) = t*, v’(t) = e~*), we obtain the functional equa- 
tion 
I(z+1)=2zI(z) for Rez>0. 


Especially, for n € No 
I(n4+1)=n!. 
The I-function “interpolates” the factorials. 
An iterated application of the functional equation gives 


7 T(zgt+n+1) 
PES z-(z+1)---(z+n)- 


The R.H.S. has a bigger domain of definition than the L.H.S.! It gives thus 
an analytic continuation to the set of all z € C which satisfy 


Rez >-—(n+1)andz40,—-1, -2,..., —n. 


All these analytic continuations (obtained for various n), are unique by III.3.2, 
so they glue to a function that we also denote by I’. 


We conclude by collecting all previous properties of the Gamma function: 
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Proposition IV.1.2 The I’-function can be uniquely extended as an analytic 
function to C\ S, where S is the set 


S:= {0, -1, -2, -3,...}, 
and it satisfies for z€ C\ S the functional equation 
P(z+1)=2TI(z). 


The elements of S' are all simple poles with corresponding residues given by 


The I'-function is a meromorphic function in C with pole set S. 


Proof. It remains to compute the residues: 


Res(I’;—n) = lim (2 +n) P(z) = —_—— = 


Because of the estimate 
\['(z)|<I(a) for c>0 («=Rez), 


the J-function is bounded in any 


closed vertical strip of the form 
a b Re 


O<a<u<b. 
These properties of the I’-function already determine it: 


Proposition IV.1.3 (Characterization of the [-function, H. Wielandt, 
1939) Let DCC be a domain containing the vertical strip V CC 


Vi={z=r+iy; zr yER,1<ar<2}. 


Let f: D—C be an analytic function with the following properties: 
(1) f ts bounded in this vertical strip. 
(2) The following functional equation is satisfied: 


fe+l=czf(z) for z, z+1eED. 


Then 
f(a) =fOQ)@) for zed. 


Proof. Using the functional equation, we are able —in full analogy with the 
argument for the analytic continuation of [— to extend f to an analytic 
function C \ S, also denoted by f. Once more we have to avoid the points 


gE SH 1 0. <1 oP ode day 
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and the extension fulfills the functional equation (z € C \ $) 
flz+) =zflz). 


At the points of S it has simple poles, or removable singularities, and 


Res(f;—n) = ——f(1) . 


The function h(z) := f(z) — f(1) F(z) has thus in S removable singularities, 
hence it is an entire function. The function h is bounded in the vertical strip 
V. One can use the functional equation to enlarge the strip to the left, and 
prove the boundedness of h in strips of the form 


a<a<b<2, 


first under the additional condition |Im z| > 1. But the set [Im z| < 1, 
a < Re z < bis compact. 


Unfortunately this is not enough to apply LIOUVILLE’s Theorem. But one can 
use a trick: From the functional equation 


h(z+I=zh(z), (A(z) =f) -fOP) 
we obtain that the entire function H : C — C, defined by 
H(z) := h(z)h(1 — z) 
is periodic up to the sign: 
H(z+1)=—-H(z). 


The function H is bounded in the vertical strip { z € C; 0 < Rez <1 } since 
this strip is invariant under z + 1 — z. Therefore, H is bounded in C. Now 
LIOUVILLE’s Theorem implies that H(z) is constant. Because of h(1) = 0 this 
constant is zero. It follows h = 0. 


We would like now to develop a product formula for the J’-function. First 
we have to establish some fundamental facts about infinite products. We will 
reduce the study of infinite products to the study of infinite series, by using 
the complex logarithm. In principle we want to define 


Il bn i= so bet : 
n=1 n=1 


But this has to be done with caution. First, some factors could vanish, and 
secondly because of the problematic of the complex logarithm. We will assume 
from the beginning that the sequence b,, converges to 1, (“just as” the sequence 
of the summands of a convergent series converges to 0). We then write 
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bh =lt+a, , 
and (a,,) is a null sequence. Then there exists a natural number N with 
lan|<1 for n>N. 
We can now set 
fore) N fore) 
I] git - exp ( S- Log(1 + «)) 5 
n=1 4=1 n=N+1 
where Log is the principal value of the logarithm. It is given in the domain 
(|z| < 1) by the series 


Log(1 + z) = ee ye, 


We call the infinite product (absolutely) convergent, if the corresponding se- 
ries is absolutely convergent. (We do not want to deal with non-absolutely 
convergent products.) For sufficiently small values of |z|, e.g. |z| < 1/2, we 
have the inequalities 


1 
slel < [Log +2)| < 2lel . 


The absolute convergence of the series of logarithms is thus equivalent to the 
convergence of the series 

Co 

do len - 

n=1 


Conversely, this condition implies that the sequence (b,) converges to 1. It 
has the advantage that there is no need of N. We finally define: 


Definition IV.1.4 The infinite product 
(1+ a1)(1 + a2)(1 +.a3)--- 
converges absolutely, iff the series 
|ai| + |a2| + Jas] +--- 
converges. 
The preliminary discussion has led us to the following 
Lemma IV.1.5 /f the series 
a1 + Ag + a3 4+°"° 


is absolutely convergent, then there exists a natural number N with \ay| <1 
for v > N, and such that we have 
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(a) S- Log(1+a,) converges absolutely. 
n=N+1 
(b) lim, [[ G+) =@+a1)--- (+ ay) exp ( S > Log(1 =) 
v=1 n=N+1 


The limit in (b) is independent of the chosen N. We call it the value of the 
infinite product, and denote it by 


Co 


[[ G+ an) . 


n=1 
From IV.1.5 (b) we also deduce: 
Remark IV.1.6 The value of the absolutely convergent (infinite) product 


(1 + ay)(1 + az)(1 + a3) re 


is not equal to zero, iff all factors (1+ ay) are not equal to zero. 


Caution: The product 


is not an absolutely convergent infinite product in our sense since its factors 
don’t approach 1. 


Remark IV.1.7 Let 
fit fot fat--: 


be a normally convergent series of analytic functions defined on an open set 
DCC. Then the infinite product 


(1+ fi)(1+ fo) + fs) <> 


defines an analytic function F : D— C. 


In addition: The zero set N(F) of F is the union of the zero sets of the 
functions 14+ fr(z), n EN. If F is not identically zero, then for z ¢ N(F) 


and the above series converges normally in the complement of N(F). 
Terminology. The infinite product (1+ f1)(1+ f2)(1+ fs) +--+ is called nor- 
mally convergent, iff the corresponding series f, + fo+f3+--- 1s normally 
convergent. 
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Proof. In any given compact set we have | f;,(z)| < 1/2 for all but finitely many 
n. Lemma IV.1.5 then shows the normal convergence of the series underly- 
ing our infinite product. The additional result follows from WEIERSTRASS’ 
Theorem after termwise differentiation. 


After this excursion to infinite products, we come back to the I’-function. The 
function 1/I has zeros in 


z=0,—-1, -2, -3,... 


One may speculate that it is related to the infinite product 


0.45) (049) (043) 


but this doesn’t converge absolutely. But we have 


Lemma IV.1.8 The series 


CoO 


> [+ =)-e# - 1] 


n=1 


converges normally in the entire complex plane C. 
Corollary. The infinite product 
z z 
H(z): Ie e€ 
defines an entire function H with the property 
H(z)=0 => -zeN. 


Proof. Considering the TAYLOR expansion we get 
a 
(ltwje"%-1= aes + higher order terms . 


Hence, for any compact set kK C C there exists a constant C' = Cx with the 


property 
|\i+twe”-1/< Clw|* forall wek. 


The series in IV.1.8 is thus up to a constant factor dominated by 


a | 


There is one further important way to rewrite the infinite product H(z), which 
goes back to GAuss (1811) but was already known to EULER (1729, 1776). 
From real analysis we recall the well-known existence of the limit 
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: 1 1 
vy := lim (1 + 5 lie - logn) (= 0.577 215 664 901 532 860606512 ...), 


the EULER-MASCHERONI Constant (see also Exercise 3 in Sect. IV.1). 
Lemma IV.1.9 Let 


n 


Gn(z) = ze77 8” II (1 + =) : 


v=1 


Then 


Corollary. The function 


is analytic in the entire C, and has simple zeros exactly in the elements of the 
set 


S={0,-1,-2,...}. 
Proof. We rewrite 
— yp%(1t+--+1/n—log n) (1 =) —z2/v 
G,(z) = ze if + ma . 


v=1 


Proposition IV.1.10 (Gauss’ Product Representation, C.F. Gauss, 
1811-12) ForallzEC 


Corollary. The Gamma function has no zeros. 


Proof. We check the characterizing properties of the Gamma function, IV.1.3, 
for the function 1/G. First, we observe that 1/G is analytic in a domain 
containing the vertical strip 1 < a < 2, x := Rez. 
(1) 1/G(z) is bounded in this vertical strip. 
This is because 

ntfan, 


and 


jetvl>at+v. 


(2) Functional equation. 


A trivial computation shows 
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1 
2Ga(z+1)= att Gn(2) 


(3) Normalization. 


1 
G,(1) =14 — forall n. 
n 


As already pointed out during the proof of IV.1.3 (for the function h), it is 
useful to associate to I” the function 


f(z) :=T(2z)T-z). 


It is periodic up to sign, 
f(z+1)=—-flz) ; 


having thus the period 2. It has simple poles at all integers, and the corre- 
sponding residues are 


Res(f;—n) = lim (2 +n) D(z) P—2) = (-1)". 


The same properties are are shared by the function 


T 


sin7z | 


Proposition IV.1.11 (L. Euler, 1749) For all z<¢ C—Z we have: 


Completion Formula 


I(z)P—2z)=— 


sin tz 


First Consequence. I'(1/2) = /7, and in general we have: 
1 ae 1 


Second Consequence. 


3 o° 2 
meee a Il (1 _ =) (absolutely convergent product) . 
n 


is bounded on the set 
O<a<1, |yl>1, 


and has at z = n, for n € Z, a removable singularity. It is thus an entire 
function. The rectangle 
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O<a<1, |yl<1, 
is compact, therefore, h is bounded in the strip 0 < « < 1. Being periodic up 


to sign, h is bounded in C. By the LIOUVILLE Theorem, h is a constant. The 
constant has to be zero because of 


The first consequence is trivial. The second consequence follows from the 
infinite product representations of 1/I°(z). 


Remark. From the product expansion for the sine, we get a new proof for the 
partial fraction decomposition of the cotangent, II.7.13, just using 


1 1 
t =- y 
T Cot Tz re l[—+ 


neZ 
nA~0 


=) = 


aor) (4) 


has the characterizing properties of the Gamma function. The normalizing 


constant 
fl) =vVa 


Proof. The function 


is determined by IV.1.11. 


To conclude this section, we generalize the classical STIRLING Formula (J. 
STIRLING, 1730), 


from the factorials to the Gamma function, and prove it using complex anal- 
ysis. 
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We denote by Log z the principal branch of the logarithm on the slit plane 


C_. The function 


2-4 2-4) Log z 


:= ef 
is analytic on this domain. 


We now look for an analytic function H, defined on the slit plane C_, such 
that the associated function 


h(z) = ze *eH(®) 


possesses the characterizing properties of the Gamma function, i.e. we want 
to prove the generalization of STIRLING’s formula from an identity 


I(zj)=A-h(z), AEC. 
The functional equation h(z+ 1) = zh(z) is of course satisfied, when we have 
H(z) — H(z+1) = Ho(z) 


with 
Ho(z) = (2+ 5) [Log(z + 1) — Logz] -1. 


The natural candidate of such a function is given by the series 


= » Ao(z+n), 
n=0 


provided it converges (GUDERMANN’s series, C. GUDERMANN, 1845). 
Lemma IV.1.13 We have 


2 
forz€C_, 


1 
<a 
|Ho(z)| < 5 


1 
2z+1 


Corollary. The series 


= to (z +n) 


converges noeeualiy in the slit plane C_, where it defines an analytic function. 
In any angular domain 


Wriai z= lgle*; —1+5 <y<7-6 } 


with 0 <6< 7 we have 
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Proof. In the region Re z > 1 we have the identity 


1 1 l+w 
tl 1 
with = . 
Oe +1 


It is an identity of analytic functions, for in the given region, the numbers z, 
1+ 2,1+1/z and w are not negatively real. It is thus sufficient to prove it 
only for real positive numbers, but this is clear. 

In the given region we have |w| < 1, and a simple computation leads to the 
‘TAYLOR expansion 


3.° 5 
By means of the geometric series we get for |w| < 1/2 the estimate 
4 1 
|Ho(z)| <5 Jul? < q Jul? 


Proof of the Corollary. The normal convergence of the series defining H(z) in 
the slit plane is an obvious direct consequence of the Lemma IV.1.13. We still 
have to show that H(z) converges to 0 in angular domains. In any angular 
domain W; we have the estimate 


Holz +n)|< 29 n> ee, 


where C'(d) and N(0) depend only on 6. For a given « > 0 we can then enlarge 
N(6) to also ensure | )/,5.n(6) CO) <6. 


Each of the finitely many summands corresponding to n < N(0) converges to 
0. We obtain, as claimed, that H(z) converges to 0 in Ws. 


Now we know that the function 
A(z) := 27 Fe *eHl2) 
is analytic in the slit plane C_, where it also satisfies the functional equation 
h(zg+1)=zh(z). 


Claim. The function h is bounded 
in the vertical strip 


{ «+ iy ; l<a<2,yeER}: 
Proof. (1) We first show that the 2 2] 3] Re 
function 


1 
t= exp ((: - 5) Log) 
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is bounded in the vertical strip 
{(z,y); a<a<b,yER}, O0<ac<b. 


For this we show that the expression 


Re ((-- 5) Log =) = (x- 5) Log |z| — y Arg z 


is bounded from above. For y = Im z — +oo we have correspondingly 


Arg z— Ae 


2 ’ 
which easily implies 
1 
Re ((c - 5) Los :) — —00 for |y| > oo because of 
yl \ 
( ) — 0 for |y| > co. 
log |z| 


(2) From IV.1.13 we see that H(z), and hence also exp(H(z)) is bounded in 
the strip 1 <a <2. 


We have checked the characterizing properties of the Gamma function, and 
obtain ['(z) = A-h(z) . The normalizing factor can be determined by means 
of LEGENDRE’s Relation IV.1.12: 


vas A(1+ “yn 9-4 -exn(=5 +H(=) +H("= *) = H(n)) 


For a — oo, the convergence of H(x) — 0, and of 


Tl a /2 
ieee 
x 


lead to A= 27. 


Proposition IV.1.14 (The Stirling Formula) Let H be the function 


In any angular domain W(6),0<6<7, we have H(z) — 0 for z — ov. 
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The ordinary Stirling Formula 
From the estimates for Ho(z) we obtain for any positive real « 


0< Fle) < p= 5 (4-5) ; 
hence 12 ‘ j ; 
0<H@) <a> (sa- seed) “Be 
and thus finally 
= sth tie Si eres. 


= oe 


From n! = nI'(n) follows 
nn @A(n) 
*) elm, 0<@An)<1. 


nl = V20n (- 
e€ 


This is the ordinary STIRLING Formula for n! 


Exercises for IV.1 
Which of the following products are absolutely convergent? Find the corre- 


° sponding values, when they exist. 
(a) I (:-5) (b) 1@-3) - 
© fit-ma) © H(-sh) 


2. The product []>-., (1 + 2") is absolutely convergent, iff |z| < 1. If this is the 


v 1 
1 oe 
(1+2 1l-z 


co 


case, then 


i=} 


v= 


3. Show that the sequence (y,) defined by 
= pei 
are ae oe 


is (strictly) decreasing, and bounded from below by 0. Hence the following limit 


ve 


exists: 
lim Yn *& 0.577 215 664 901 532 860 606 512 090 082 402 431 042 159 ... 
(The Euler-Mascheroni Constant). 


10. 
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Show that the EULER Product Formula for 1/I’ can be obtained from Gauss’ 
representation of I’, and conversely. For this, recall: 


: nin “3 
1 z - z —z/n 
ae = ze” Il (1 + =) e*/ (L. EULER) 
n=1 


A further characterization of T : Let f :C\S— C (S as in Exercise 5) 
be an analytic function with the following properties: 


(a) f(z+l1)=2zf(z) and (b) tim Ee) a1 : 
Then f(z) = f(1)P(z) for all z EC—S. 
Show: ‘ofp Wh? 
Ng) ee) a) 
Show: : ' 5 7 
PO) = aaa Ir(5+w) eer 


An alternative proof of the Duplication Formula. The expressions I'(z)I" (z + 3) 
and I'(2z) define two meromorphic functions with the same poles, which are 
simple. Hence there exists an analytic entire function g : C — C with 


reor(« re 5) ep rOe. 


Show that g is a polynomial of degree < 1, and deduce 
reor(z + 5) = 217" /m (22) . 


A characterization of I using the Duplication Formula. Let f : C > C bea 
meromorphic function, and assume f(z) > 0 for all « > 0. Also assume 


f(z+D=zf(z) and Vrf(2z) =2?**f(z)f (: 4 5) 


Then f(z) = I°(z) for all z € C. For the proof, use the following auxiliary 
result: 


Ifg:C + C is an analytic function which satisfies g(z + 1) = g(z), g(2z) = 
g(z)g(z+4) for all z €C, and g(x) > 0 for all x > 0, then g(z) = ae’* with 
suitable constants a and b. 
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11. The Gauss Multiplication Formula. For any p € N 


F(s)e(=2)-r( 41) = costo 


Hint. Prove for 


the characterizing properties of I’. 


12. The EULER beta function. Let DC C be the half-plane Re z > 0. 
For z,w € D let 


B(z,w) := iG | ae ae 


B is called EULER’s beta function. (Following A.M. LEGENDRE, 1811, it is 
Euler’s integral of the first kind.) 
Show: 
(a) B is continuous (as a function of two variables). 
(b) For any fixed w € D the map D => C, z+ B(z,w), is analytic. 
For any fixed z € D the map D > C, w+ B(z, w), is analytic. 
(c) For all z,w € D 


1 
B a = -B Bil = 3 
(d) The function 
_ Be,w)P(z+wv) 
I) = Tay 
has the characterizing properties of I’. We thus have for Re z > 0 and 
Rew > 0: 
_ Flr) 
B(z,w) = Tee) 


We can thus reduce the study of the beta function to the study of the 
Gamma function. 


oo t271 
(e) B(z,u) = [ G+ @- 


n/2 
(f) B(z,w) = 2 | (sin y)?*—*(cos y)?”~* dy . 


13. If wn is the volume of the n-dimensional unit ball in R”, then 


1 n=1 an/2 
fin = Bina f 1-#) 7 dt=—_—_ 
“he ne) F(e+1) 
14. The Gauss w-function is defined by 7(z) := I''(z)/I'(z) . 


Show: 


(a) w is meromorphic in C with simple poles in S:= { —n; n€No } and 
Res (W; —n) = —1. 
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(b) (1) = —-+. (7 is the EULER-MASCHERONI Constant). 


(e) w)=-7-4-( + -2). 


a 2a \2 +V Vv 
(f) wW(z)= > —F , where the series normally converges in C. 
v=0 


(g) For any positive x 


eee 
(log P)"(x) =) —— > 0, 
: D (a+ v) 


the real J’-function is thus logarithmic convex. 


The Bohr-Mollerup Theorem (H. Bour, J. MOLLERUP, 1922). Let f : 
R§. — R& be a function with the following properties: 


(a) f(wv+1)=af(x) for alla >0 and (b) log f is convex. 
Then f(x) = f(1)P(a) for all x > 0. 
For a € C, and n €N let 


(:) _ a(a= 1+ (a=n=1) (;) aa 
nj n! ' 0} - . 


Show that for all a € C\ No 


& _ "r(n- a) (ae ae 


nn) T—-a@rw@+l) ~ Pa)” POS 


i.e. the quotient of the expressions on both sides converges to 1 for n — oo. 
1 
T 
1 1 = 


pays z d 
FQ) ~ ard, w ~ exp(w) dw , 


The Hankel Integral Representation for = (H. HANKEL, 1864). For any z € C 


1€ 


where 7;,- is the HANKEL contour sketched in the figure. (This path is called 
in German “uneigentlicher Schleifenweg”.) 
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IV.2 The Weierstrass Product Formula 


We consider the following problem: 

Let there be given a domain D C C, and a discrete subset S in D. For any 
s € S$ let us fix a natural number m,(> 1). 

Does there exist an analytic function f : D — C with the following properties: 


(a) f(z) =0 — = 2€S, and 
(b) ord(f;s) =m, for each s € S$? 


One can indeed construct such functions using WEIERSTRASS products. We 
will restrict for simplicity to the case D = C. 

Because the closed disks in C are compact, there exist only finitely many s € S 
with |s| <_N. We can thus count the elements of the set S, and we can sort 
them to have increasing absolute values 


S = {s1, 82,...}, 
|s1| < |s2| < |s3| <--- 


If S' is a finite set, a solution to our problem is: 


[[¢ —s)™, 


ses 


For an infinite S, this product will in general not converge. We can and will 
assume, that the zero point is not contained in S, because we can multiply, a 
posteriori, with z’”. 

The advantage is that we can consider the infinite product 


ioe) 2 Mn 
I] 1 ’ Mn i= Ms, 5 
Sn 


n=1 


which has some better chances to converge. 


Sometimes, this product converges normally, e.g. for s, = n?, mn = 1, 


but this does not always happen, e.g. for s, = n and m, = 1. Following 
WEIERSTRASS we change our first approach, by introducing new factors which 
don’t change the vanishing behavior, but which enforce convergence. 


New approach. 


Here P,,(z) are polynomials which still have to be determined. We must at 
least ensure for any z € C 
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In this connection we remark: 


There exists an analytic function Ay on the open disk U).,\(0) with 


(: _ =) e“n() = 1 for any z€ Uis,|(0) , and 


Sn 
A,(0) =0. 
The existence of A, follows directly from II.2.9. Obviously, A, is unique, and 
we will give an explicit formula a little later. 


The power series expansion of A, in the disk U),,)(0) converges uniformly 
in any compact set K C Uj,,\(0). If we truncate this power series at some 
suitable order, we obtain a polynomial P,, with the property 


1-(1-2) "ere 
Sn 


From the convergence of the series 1 + + + s +--+ follows: 


1 1 
<— forallz with |z|<—-|s,| . 
n? 2 


The series 


is normally convergent, because in any compact disk |z| < R it is dominated by 
the series )) ++, with the exception of the finitely many terms with $|sn| < R. 


This discussion has led to the following Theorem: 


Theorem IV.2.1 (The Weierstrass Product Theorem, first variant, 
K. Weierstrass, 1876) 
Consider a discrete subset S C C and a map 


m:S— ON, SHIMs . 
Then there exists an analytic function 
f:Cc—C 


with the following properties: 


(a) S=N(f):={zeC; f(z)=0}, and 
(b) m, =ord(f;s) for allseS. 


f has thus its zeros exactly at the points s € S, and in any s € S the order 
is the prescribed value m;. By construction, f has the form of a (finite or 
infinite) product, from which one can read off the position and order of the 
zeros of f. We use the terminology: 
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f is a solution of the zero distribution { (s,m;); s€ S }. 


Together with f, any other function of the form 


F(z) = exp(h(2)) f(2) 


for entire h is also a solution of the same zero distribution. 


Conversely, for any other solution for the same vanishing distribution F’ the 
quotient g := F’/f is a non-vanishing entire function, and II.2.9 ensures the 
existence of an entire h with exph = g = F/f. 


An important application of the WEIERSTRASS Product Theorem is 


Proposition IV.2.2 A meromorphic function C — C is representable as a 
quotient of two entire functions. In other words, the field M(C) of all mero- 
morphic functions in C is the quotient field of the integral domain O(C) of all 
entire functions. 


Proof. Let f € M(C), f #0, and let S := S(f) be the set of poles of f. Then 
S lies discretely in C. We set m, := —ord(f;s), the pole order of f for any 
s € S. Using these data as zero distribution, there exists an entire function h 
with N(h) = S, and ord(h; s) = m,. The meromorphic function g := fh on C 
has then only removable singularities, so it is an analytic function on C. We 
have f = g/h. By the way, in this representation the functions g and h have 
no common zero. 


Practical construction of Weierstrass products 


Our existence proof gives us polynomials P,, which often have very large degrees. 
An improvement is obtained by refining our argument. First of all, we determine 
the power series A,;,. One simply checks, 


Ae) =m (2 45(2) 42 (2) 4) . 


The polynomial P,, is obtained by truncation at a suitable position, 


kn v 
Pr(z) = mn 2 (=) with a suitable k, CN. 


v=1 
We introduce the so-called WEIERSTRASS elementary factors Ex, 
2 k 


Eo(z):=(1-—2), Ex(z):= (-z)ep(2+ 540-4 


z 
Bt) ben. 


The infinite product takes the form 


I (#.(2))"". 


n=1 


IV.2 The Weierstrass Product Formula 213 


For this infinite product, a so-called WEIERSTRASS product, we work out an im- 
proved proof for the convergence, which gives more precise conditions for the choice 
of the degrees of the polynomials P,,. This proof is based on the following two Lem- 
mas: 


Lemma IV.2.3 Let m> 0, and k > 0 be two integers. Under the assumption 
2|z| <1 and Dale <1 


we have 
|Ex(z)™ - 1) < Am |z|"tt F 


The elementary proof is left to the reader. 


Lemma IV.2.4 Let (sn)n>1 be a sequence of complex numbers not equal to 0 such 
that 
lim |sn| = co. 


noo 


Let (mn)n>1 be an arbitrary sequence of natural numbers. Then there exists a se- 
quence (kn)n>1 of non-negative integers, such that the series 


co 
dM 


n=1 


knt+l 


z 
Sn 
converges for all z in C. For instance, the choice kn > mn +n is possible. 


Proof of IV.2.4. Let us fix z € C. Because of limn—oo |8n| = 00 there exists an 
no € N, such that for all n > no 


Hence for n > no 
z 


kyntl n+m n 
n 1 n 1 

eae <mn|= =" ee 

=| sm™(3) <(3) 


We obtain a second form of the WEIERSTRASS Product Theorem: 


Mn 


Theorem IV.2.5 (The Weierstrass Product Theorem, second variant) With 
the choice of the sequence (kn) as in IV.2.4, the Weierstrass product 


TL (#(2))” 


converges normally in C, and it defines an analytic function f : C — C, whose 
zeros are located exactly at the points s1, 82, 83,... with the prescribed orders 
m1, M2, 3,...-- 


The function fo(z) := 2° f(z) has an additional zero of order mo at the origin. 
Starting from the convergence of 


oo 
dm 
n=1 


yz [entd 


Sn 
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for all z € C, we only have to show the (normal) convergence of 


Tl (#(2))””. 


Equivalently, we have to show the (normal) convergence of 
¥ (#(5)-2) 
Sn 
n=1 
Let R > 0 be arbitrary. We then choose N sufficiently large, such that for any n > N 
R 1 
|Sn| ~ 2° 
The summands of a convergent series tend to zero, hence after enlarging N if nec- 


essary, we have 


kn+1 
2m, (=) <lforn>N. 


|sn| 


The estimate of Lemma IV.2.3 gives for any n > N, and any z with |z| << R 


kn+1 kn+1 
Mn n R n 
‘B,(=) » i < Amn (=) < 4mn (+) 
Sn |Sn| [Sn 


The claimed normal convergence follows now using Lemma IV.2.4. 


Examples for the Weierstrass Product Theorem 


In the following we use the more comfortable, refined version I[V.2.5 of the 
Product Theorem. One could avoid this, because in each particular example 
the convergence of the involved series could be proven directly. 


1. We search for an entire function f, which has simple zeros at the squares of 
integers > 0. Because 77°, |z-n~?| converges for all z € C, we can choose 
kn = 0 for all n € N. A solution is 


2. We search for an entire function f, which has simple zeros in Z. For this 
we order the integers: 


S9=0, 5: =1, Sg=-l1,... , San_1 =", Sn =—N,... 


The WEIERSTRASS Product Theorem gives the solution 


because the series 
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ee) Zz 2 i [e-e) 1 
ye] =F? oe 
n=1 Sn n=1 Sn 


converges for any z € C. One has: 


2N P 
f(z) =< lim (1 - =) e7/8n 


I 
XR 
fa 
ge 
z 
a o™~ 
me 
| 
S18 
bo i) 
so 


The last infinite product converges absolutely! 

Another solution to the same problem is sinaz. The logarithmic derivatives 
of both solutions coincide because of the partial fraction decomposition of the 
cotangent function, II.7.13: 


COs 7Z t 1 x 3 22 
T =7cot mz = — >— . 
sin 1z Zz z2 — 2 

n=1 
The two solutions differ by a constant factor. After dividing sin mz by z, and 
passing to the limit z — 0, we find for this constant the value 7. 
We have thus found a new proof (compared with Sect. IV.1) for the product 
expansion sin 7z as an infinite product, 


[oe} 


sina z= 1z | | 


3. Let w1, w2 € C be two complex numbers, which are linearly independent 
over R, i.e. they don’t lie on the same line through the origin. We call 


L := L(w1,w2) = Zw, + Zw 


the lattice spanned by w, and wz. We now are looking for an entire function 
a:C-—C, which has simple zeros exactly at the lattice points. For k € N let 


Lr = { tw) + tows ; t1,t2EZ, max {|t1|, |t2|} = & } ‘ 


This set contains 8k elements, and L = ear L;,. Corresponding to this de- 
composition of L we order its elements as follows: 
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so = 0, 81 = Wj, 82 = Wi +2, 83 = We, 84 = —W1 + W2, 85 = —W1, 56 = 
—W1, — W2, §7 = —W2, §8 = W1—W2, 89 = 2w1, $10 = 2W + W2, sees 

The sequence of the absolute values of (s,,) is not monoton increasing, but we 
have lim |s;,| = co. 


Co 


Sn 


n=1 


Proof. We can find a constant d, such that |w| > kd for all w € Ly. Using the 
estimate 


oe) 3 co 3 love) 3 3° 0 

[z| 8|2| 1 
pS lig? 2 8 sy () =a Les 
n= k=1 sp€Ly k=1 k=1 


we are done. 
We take k, = 2 for all n € N, and find 


an entire function with the requested properties. 


Because of the absolute convergence of this product, we can write 


sen) == IT{(-3) vexp(2+5(2) )} | 
wH0 


The function o is called the WEIERSTRASS o-function for the lattice L 
(WEIERSTRASS, 1862/63). The logarithmic derivative of the o-function 


((2) = Cat) = 14 { : +t} 


Z-W WwW Ww 


is called the WEIERSTRASS ¢-function (of the lattice ZL). The negative deriva- 
tive 
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—C'(z) = —C'(z; L) =: pz; L) 
is the WEIERSTRASS ¢-function (of the lattice L), explicitly: 


This function plays a fundamental role in the theory of elliptic functions, 
Chapter V. One can interpret the WEIERSTRASS g-function as a MITTAG- 
LEFFLER partial fraction series. Such series will be treated in the next section. 


Exercises for IV.2 


1. Show for the WEIERSTRASS elementary factors E, the properties: 


2 k 

(a) E,(z) =—z* exp («+ St) : 

(b) If Ee(z) = OP) avz” is the TAYLOR series of Ex in zero, then ao = 1, 
a1 =a2=:::=a, = 0, anda, <0 forv > k. 


(c) For |z| <1 one has |£(z) — 1] < |z|*t?. 


2. The WALLIS Product Formula (J. WALLIS, 1655). 


Hint. Use the product formula for sin 72. 


3. Show: 
= Az? aa 2z 22 
= - —- _— 2n—1 
i xe IL(: — IL (1 ye 
TZ. TZ VY (—1)” 
(b) cos sin = TT (1+ 2) a 


n=1 
4. Let f : C — C be a meromorphic function, such that all its poles are simple 
with integral residues. Then there exists a meromorphic function h : C —> C 
with f(z) =h'(z)/h(z) . 


5. Let R be a commutative ring with unit element 1. The set 
R°:={reéR; rs=1 for a suitable se R } 


is the group of units of R. An element r € R \ {0} is called irreducible, iff it is 
not a unit, and the relation r = ab implies either a€ R® or b€ R® . A prime 
element p € R \ {0} is characterized by the property 


p¢R* and(p|ab => p|aorp|b), 


where “|” denotes the divisibility relation. Moreover, if the ring R as above 
has no zero divisors, then it is called an integral domain. If any element r € R, 
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r #0, has a product decomposition (unique up to a possible permutation of 
the factors) of the form 


r=€pipe:::Pm, ECR, 


with finitely many prime factors pi, p2,...,Pm, then R is called factorial, or a 
UFD (unique factorization domain). 


An ideal in a ring R is an additive subgroup a of R with the property 


ae€a,reER raga. 


An ideal is called finitely generated, iff there are finitely many elements 
a1,.--,An € R with 


a= | Sone ver | : 
v=1 


Finally, an ideal a is said to be principal, iff (it is finitely generated and) in the 
above representation we can choose n = 1. 


Let R = O(C) be the ring of analytic functions in C. 


(a) Let a be the set of all entire functions f with the following property. 
There exists a natural number m, such that f vanishes at all points of 
mZ = { 0, +m, +2m,... }. Show that a is not finitely generated. 


(b) Which are the irreducible elements in O(C)? Which are the prime elements 
in O(C)? 
(c) Which are the invertible elements (i.e. the units) in O(C)? 


(d) O(C) is not a UFD, i-e. there exist elements 4 0 in O(C) which cannot be 
wrtiten as product of finitely many prime elements. 


(e) Any finitely generated ideal in O(C) is principal. 
Hint. This Exercise is not obvious. It is enough to show that any two entire 
functions f, g with no common zeros already generate the unit ideal. This 
means that there exist A,B € O(C) with Af + Bg =1. 
Take A = (1+ hg)/f for suitable h € O(C). 
For the proof, it can be used that for any discrete subset S C C, and for 
any function ho : S — C there exists an entire function h : C — C which 


equals ho on S. In fact, more is true, one can even prescribe for any s € S’ 
finitely many TAYLOR coefficients (see also Exercise 5 in the next section). 


IV.3 The Mittag-Leffler Partial Fraction Decomposition 


If we replace in IV.2.5 the function f by 1/f, then we obtain meromorphic 
functions with prescribed poles of prescribed orders. But we can do more, for 
each pole we can prescribe the principal part of the LAURENT series. 
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Theorem IV.3.1 (The Mittag-Leffler Partial Fraction Decomposi- 
tion, M.G. Mittag-Leffler, 1877) Let S C C be a discrete subset. For any 
point s € S let us fix an entire function 


hs: CC, h,(0)=0. 
Then there exists an analytic function 
f:C\S—C, 
with the principal part in each s € S encoded by hg, i.e. 
ik 


z—S8 


f(2) — hel F ses, 


has a removable singularity at z= s. 


If the set S is finite, then we can immediately write down a solution of the 


problem, 
ie) = Sa() ; 


ses 


But we cannot expect convergence for infinite S. Similar as in the case of 
the WEIERSTRASS product, we can introduce new summands that enforce 
convergence. So let S be an infinite, discrete set in C. We order the elements 
of S, such their absolute values increase, 


S = $0; 81; 80, +.0 $4 |90| S [Sa] S [ea] <*> 


Each of the functions 


2 tn : iE hni=hs, , neN, 


Z— Sn 
is analytic in the disk 
lz] < [snl , 


and hence representable as a power series. After a suitable truncation we find 
polynomials P,, with the following property: 


Y [ (saa,) 


n=N 


The series 


converges normally in the region |z| < |sn|. 


For instance, we can choose P,, such that 


hn (—) — Py(z)| < 


So we obtain that 
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f(z) = ho (—) : x Ge (—) - Pa(2)| 


n=1 


defines an analytic function in the domain C\S having the prescribed singular 
behavior in S. Any series which is obtained by this procedure will be called a 
MiITTAG-LEFFLER partial fraction series. We say that 
f ts a solution of the given principal part distribution. 


If f is a solution of a principal part distribution, then so is also 
fo:=f+g9, with g an arbitrary entire function. 


This is the general solution of the principal part distribution, because for two 
solutions fo and f for the same principal part distribution in the difference 
fo—f =: g the principal parts cancel and we get an entire function. Conversely, 
adding an entire function does not change singularities and corresponding 
principal parts. 


Examples. 


1. Partial fraction series for — ; 
sin 7z 


This function has singularities located in S = Z. All of them are simple poles 
with principal part 
(= 


zZ—-n- 


The power series expansion of this function is 
—1)" —1)"+1 z 2 
See a, 
zZ—n n non 
We truncate at the first position. In the region |z| <r, r > 0, we have 


(yr (ye 


2r 
<-— for n22r. 
z—n n n 


The series ; Gn ii 
nore E45 [RE HY 
n#0 


is then a MITTAG-LEFFLER partial fraction series. Grouping the terms for n 
and —n together, we obtain 
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Claim. We have the identity 


Co 
sin 7z we 


Proof. Once more, we use the partial fraction decomposition of the cotangent, 
III.7.13, and the relation 


- = cot a cot z. 

sin z 2 

A direct proof by means of LIOUVILLE’s Theorem can also be given. We leave 
this as a non-trivial exercise to the reader. 

2. The I’-function has the singularities in S = {—n; n € No}. All of them are 


simple poles, and the residue in z € S is Res(I;—n) = as = . The principal 


parts are thus 


The function 


Oe eo = ae 


ntoz+n 
n=0 


is entire, for the convergence is ensured by the factor n! in the denominator. 


We can find another expression for g, in fact 


g(z) =| ile" dt. 
1 


This can be seen by considering the difference 


1 ee) 
| pole? gi= Ts) -| tte tdt (Rez>0), 
0 1 
then expanding e~* as a power series around zero, and finally exchanging 
the integral and the sum. By the way, this is a new proof of the analytic 
continuation of [to C\ S. 


For the I’-function we conclude the decomposition (E.F. PRyM, 1876) 


3. We come back to the WEIERSTRASS g-function, Sect. [V.2, Example 3. 
We are searching for a function which has in all lattice points poles of second 
order with residue 0, and principal part 
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For n > 1 we once more consider the power series expansion 


1 1 IF 1 z z 
hn ( a eer dat aie aie ae 
&— Sn Sn (1 — z/8n) Sn Sn Sn 
and it is enough to truncate at the first position, P,(z) := 1/s?. Then we 


have: 


1 1 1 22S — 2? 
In ( )-R@=cAaS- = 37... \2° 


Z— Sn Z— Sn) s2 82(z— Sn) 


For the proof of convergence we choose an arbitrary R > 0. For all but finitely 
many n one has |s,| > 2R, and then for |z| < R we can estimate 


1 R(2|s,|+ R) 3R |sp| 12R 
In ( — ) - P| s 2 I< 2741 2 3° 
%— 8n [Snl° (lSnl- RB)” [sal (F|snl)° [snl 


Recall the convergence of the series > |s,|~°, IV.2.6. So a solution to the 
given principal part distribution is 


i? 1 1 
Ae apo, - a} 


Because of the absolute convergence we can write 


We conclude: The WEIERSTRASS g-function for the lattice L is a meromorphic 
function with the singularities at the lattice points. Each w € L is a pole of 
second order, the principal part being 


fee econ. 


Especially, all residues are zero. In Chapter V we will extensively study this 
function. 


Exercises for IV.3 


1. Prove the WEIERSTRASS Product Theorem by means of MITTAG-LEFFLER’s 
Theorem, by first considering the principal part distribution 


{ is iment , 
zZ— Sn 


and then observing that f is a solution for the zero distribution {(sn, mn); 


n € N}, iff £ is a solution for the principal part distribution { rr ;neEN \. 
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2. Using the relation 
cot = — tan = = 2cotz 
2 2 


and the partial fraction decomposition of the cotangent, prove 


1 
n=0 


3. Show: 
7 & "(Qn +1) 
COSTZ ee — —4z2? 


and derive from this 
Taye ee ee 
= es 3°30 «=F 


4. Find a meromorphic function f in C which has simple poles in 
S={Vn; neEN} 
with corresponding residues Res(f;./n) = /n, and is analytic in C \ S. 


5. Prove the following refinement of the MITTAG-LEFFLER Theorem: 


Theorem. (Mittag-Leffler) Let S C C be a discrete subset. Then one can 
construct an analytic function f : C \S — C which has at any s € S not 
only given principal parts but also finitely many LAURENT coefficients for non- 
negative indices. 


In german this is called the Anschmiegungssatz. (“Anschmiegen” means “to 
cling” .) 

Hint. Consider a suitable product of a partial fraction series with a WEIER- 
STRASS product. 


IV.4 The Riemann Mapping Theorem 


The RIEMANN Mapping Theorem claims that any elementary domain, which is not 
C, is conform equivalent to the unit disk E. There is a more general form of the 
RIEMANN Mapping Theorem, usually called the Uniformization Theorem (P. 
KOEBE, H. Poincaré, 1907). This result asserts the following: 


Any simply connected Riemann surface is conform equivalent to exactly one of the 
following three Riemann surfaces: 

(a) the Riemann sphere C & P'(C), 

(b) the plane C, 

(c) the unit disk E. 
We will prove in this volume a weaker version of this theorem, the “RIEMANN Map- 
ping Theorem”. In the second volume, we will give a proof for the general uni- 
formization theorem. 
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In Section I.5 we have already introduced the notion of a conformal map, and 
studied some related elementary geometric properties. Let us once more give 
the definition of a (globally) conformal map between two open sets D, D’ c C. 


Definition IV.4.1 A map 
y:D— D' 


between two open sets D, D' in the complex plane is called conformal, iff the 
following conditions are satisfied: 


(a) is bijective, 
(b) y is analytic, 
(c) wy! is analytic. 


Instead of (c), we can request that the derivative of y has no zero. Remarkably, 
this third condition is automatically satisfied: 


Remark IV.4.2 In IV.4.1 the condition (c) follows from (a) and (b). 


Proof. From the Open Mapping Theorem III.3.3 we know that y(D) is open. 
The map y~? is hence continuous. (The inverse image of an open set U C D 
by y~! is exactly its image under ¢, and hence open.) 

By the Implicit Function Theorem I.5.7, y~! is analytic in the complement 
of the set of all w = y(z) € D’ with y’(z) = 0. The set of these exceptional 
places is the image under ¢ of a discrete set in D, hence discrete in D’. Now 
the claim follows from RIEMANN’s Removability Theorem, III.4.2. 


Two domains D and D’ are called conform equivalent, iff there exists a con- 
formal map y : D — D’. The conformal equivalence is surely an equivalence 
relation on the set of all domains in C. Recall once again (II.2.12): 


Remark IV.4.3 Any domain which is conform equivalent with an elemen- 
tary domain is itself elementary. 


Remark IV.4.4 The two elementary domains 


C and E={zeEC; |z|<1} 


are not conform equivalent. 


Proof. LIOUVILLE’s Theorem implies that any analytic function y : C — E is 
constant, since E is bounded. 


However, C and E are topologically equivalent (homeomorphic), explicit topo- 
logical maps between them are 


z 
Cc : 

—_ ‘ o> Talal 
{—>C, wr bas 
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This example shows that the necessary condition of topological equivalence is 
not sufficient for the conformal equivalence. 


A main problem of the theory of conformal maps is given by the following 
question: 


(1) When do two domains D, D’ c C belong to the same equivalence class? 


(2) How many different maps realize the conformal equivalence for two do- 
mains in the same class? 


The second question is equivalent to the determination of the group of con- 
formal automorphisms (self maps) of a fixed domain D of a given class. It is 
easy to that 


Aut(D):={y:D—-D;_ is conformal } 


is a group with respect to the composition of maps. 

Why is it enough to study Aut(D)? Because for two conformal maps ¥, t) : 
D— D’ the map 0 =~ 'y: D = D lies in Aut(D). 

The first question leads us to the search of a full list of “standard domains’ , 
such that 


(1) any domain is conform equivalent to a standard domain, and 
(2) any two different standard domains are not conform equivalent. 


We will restrict here to elementary domains. (The general case is more com- 
plicated, see for instance [Co2], [Sp] or [Gal].) 


The standard elementary domains are the complex plane and the unit disk 
(C and E). 


Theorem IV.4.5 (The Riemann Mapping Theorem, B. Riemann, 
1851) Any elementary domain D C C, which is not C, is conform equivalent 
to the unit disk E. 


The proof will cover seven steps. Before we start the proof, let us give an 
overview of the main parts. 

In a first main part (steps 1 and 2), we map the given elementary domain 
D#C conformally onto an elementary domain D* C E containing 0. . 


In a second main part (step 3), we consider the set M of all injective, analytic 
functions y mapping D* to E, and fixing 0. If there exists a map y € M with 
maximal |y’(0)| , then one can show that y is surjective, i.e. conformal as a 
map D* — E. This reduction to the solution of an extremal problem goes 
back to L. FEJER and F. Riesz (1922). 


Finally, in a third main part (steps 4 to 7) we solve this extremal problem. 


Proof of the Riemann mapping theorem 


Step 1. For any elementary domain D CC, D# C, there exists a conform 
equivalent domain D, C C containing a full disk in its complement C \ Dy. 
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By assumption there exists a point b € C, b € D. The function f(z) = z—bis 
then analytic in the domain D, and has no zero there. It possesses hence an 
analytic square root g (II.2.91) 


g:D—C, g(z)=2z-b. 
Obviously, g is injective, 
(a)=¢es) = Pe)=o (a) > a=, 


hence it defines a conformal map onto a domain D; = g(D). The argument 
for the injectivity shows more, namely g(z1) = —g(z2) also implies z1 = 22. 
In other words: 

If a non-zero point w lies in Dy, then —w does not lie in Dy. 

Since D, is open and non-empty, there exists a disk fully contained in D; and 
not containing 0. Then the disc, which is obtained by reflection at the origin, 
is contained in the complement of Dj. 


This first step can be illustrated using the example of the slit plane C_. We 
choose b = 0, and let g be the principal branch of the square root. Then g 
maps conformally C_ onto the right half-plane. 


Step 2. For any elementary domain D C C, D # C, there exists a conform 
equivalent domain D2 such that 
OE DoacE. 
By the first step, we can assume that a full disk U,(a) is contained in the 
complement of D. (We can replace D by D,.) The mapping 
1 


z—-a 


AE od 


maps then D conformally onto a bounded domain D{, because of 
1 1 


z€D = |z-al>r => —<-. 
jz—al or 

After a suitable translation z + z+ a we obtain a conform equivalent domain 

containing 0, that after a suitable contraction is moreover contained in the 

unit disk E. 
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D, 
1 


We are now in position to start with the main part of the proof. For a better 
understanding, we insert an auxiliary result. 


Step 3. 


Lemma IV.4.6 Let D be an elementary domain, 0 € DCE. If D is strictly 
contained in E, then there exists an injective analytic function W : D— E 
with the following properties: 

(a) u(0) =0, and 

(b) |w"(0)| > 1. 

The corresponding assertion is false for D = E by the SCHWARZ Lemma, 
II1.3.7. 

Proof of IV.4.6. Let us choose a point a € E, a ¢ D. By II1.3.9, the mapping 


zZ—4 


h(z) = 
(2) az—1 
maps the unit disk conformally onto itself. The function h has no zeros in the 
elementary domain D, and hence by II.2.9; there exists an analytic square 
root 

H:D—C with H(z)? =A(z). 


Then 4 still maps D injectively onto a subset of the unit disk E. A further 
application of III.3.9 shows that also the function 


H(z) — H(0) 


me H(0)H(z)-1 


maps D injectively into E. Obviously, u(0) = 0. We have to compute the 


derivative. A simple computation leads to 
H'(0) 
wy (0) = ——_-,_.. 
" |Z) -1 


We have 


Pel, 


=> 2H(0)-H’(0) =|al 


Furthermore, 
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|(0)|? = |a| => |H(0)| = Via] . 
Finally, 


2 
|H(0)| lal -1| 1 |al+1 
Pr —1f 2 Vier Mal 2. lal 


(Jal — 1) 


2-/Ial 


ly"(0)| = 


=1+ ai 


A direct consequence of the Lemma is: 


Let D be an elementary domain, 0 € DC E. We assume that there exists 
among all injective, analytic maps y : D > E with p(0) = 0 one with a 
maximal value of |y'(0)|. Such a y is surjective. Especially, D and E are 
conform equivalent. 


This is because for any non-surjective map y : D > E with y(0) = 0, applying 
Lemma IV.4.6 on y(D), we can find an injective, analytic 


p:p(D)-E, ~0)=0, 


with |7’(0)| > 1. Then 
(do p)'(0)| > le"(O)| 


Hence maximality implies surjectivity. 


We have thus reduced the RIEMANN Mapping Theorem to an extremal value 
problem. 

Let D be a bounded domain, which contains 0. Does there exist among all 
injective analytic p : D > E, y(0) = 0, a map with a maximal value of 
le’(0)|? 

In the remaining steps we show that the answer to this extremal value problem 
is always positive. There is no need to assume that D is an elementary domain. 
Step 4. Let D be a bounded domain, 0 € D. We denote by M the non-empty 
set of all injective analytic functions 


yp: D—E, y(0)=0, 


and let 
M:=sup{ |¢’(0)|; p¢.M}, where M = ov is also allowed . 
We choose a sequence 1, Y2, 93,--- of functions from M, such that 
ly;,(0)| + M for noo. 


(M can be co. Then for any C > 0 one has |, (0)| > C for almost all n.) 
Main problem. We will show: 
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(1) The sequence (y,,) has a locally uniformly convergent subsequence. 
(2) The limit y of this subsequence is also injective. 

(3) y(D) 
Then the limit y is an injective analytic function with the property |y’(0)| = 
M. Especially, 0 << M < oo. At this point we will be done with the proof. 


& 


Step 5. The sequence (y,) admits a locally uniformly convergent subsequence. 
This is a consequence of MONTEL’s Theorem, that will be treated in the 
following. First we give two preliminary results. 


Lemma IV.4.7 Let us fiz D C C open, K C D compact, and C > 0. For 
any € > 0 there exists a 6 = 6(D,C,K) > 0 with the following property: 


If f: D— C is an analytic function, which is bounded on D by C, i.e. 
|f(z)| <C for all z © D, then for all a,z€ K: 


f@=—f@| <2, ¢ le—al<d. 


Observation. In case of K = {a}, the Lemma can be reformulated in a stan- 
dard terminology as: 


The set F of all analytic functions f : D — C with |f(z)| < C for all z € D 
is equicontinuous at a. 


Because a varies in the Lemma in a compact set, we can speak of a locally 
uniform equicontinuity. 


Proof of IV.4.7. We first assume that K is a compact disk, i.e. there exist zo 
and r > 0 with 


K:=U,(m)={zeEC; lz—z|<r}cCD. 


We moreover assume that the closed disk of doubled radius U2,(zo) is still 
contained in D. The CAucny Integral Formula II.3.2 gives then for any z,a € 


K: 
s.ceepall be 1 _ 10) 
lie) — F(a) mf... (a rae | 
_ |z—al _-d)_. 
on cence a 
z-a C 2c 
<! = Lane S = 7, — al ; 


For a given € > 0 we then pick a 6 > 0 with 
# 
0) i —= 

<min{ r, nae ha 


so that we have |f(z) — f(a)| < for alla,z € K with |z—a| <6. 
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Let now K C D be an arbitrary compact set. Then there exists a number 
r > 0 with the following property: 

For any a in K, the closed disk U,(a) of radius r centered at a is fully contained 
in D. 

The above number r is sometimes called a LEBESGUE’s Number for the com- 
pact set K C D. The existence of this number is a standard application of 
the notion of compactness. For any a € K there exists an r(a) > 0, such that 
the disk of doubled radius 2r(a) is contained in D. Applying compactness we 
find finitely many a@1,...,@, € K with K C U,(a,)(a1) U- +» UU p(a,,) (Qn). The 
minimum of the numbers rq,,..., 1a, is then a LEBESGUE Number. 

From the existence of a LEBESGUE number easily follows that A can be cov- 
ered by finitely many disks U,(a), a € K with U2,(a) C D. The Lemma has 
now been reduced to the preceding special case: 


Lemma IV.4.8 Let 
fi, fo, fg,---: D—-C, DCC open, 


be a sequence of analytic functions which is bounded (i.e. |fn(z)| < C for all 
z€Dandn€EN). If the sequence (fn) converges pointwise in a dense subset 
ScD, then it converges locally uniformly in D. 


Proof of IV.4.8. We show that (f,) is a locally uniform CAUCHY sequence, 
i.e. 

For any compact set K C D, and any « > 0 there exists a natural number 
N > 0, such that for allm,n > N, and allze kK 


|fm(z) — fnlz)| <€ 


It is enough to restrict to closed disks K. In this case K is the closure of its 
interior, and KMS is dense in K. 


It is simple to show, and well-known in the real analysis, that any locally 
uniform CAUCHY sequence is locally uniformly convergent. 


Let ¢ > 0 be arbitrary. We then choose the number 6 as in Lemma IV.4.7. The 


compactness of K implies the existence of finitely many points a,,...,a) € 
SOK with 
1 
KC U Us(a;) : 
j=l 


(For this, one chooses a sufficiently small LEBESGUE Number r > 0, and covers 
K with disks U,/2(a), a € K. Clearly, K is then covered by the disks U3,/4(a), 
a € SK.) Now let z be an arbitrary point in K. Then there exists a point 
a; with the property |z — a,| < 6. The triangle inequality gives 


lfm(2) — fr(z)| < |fm(z) - fm(aj)| + lfm (aj) _ fn(a,)| + |fale)= fn(a,)| : 
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The first and third terms are by the Lemma IV.4.7 smaller than ¢, the middle 
term is also controlled by ¢ for sufficiently large m, n, more exactly for all 
m,n > N with a suitable N which works for all of the finitely many points 
aj. 


Theorem IV.4.9 (Montel’s Theorem, P. Montel, 1912) Let 
fi, fa, fa,-°°: DC, DCC open, 


be a bounded sequence of analytic functions, i.e. there exists a constant C' > 0 
with the property |fn(z)| < C for all z € D and alln EN. 

Then there exists a subsequence fr1, fr, fog,--., which converges locally uni- 
formly. 


Proof. Let 
CD .« S = {81, 82, 83,...} 


be a countable, dense subset of D. Such a subset exists, for instance S = 
{z=a+ieD; xrxeEQ, y € Q }. By the BoLZANO-WEIERSTRASS 
Theorem there exists a subsequence of fi, fz, f3,..., which converges at the 
point s, € S. Let us denote this subsequence by 


fir, fra. fis , Bote 


The same argument gives a subsequence of this subsequence, which converges 
also at the point s2. Inductively, we construct subsequences 


Fri s fna. Ind 5 «++ ? 


converging in $1,52,...,5n, 


of already constructed subsequences f1, fj2, fj3,.-.5 J <1. 
The diagonal trick gives us the (sub)sequence 


fi, foo, f33,--- 


which converges at all s € S. The claim follows now by IV.4.8. 


Step 6. ~ is injective. Recall that we constructed y as a locally uniform limit 
of functions in the family M of all injective, analytic functions D — E with 
0 as a fixed point. This limit solves our extremal problem, if it also belongs 
to the same family. We have to prove the injectivity of y. It follows from 
HuRwI!tTz’s Theorem, III.7.2: 


Let fi, fo, fs,... be a sequence of injective, analytic functions on a domain 
DCC, which converges locally uniformly. The limit is then either constant, 
or injective. 

So we have to exclude the case of a constant limit. But for all functions of the 
non-empty class M, the derivative at zero does not vanish, so by the extremal 
property also y’(0) does not vanish. 
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Step 7 (the final step). p(D) CE. 
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We only know, at this point, that the image of y is contained in the closure 


of 


{. But by the Maximum Principle, y would be a constant, if there were a 


point of OE in its image, 


This concludes the proof of the RIEMANN Mapping Theorem IV.4.5. 


Exercises for IV.4 


ily 


Let D={z¢€C; |z|>1}. Can there exist any conformal map from D onto 
the punctured plane C*? 


The two annuli 
r<|z|< Rp (0<r< Ri <o,1<v<2) 


are conform equivalent, if the ratios Ry/rv, v = 1,2 are equal. (The converse 
is also true, as we will see in the second volume by means of the theory of 
RIEMANN surfaces. ) 


The map 


is conformal. 


The map 
1+ 27)? —i(1 — 27)? 
poy Ose 
(1 + 27)? +i(1 — 2?) 
defines a conformal map of D:={z=re'¥; 0<y< &,0<r<1} onto 
the unit disk E. 


Determine the image of 


D={zEC; |Re2||Imz|>1,0< Rez, Imz } 


under the map (z) = 2”. 


Let D, D* C C be conform equivalent domains. Show that the groups of (con- 
formal) automorphism Aut(D) and Aut(D*) are isomorphic. 


Prove the following uniqueness result (H. POINCARE, 1884): If D C C is an 
elementary domain which is not C, and if zo € D is a fixed point in D, then 
there exist exactly one conformal map 


y:D—E_ with y(zo) =0 and y’(z0) > 0. 


If D={zeEE; Rez>0}, and z := V2—1, then the map 


2422-1 
z2—Qz—-—1 


plz) = 


is the unique conformal map y : D > E with y(zo) = 0 and y’(zo) > 0 as in 
Exercise 7. 


Also show that y can be extended to a homeomorphism D —> E. 


A Appendix : The Homotopical Version of the CAucHy Integral Theorem 233 


9. Let D C C be an elementary domain, and let f : D — E be a conformal 
map. If (zn) is a sequence in D with lim zn = r € OD, then the sequence 


(|f(zn)|) converges to 1. Give an example of a sequence (zn) converging to a 
boundary point of D, such that the image sequence (f (zn) by a conformal 
map f : D — E does not converge to a boundary point of E. 


10. Let 
D={zEC; Imz>0}\{z=iy; O0<y<1}. 


(a) Map D conformally onto the upper half-plane H. 
(b) Map D conformally onto E. 


11. Any conformal map f : H — E is of the form 


zr ev 28 with ACH, peER. 
Z— 


In the special case y = 0, \ =i, we obtain the so-called CAYLEY map. 


A Appendix : The Homotopical Version of the Cauchy 
Integral Theorem 


We would like to show that the notion of an “elementary domain” is of purely 
topological nature. In other words, if 


y:D— D' isahomeomorphism, D, D’ CC domains , 


and if D is elementary, then D’ is elementary too. 


In this framework, it is not convenient to consider only piecewise smooth 
curves. We shortly prove that one can also integrate analytic functions along 
arbitrary continuous curves. 


Lemma A.1 Let 
a:[a,b]} —D, DCC open, 
be a (continuous) curve. Then there exists a partition 
a=d9 <a, <-:-<a,=b 


and anr > 0 with the property U,(a(a,)) C D and 


a([av,ar41]) C U-(a(a,)) NU, (a(ar41)) C D for O<u<n. 
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Supplement. Let f : D — C be an ana- 
lytic function. The number 


nl pa(ay+41) 
a / H(0) ac 


does not depend on the choice of the par- a J 


au(b) 


ticular partition of [a,b]. (The integral is 

taken along the line segment connecting 

a(ady),a(ay41) in C.) If a is piecewise ofa) 

smooth, then the above sum coincides with 

the integral [ f(¢) d¢ of f along the curve 

Q. 

We extend our definition of a line integral to continuous curves by the above 
Lemma. 


The proof of Lemma A.1 immediately follows from the following facts (A) and 


(B): 
(A) Existence of the LEBESGUE Number, Sect. IV.4. If k C D is a compact 
subset of the open set D C R”, then there exists an ¢ > 0, such that 
ce K = U4) CD. 


(B) The Uniform Continuity Theorem: For any ¢ > 0, there exists a 6 > 0 
such that 
x,y € [a,b] and |ja—y| <6 = > |a(xz)—-aly)| <e. 


We now consider continuous maps 
H:Q—D, DcCopen, 
of the square 
Qe{eeCy 0<¢,y7<1}=[0,4)* 1] 


into an open set D CC. 
The image of the boundary 0Q of Q can be interpreted as a closed curve: 


a= a, Gag0azG0a4 , R H 
a,(t) = H(t,0) forO<t<1, @1) ap 7 ne 
ao(t)= H(1,t—1) forl<t<2, Oty 
a3(t) = H(3—t,1) for2<t<3, 7 
a(t) = H(0,4—t) for3<t<4. On, 
(0,0) (1,0) R 


We will denote this curve simply by H|0Q. 
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This curve is surely closed, but not every closed curve can be realized in this 


way. Intuitively, only those curves can be realized which can be “filled up” in 
D. 


Proposition A.2 Let 
H:Q—D, DCC open, 


be a continuous map, and let f : D— C be an analytic function. Then 


| f() ae =0. 
H\aQ 


Proof. Let n be a natural number. We split Q as a union of n? squares 


y+l1 
n 


Qu ={ 26s P<a< ,i<y< \ (O<p,yv<sn-1). 
nr n 


n 


Because H(Q) C D is a compact set, there exists after the choice of a suffi- 
ciently large n, for any (u,v) an open disk U,,,, with 


H(Qw) CUw CD. R 
By the CAucuHy Integral Theorem (1) Gl —# Cis 
we have 
[. 1Oa=0 
A\OQ uv 


(0,0) (1,0) R 


igus -_ f(d) dC =0. 


H\aQ O0<pyyv<n—-1 


and hence 


Definition A.3 Two curves 
a,8:[0,1]) —D, DCC open, 


with the same starting and end points, a(0) = (0) and a(1) = G(1), are 
called homotopic in D (with fixed end points), iff there exists a continuous 
map (a so-called homotopy) H : Q — D with the following properties: 


AY 


(a) a(t) = H(t,0) , 
(b) 6@)=A(e,1) , ©) a) 
(c) a(0) = B(0) = H(0, s) and ; 

(1) ) 


(0,0) (1,0) ¢ 
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a and (£ have the same starting and end points, and this happens also for any 
curve a: [0,1] — D, 
a(t) = H(t, s) ’ 


and we have 

aj9=aanda;=6. 
Intuitively, the family (a,) is a continuous deformation of a into G@ inside the 
domain D, such that the initial and end points are fixed during deformation. 


Remark A.4 In a convex domain D C C, any two curves a and 2 with the 
same initial and end points are homotopic. 


Proof. The following homotopy deforms a into (3: 
H(t, 8) = a(t) + s(G(t) — a(t) . 


From A.2 we infer: 


Theorem A.5 (Homotopical version of the Cauchy Integral Theorem) 
Let D CC be open,, and let a, 8 be two curves which are homotopic in D. 
Then for any analytic function f: D—C 


a 


Proof. Let H: Q = [0,1] x [0,1] — D be a homotopy between a and @. Using 


A.2 we have 
[a =0 
H|\OQ 


for any analytic function f : D— C. We have 


a= f teen frrf ta fe- fr. 
[=f 


Definition A.6 Let a: [0,1] — D be a closed curve in D, a(0) = a(1) = Zo. 
Then a is called null-homotopic in D, iff a is homotopic to the constant 
curve 3(t) := Zo. 


hence 


A domain D CC is called simply connected, iff any closed curve in D is 
null-homotopic in D. 


Remark A.7 Ifa: [0,1] > D is a closed curve in D which is null-homotopic, 


then 
[f= 


for any analytic function f : D— C. 
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Corollary. If D C C is a simply connected domain, then 


[i 


for any closed curve a in D and any analytic function f : D— C. 


Any simply connected domain is thus an elementary domain. 
The converse of the last statement is also true: 


Proposition A.8 For a domain D C C the following propositions are equiv- 
alent: 


(a) D is an elementary domain. 
(b) D is simply connected. 


Proof. We have already seen, that (b) implies (a). 

The implication (a) = (b) follows by the following remarks: 

(1) Being simply connected is a topological property, i.e. ify: D— D' isa 
homeomorphism between two domains D, D’ Cc C, then D is simply connected 
iff D’ is simply connected. (Any homotopy H : [0,1] x [0,1] + D between two 
curves in D can be transported to a homotopy H’ := yo H between the 
corresponding curves in D’.) 


(2) The unit disk E and the complex plane C are simply connected (A.4). 


The proof is now a corollary of the RIEMANN Mapping Theorem. 


As a byproduct, we get the following deep topological result for the plane: 


Proposition A.9 Any two simply connected domains in the complex plane 
are homeomorphic (i.e. topologically equivalent). 


Proof. Any conformal map is automatically a homeomorphism. By the RIE- 
MANN Mapping Theorem, it is enough to observe that the two standard ele- 
mentary domains C and E are topologically equivalent. 


As a final result in this appendix, we prove 


Proposition A.10 Any closed curve a in the domain D := C* with a(0) = 
a(1) = 1 ts homotopically equivalent to a circle path of index k € Z (i.e. 
“running k times around the zero point”). 


The definition of the winding number by means of an integral is thus a pos- 
teriori completely justified. Especially, we have 


Consequence. The winding number, as defined by III.6.1, is always an inte- 
ger. 


The proof uses the exponential function 
exp:C —C°, 


and is based on the following 
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Claim. Let a : [0,1] — C°* be a 


closed curve, a(0) = a(1) = 1. Then Z C 
there exists a (uniquely determined) - 
curve - 

a: (0, 1] —C oe exp 
with the following properties: a 
(a) a(0) =0, (0, 1] ——> Cc: 


(b) expod@=a. 


From this, we immediately get A.10 as follows: 
From a(1) = 1 we have @(1) = 27ik with a suitable k € Z. Since C is convex 


there exists a homotopy H between q@ and the line segment o joining 0 and 
27ik. Composing with exp, we get a homotopy 


Ae= expo H 


between a and expoo. 


Let us use the notation expog =: €;, the k-times passed circle line. Hence a 
and €, are homotopic, and in particular they have the same winding number, 
namely k. Up to the Claim, we are done. 
Proof of the claim. We first show: 


For any point a € C® there exists an open neighborhood V = V(a), such that 
the inverse image of V under exp splits into a disjoint union of open sets Un, 


exp '(V) = U Un (disjoint union) , 
neZ 
where exp maps each U,, topologically onto V. 


When a does not lie on the negative real axis, then we can take V to be the 
slit plane C_. The inverse image of C_ under exp splits as a disjoint union of 
parallel horizontal strips of height 27, as already observed in 1.5.9. 


If a lies on the negative real axis, then we slit the plane along the positive 
real axis. The inverse image of V also splits as a disjoint union of parallel 
horizontal strips of height 27. 


Using HEINE-BOREL’s Theorem, we deduce the existence of a partition 
0=a) <a <-++<Gm=1, 

such that each piece of the curve 
a([av,av41]), O<v<m, 


is contained in an open set V as above. 


We can then lift the whole curve, piece by piece, into the horizontal strips. 
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B Appendix : A Homological Version of the Cauchy 
Integral Theorem 


In connection with the CAUCHY Integral Theorem for star domains, we were 
led to the following question: 


(1) For which domains D C C do we have 


[i 


for any analytic function f : D— C, and any closed curve a in D? 


By definition, we called such domains elementary, and in appendix A we 
saw that the elementary domains are exactly the simply connected domains 
in topology. In this appendix we will focus on another characterization of 
elementary domains. In a more general context, we will be concerned with the 
following question: 


(2) Let DCC be an arbitrary domain. How can we characterize those closed 
curves a in D, for which 


| f=0 for any analytic function f : D—> C? (*) 


The answer will be that a satisfies («) iff the interior of a is contained in D. 


Definition B.1 A closed curve in a domain D is called null-homologous 
in D, iff its interior 


Int(a) = { z€C\Image (a); x(a;z) £0 } 
is contained in D. 
Remark B.2 Any null-homotopic curve in D is also null-homologous. 
Proof. For D = C this is clear. Else we can find an a € C\ D in the complement 


of D. The function ; 


z2—a4 


f(z) = 


is analytic in D, so that its integral along a vanishes, i.e. a lies in the exterior 
of a. 


ImA 


The converse is not true! A coun- 
terexample is given (without proof) a 
in the figure for D := C \ {—1, 1}. Re 
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Now we come to the main result of this appendix. It represents a global version 
of the CAUCHY Integral Theorem. For its proof, we reproduce the surprisingly 
simple argumentation of J.D. D1xon, [Dix]. This source has become standard 
in textbooks (see also [Lal], [Ru] or [McG]). 


Theorem B.3 Let a be a closed curve in an open set D C C. Then the 
following properties are equivalent: 


(1) For any analytic function f : D— C we have 


The General Cauchy Integral Formula 


£Q 
ie 


fle) x(ai2) = 5 f 


for all z € D \ Image (a). 
(2) ff =0 for any analytic function f : D> C. 
(3) a@ ts null-homologous in D. 
Proof. (1) = (2) . 
Let us pick a point a € D \ Image a (it exists since D is non-compact), and 


consider 
g:D—C with g(z) :=(z-a)f(z). 


Then g is analytic in D, g(a) = 0, and the General CAucuy Integral Formula 
for g (instead of f) gives 


[ 8a = [ PO ac =2nig(a) x(050) =0. 


(2) = (3). 

For a € C\ D the function D > C, z+ 1/(z—a), is analytic in D. Then (2) 
1 

implies — dz =0. 


271i Jy Z—a 
(3) > (1). 


Let a be a closed, null-homologous curve in D. Let f : D— C be an analytic 
function. From the definition of the winding number, 


1 1 
xaiz)= 55 f de 


we can rewrite the General CAucuy Integral Formula (1) as 


[RE xe for all z € D\ Image a. 


¢-2 
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The idea is now to show that the integral in the L.H.S. is an analytic function 
G : D\ Image a — C in the variable z, which can be extended to an entire 
function F : C > C. Then we show that F is bounded, and apply LIOUVILLE’s 
Theorem. The proof will also give the value 0 for the (constant) function F’. 
LO-f 
G—2 


We start to study the quotient considered as a function of ¢ and 


z. First, we need some Lemmas. 
Lemma B.3, Let D C C be open. Let f : D— C be an analytic function. 


The map 
yp: DxD—C, 


fO-fOQ) pea, 
ee ee eae 
f'(2) ifC=z, 


is continuous as a function of the total variable (¢,z) € D x D. 


Proof (See also Exercise 14 in II.3). We have to show continuity only in the 
points (Co, 20) of the diagonal, i.e. G) = zo. We choose 6 > 0, such that the 
disk U = U;(a) of radius 6 centered at a = Co = 2 is contained in D. The 
Main Theorem of differential and integral calculus gives 


HOH ITA) Pgs —fte 
ae =f[ sr t)z+t¢) dt, 


for two different values ¢ and z in U. Then 


1 
p(¢, z) — y(a,a) = | [7"(o(#) — f'(a)| dt where o(t) := (1—t)z+t¢. 
0 

The last equality also holds for ¢ = z. The Lemma easily follows from the 
continuity of f’. 

The function y(¢,-) : D — C, z > ¢(¢,z), is for each fixed value of ¢ an 
analytic function in the variable z. (The analyticity in z = ¢ follows from 
RIEMANN’s Removability Theorem, or already from II.2.7;.) The LEIBNIZ 
rule, II.3.3, then implies: 


Lemma B.32 The function G: D—C, 


is analytic in D. 


Lemma B.33 There exists an entire function 


F:C—C with FID=G. 
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Proof. We now use essentially the assumption Int(@) C D. Let 
Ext(a) ={2¢€C\Imagea; x(a;z) =0} 
be the exterior of a. Then Ext(a) is open, and 
DUExt(a)=C. 


For z € DM Ext(a) we use x(a; z) = 0 to conclude 


j= [MA ye f ac anigeouasy= f Mac. 


The function 
H:C\Image a — C, 


=f Ma, 


is an analytic function (once more by LEIBNIZ’ rule), and in particular H is 
also analytic in Ext(a). Because H coincides in the intersection DM Ext(a) 
with G, we obtain an entire function 


G(z) , ifzeD, 


F:C—>C with F(z)= 
oo egy tee if z € Ext(a) , 


hence an analytic extension of G to the whole C. 
Lemma B.3, F is identically zero. 


Proof. The image of our curve a is bounded. It lies in a disk Up(0) of radius, 
say R > 0. Then the complement of this disk is in the exterior of a, 


{zeEC; |z|>R}cCExt(a). 


We then choose a piecewise smooth curve 3, which runs inside DM UpR(0) 
and is homotopic to a. This is possible by A.1, taking (@ to be a polygonal 
curve. We can and do replace a by ( in the definition of F’. Then we apply 
the standard estimate for integrals for |z| > R. Then F(z) = H(z), and hence 


IF(@2)| = |H(2)| = [ea oo 


with a suitable constant C’. Hence F' is bounded on C. It is also entire, hence 
constant by LIOUVILLE’s Theorem. The estimate for |z| > R also gives 


lim |F(z)|=0, 


|z|—+00 


so F is constant zero, F = 0. 
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We finally come back to the proof of Theorem B.3. From F' = 0, we have in 
particular G = 0, i.e. we have for any z € D \ Image a: 


a ac= f wc. 2) d¢ = G(2) = 


Using the definition of the winding number, we get 


fe)x(os2) =e f AO ac. 


This finishes the proof of Theorem B.3. 


Definition B.4 Two closed curves a, 3 in a domain D are called homologous 
in D, iff for any point a in the complement of D the two winding numbers are 


equal, 
x(a; a) = x(B;a) . 


The base points of the two curves a, 3 can be different. Theorem B.3 is often 
formulated in the following form: 


Corollary B.5 Let D Cc C be a domain, and let a, be two homologous 
closed curves in D. Then for any analytic function f :D—3C 


[=f 


Proof. We connect the initial points of a and @ in D by some suitable curve 
o, and consider the curve 


Y:= (a )o B90 G fo B (a )o. 


The lower index 0 reflects the fact that we possibly have to shift the parameter 
intervals such that © can be defined. Then y is a closed, null-homologous 
curve, and we apply B.3, (2) > (1). 


Using the homological version of the CAUCHY Integral Theorem, we also can 
state a generalized version of the Residue Theorem (compare with III.6.3). 
Theorem B.6 Let D C C be open, and let S Cc D be discrete in D. We also 
consider an analytic function f : D\ S — C, and let a be a closed curve in 
D\S, with its interior contained in D, Int(a@) C D. (So a is null-homologous 
in D.) Then 


[ #0 6) d¢ = 2ni S © Res( f;s) 


ses 


Proof. The set 

Int(a) U Image (a) 
is bounded and closed, hence compact. There exist hence only finitely many 
points s € S in the interior of a. The sum in the Theorem is a finite sum, 


thus well defined. We can now use Theorem B.3, and proceed as in the proof 
of the Residue Theorem. 
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C Appendix : Characterizations of Elementary Domains 


We have already seen in Appendix A, that the notion of an elementary domain 
is actually a topological notion, A.8: 


The elementary domains D C C are exactly the simply connected domains. 


Using the homological version of the CAUCHY Integral Theorem, we obtain 
further characterizations. In the following theorem, we list a series of equiva- 
lent properties for the fact that a domain D C C is simply connected. Some 
authors consider this theorem to be an aesthetic peak of the classical complex 
analysis. However, its practical use should not be overestimated. 


Theorem C.1 For a domain D C C, the following properties are equivalent: 


Function theoretical characterizations 


(1) Any analytic function in the domain D admits primitives, i.e. D is an 
elementary domain. 


(2) For any analytic function in D, and any closed curve a in D, we have 


[rHo. 


i.e. the general version of the Cauchy Integral Theorem is valid in D. 


(3) For any analytic function f : D—C, and any closed curve a in D, and 
any z € D\ Image a 


£0 g 
=i 


i.e. the general version of the Cauchy Integral Formula is valid in D. 


fedxlei2) = 5 f 


(4) Any analytic function f : D—> C, which has no zero in D, possesses an 
analytic logarithm in D, i.e. there exists an analytic function 1: D—C 
with f = expol. 

(5) Any analytic function f : D—>C, which has no zero in D, possesses an 
analytic square root in D. 


Al 


(6) D is either C, or conform equivalent to the unit disk 


A potential theoretic characterization 


(7) Any harmonic function D — R_ is the real part of an analytic function 
DOC. 
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Geometric characterizations 


(8) D is simply connected, i.e. any closed curve in D is null-homotopic in D 
(this is sometimes called “homotopically simply connected”). 


(9) The interior of any closed curve in D is contained in D (this is sometimes 
called “homologically simply connected”). 

(10) D is homeomorphic to the unit disk E={zEC; |z| <1}. 

(11) The complement of D in the Riemann sphere is connected, i.e. any locally 
constant h: C\ D — C is constant. 


One can reformulate (11), if one doesn’t to want use C, also in the following 
way: 

(12) IfC\ D = KUA, is a disjoint decomposition of C \ D into two sets, 
with K compact, and A closed, (KN A=9,) then K = 0. 


If one knows the notion of a connected component, one reformulate (12) as 
follows: 


(13) C\ D has no bounded connected component. 


Proof. All function theoretical properties are equivalent, as already proven. 
The most intricate step was the proof of the RIEMANN Mapping Theorem. 
In this proof, we used the assumption “elementary domain”, only in the 
form: Any non-vanishing analytic function on an elementary domain admits 
a square root. This gives (5) = (6). 

We have also shown, that the function theoretical characterization (1) implies 
the potential theoretical property (7). Conversely, from the potential theoret- 
ical property it follows the existence of a logarithm for an analytic function 
f, because log |f| is harmonic. 


We also know that the geometrical properties (8)—(10) and the function theo- 
retical properties are equivalent. It remains to show that property (12) char- 
acterizes the simple connectedness. 

(We do not intend to make use of the notion of a connected component, or 
the topology of the Riemann sphere. Who knows them is invited to fill in the 
details for the equivalence of (11)—(13). However, for this restriction we have 
to pay a price, that we have to work with the rather clumsy condition (12) 
instead of the handy conditions (11) and (13). ) 


We show now (12) = (9). Let a be a closed curve in D. We decompose the 
complement of D in two disjoint sets: 

K={aeC\D; x(aja) 40}, 

A:={aeEC\D; yxlaja)=0}. 


Both sets are closed, as inverse images of the closed sets {0}, Z\ {0} under a 
continuous map. The winding number with respect to a vanishes for all points 
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in the complement of a disk containing (the image of) a, hence K is bounded, 
hence compact. By (12), K = @, hence Int(a) c D. 

For the converse (12) < (9), we give an indirect proof. We assume that we 
have a disjoint decomposition C \ D = AU K, into a closed set A and a 
compact set K. Then 


DUK =C\A=DUu(C\ A). 


The set U = DUK is thus open! (Think of K as a “hole” in D.) To finish 
the proof of this implication, and thus of the whole theorem, we need the 
following 


Lemma C.2 Let U C C be open, and let K C U be a non-empty compact 
subset. Then the set D:=U\ K is not simply connected. 


This intuitively clear assertion once more confirms our feeling that simply 
connected domains are “domains without holes”, and gives a rigorous meaning 
of it. 

Proof of C.2. We exhibit a closed curve a in D, and a point a in K, such that 
the corresponding winding number x(q; a) is not zero. Then the interior of a 
is not contained in D. 

An exact proof is tricky, but the idea is simple. We pave K by a net of squares, 
and form a from edges. 

Pavement construction. Let n be a natural number. We consider the (finite) 
set of all squares indexed by integers 


1 1 
Qn =| eae ti Eeoe ee ‘ Eee \, 
nm nr 


Tm nm 


which intersect A. A simple compactness argument shows that for sufficiently 
large n all these squares are contained in U. Let Q be the finite union of these 
squares. After enlarging n if necessary, we can assume that K is contained 
in the interior of Q. We will now construct (finitely many) closed curves 
Q1,---,Q, such that the union of their images is OQ. This construction will 


also give 
» 


for all a in the interior of Q. In particular, any point of K is surrounded by at 
least one of the constructed curves. During the construction, we will have to 
manage combinatorial difficulties. For instance, we have to avoid that some 
boundary edge is passed twice. 


Construction of the boundary curves (according to Leutbecher [Le]). The 
boundary of Q is a finite union of some edges of the squares (Q,,,). In the fol- 
lowing we call these edges boundary edges. Each boundary edge is the bound- 
ary of exactly one square of the finite set. We call this the touching square. We 
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want to orient the boundary edges (this simply means an ordering of its two 
vertices). Each boundary edge is oriented in such a way such that the touch- 
ing square is to the left. The heart of the construction consists in uniquely 
associating to any oriented boundary edge s another oriented boundary edge 
s’ as its “successor’. The end point of s is a vertex of four squares of the net, 
we started with. There are 4 possible configurations depending on the fact 
which of the four belong to Q. The following figure shows these 4 cases and 
the way how we select the successor s’. 


From the figure we extract the following combinatorial information: 
If two oriented boundary edges have the same successor, then they coincide. 


Let us construct a,. We pick some oriented boundary edge so. We consider the 
chain of successors, 51 = 89, $2 = 8{,.... There are only finitely many edges, 
so this chain has repetitions. Let m be minimal with s,, € {89,...,5m-—1}- 
From the combinatorial information we easily infer s,;, = so. Thus the chain 
gives us an oriented polygonal path, denoted by ay. If a, does not exhaust 
the boundary of Q, we repeat the argument for some new oriented boundary 
edge, as we did for so, to obtain ag, et cetera. 


Let now qo be one of the squares Q,,, in the pavement, and let a € qo be an 
arbitrary inner point. Then 


“ de dc 
» Rs got eer 


where the sum in the R.H.S. runs through all squares q of the pavement. This 
is because the integrals over non-boundary edges cancel pairwise. Here the 
boundaries of the squares are oriented in the usual way (the squares are to 
the left). The integrals in the L.H.S. are either 27i if g = qo, or zero else. The 
L.H.S. becomes 


By continuity, this formula is true for all a in the interior of Q. 


Jordan curves 


A closed curve is called a JORDAN curve, iff it has no double point excepting the 
starting and end points. In the old function theory books, the CAucHY Integral 
Theorem was usually proven only for JORDAN curves, which enough for practical 
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use. It seems to be natural to approximate a JORDAN curve a by a polygonal path, 
decompose the polygon into (sufficiently small) triangles, and then split an integral 
along a as a sum of integrals along closed triangle curves. 


For doing that rigorously, the following result is needed: 


Theorem C.3 (The Jordan Curve Theorem) The interior and the exterior of 
a Jordan curve are connected. The interior is even simply connected. 


Unfortunately, this intuitively clear statement is rather deep. Even if we take this 
Theorem as granted, performing the above program is intricate, as demonstrated in 
the text book of DINGHAS, which is else an excellent source. 


The reduction to JORDAN curves brings no simplifications, but unnecessary compli- 


cations. 


Exercises for Appendices A,B,C 


L. 


Show the claimed invariance of an integral (of analytic functions, along contin- 
uous curves) with respect to taking subdivisions in A.1. 

A method for computing the winding number 

Let a : [0,1] — C® be a closed curve which intersects the real axis Im z = 0 
in finitely many points, a(t1), a(t2),...,a(tn) corresponding to the arguments 
tr < te < ... < tn. Let a(t) = €(t) + in(t), €(t),n(t) € R, be the usual 
decomposition in real and imaginary parts. Assume that 7 changes sign when 
passing t, (1 < v < N). Without loss of generality, we can assume [0,1] = 
[t1,t~w], hence a(t1) = a(tw), and also a(t) # 0 for all t € [0,1]. We extend a 
periodically to R, with period 1 = ty — t,. The points t1,...,¢n fall into four 
different disjoint classes Mq,..., Ma: 

M, &(tv) > 0, and 7(t) changes sign from t, — «€ to t, +¢, from — to 4. 
Mz €&(tr) > 0, and n(t) 

M3 &(tv) <0, and 7(t) changes sign from t, — ¢ to t, +¢, from + to —. 
Ma E(t.) <0, and n(t) 


We set for 1<u< WN 


changes sign from t, — « to ty +¢, from + to —. 


changes sign from t, — « to t) +, from — to +. 


+1, iff €MUM3, 


-1, ift, € MeUM,. 
Then 


Note 


x(a; 0) = 


N-1 
yo 
yo 
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A domain D C C is simply connected, iff any two curves a and ( running in 

D, which have the same starting point, and the same end point, are homotopic 

in D. 

If a = (a1,...,Qn) is a system of closed curves a,, and Image ay C D(D CC, 
n 


D domain), then we define for a g (J Image ay: 
1 


v= 


x(ena) = > xls) 


Two such systems a and 6 are called homologous, iff y(a;z) = (3; z) for all 
z€EC\D. 


Show: If f : D — C is analytic, and if a and 6 are two homologous systems (of 
closed curves) in D, then 


[r= (=f 04). 


(Compare with Corollary B.5). 


Recall the function G from Lemma B.32. Show that G is analytic, by checking 
its continuity and using MORERA’s Theorem. 


Give more detailed arguments for the equivalences in the proof of C.1. 


V 
Elliptic Functions 


Historically, the starting point of the theory of elliptic functions were the elliptic 
integrals, named in this way because of their direct connection to computing arc 
lengths of ellipses. Already in 1718 (G.C. FAGNANO), a very special elliptic integral 
was extensively investigated, 


di 


It represents in the interval ]0, 1[ a strictly increasing (continuous) function. So we 
can consider its inverse function f. A result of N.H. ABEL (1827) affirms that f 
has a meromorphic continuation into the entire C. In addition to an obvious real 
period, ABEL discovered a hidden complex period. So the function f turned out 
to be a doubly periodic function. Nowadays, a meromorphic function in the plane 
with two independent periods is also called elliptic. Many results that were already 
know for the elliptic integral, as for instance the famous EULER Addition Theorem 
for elliptic integrals, appeared to be surprisingly simple corollaries of properties of 
elliptic functions. This motivated K. WEIERSTRASS to turn the tables. In his lectures 
in the winter term 1862/1863 he gave a purely function theoretical introduction to 
the theory of elliptic functions. In the center of this new setup, there is a special 
function, the g-function. It satisfies a differential equation which immediately shows 
the inverse function of g to be an elliptic integral. The theory of elliptic integrals 
was thus derived as a byproduct of the theory of elliptic functions. 


We already came across the WEIERSTRASS go-function as an example of a MITTAG- 
LEFFLER series, but no periodicity aspects were discussed there. We will see that all 
elliptic functions can be constructed from the g-function. 


The historically older approach to the theory of elliptic functions (ABEL, 1827/1828, 
JACOBI, 1828) was not leading to the g-function, but rather to so-called theta func- 
tions. In connection with the ABEL Theorem describing the possible zeros and poles 
of elliptic functions, we will also touch lightly this approach at the end of Sect. V.6. 


Functions with two independent periods w; and w2 can be considered as functions 
on the factor group C/L, L = Zw; +Zw»2. This quotient can be geometrically realized 
by gluing opposite sides of the parallelogram 


{ tiwi+tow2; O<tijt2<1}. 
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This identification of corresponding points on parallel sides gives rise to a torus. Two 
tori are always topologically equivalent. But they are only conform equivalent, iff the 
corresponding lattices can be obtained from each other by rotation and dilation. We 
call the two lattices equivalent if this is the case. The study of equivalence classes 
of lattices leads to the theory of modular functions. We will introduce them at the 
end of this chapter, and systematically investigate them in the next one. 


V.1 Liouville’s Theorems 


Let us recall the notion of a meromorphic function on an open subset D Cc C. 
(See also the appendix A to III.4 and III.5 at page 155.) Such a function is a 
map 


f:D—C=CuU {oo} 
with the following properties: 
(a) The set of points with value oo 
S=f'(w)={aEeD; fla)=oo} 
is discrete in D, i.e. it has no accumulation point in D. 
(b) The restriction 
for D\S—C, 
fo(z)= f(z) for zeD, z¢S, 
is analytic. 


(c) The points with value oo are poles of fo. 


We recall the definition of the sum of two meromorphic functions f and g. 
First, we can consider the restricted analytic function (also denoted by) f +4, 


(f + 9)(2) = f(2)+g(z) on C\ (SUT), S=fo'(co), T=g7'(~). 


It has in SUT only non-essential (possibly removable) singularities, and we 
set 


(f + 9)(a) := Tim (f(z) +9(z)) if it exists in C , 
<= 00 else, i.e. if ais a pole of f+g. 
We thus obtain a meromorphic function 
f+g:D—C. 


Analogously, we define the product f-g and the quotient f/g, where in the 
last case the zero set of the denominator g must be discrete. If D is a domain, 
this means that g is not identically zero. We obtain 
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The set of meromorphic functions on a domain D C C is a field. 


Elliptic functions are doubly periodic meromorphic functions on C. 


Definition V.1.1 A subset L CC is a lattice’, iff there exist two “vectors” 
Ww, and w in C, which are linearly independent over R, and generate L as an 
abelian group, 1.e. 


L = Zo, + Zw = {mui + nw; m,neZ}. 


(Observation. Two complex numbers are R-linearly independent, iff none of 
them is zero and their quotient is non-real.) 


Definition V.1.2 An elliptic function for the lattice L is a meromorphic 
function 


f:C—C=CU{o} 
with the property 


f(z+w)=f(z) for we LandzeC. 


It is enough to require the w-periodicity only for two generators w; and wz of 
L: 

f(z+o1) = f(z+w2) = f(z) forall zEC. 
Because of this, elliptic functions are also called doubly periodic. 


The set P of poles of an elliptic function is “periodic”, too, 
aceP = a+weP forweLl. 


The same also holds for the set of zeros. 
J. LIOUVILLE proved in 1847 in his lectures the following three fundamental 
results on elliptic functions: 


Theorem V.1.3 (The First Liouville Theorem, J. Liouville, 1847) Any 
elliptic function without poles is constant. 


' This is an ad-hoc definition. We will replace it in the appendix by an invariant 
version. 
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Proof. The set 
F = F(w1,w2) ={ tiwit+tewe; O<t,t2<1} 


is called a fundamental region for a lattice L, or also a fundamental parallel- 
ogram with respect to the basis w1,w2 (of L over Z, or of C over R). 


Obviously, for any point z € C there exists a lattice point w € L, such that 
z—w€F. Any value of an elliptic function is hence also taken in a funda- 
mental region F. But F is bounded and closed in C, hence, any continuous 
function defined on ¥ is bounded. An elliptic function without poles is thus 
bounded on ¥, and hence also on the entire C, so it is a constant function. 


The torus 


Let f be an elliptic function for the lattice L. If z and w are two points in 
C, such that their difference lies in L, then we have f(z) = f(w). It is thus 
natural to introduce the factor group C/L. The elements of this factor group 
are equivalence classes with respect to the equivalence relation 


z=w modl = z-wel. 
We denote the equivalence class (the orbit) of z by [z], hence 
zqjJ={weC; w-zeLlL}=z4+lL. 
The addition in C induces an addition in C/I 
[z] + [w] = [z+ u] . 


It does not depend on the choice of the representatives of z and w. Hence we 
get on C/L a structure as an abelian group. 

If f is an elliptic function for the lattice L, then there exists a uniquely 
determined map 


=~ —_ 


f:c/L—T, 


such that the diagram 
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commutes. The map f is well defined, i.e. the definition 

F(lzl) = fF) 
does not depend on the choice of the representative z. 
By a slight abuse of notation we will write f instead of f in the following. 
There will be no danger of confusion. An elliptic function f : C — C can 
thus be considered as a function on the torus C /L, that we also denote by 
f:C/L—C. This aspect will turn out to be useful. 


Geometric picture of the torus 


As mentioned in the proof of the First LIOUVILLE Theorem, each point in 
C/L has a representative in the fundamental region 


FH{z=twittwe.; O<t,t2<1}. 


Two points z,w € F induce the same point in C/L, iff they coincide or 
they both lie at the boundary of F at corresponding “opposite” places. We 
obtain a geometrical model of C/L by gluing opposite edges of a fundamental 
parallelogram: 


On O +05 


In the second volume we will obtain a more geometrical meaning of C/L as 
a compact RIEMANN surface, for the moment we use it just for visualization. 
But it is useful to have in mind that an elliptic function “lives” on a torus. 
Knowing the First LIOUVILLE Theorem it is natural to study the poles of an 
elliptic function. 

As already mentioned, if z is a pole of an elliptic function, then the whole 
orbit [z] consists of poles. The translations z +> z+w,w € L, leave an elliptic 
function invariant, so the residues of f in z and z +w coincide, 


Res(f; z) = Res(f;z+w) . 


This allows us to introduce (independently of the choice of the representative 
z) 
Res( f; [z]) = Res(f;2) . 
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Theorem V.1.4 (The Second Liouville Theorem) An elliptic function 
has only finitely many poles modulo L (i.e. on the torus C/L), and the sum 
of their residues vanishes: 


S| Res(f; z) = 0 . 


Here, the sum is taken over a system of representatives modulo L for all poles 
of f. 


Proof. The pole set P of an elliptic function is discrete, its intersection with a 
compact set, e.g. the fundamental region F, is hence finite. So there are only 
finitely many poles modulo L. We compute the residue sum by integrating 
along the boundary of a translated fundamental parallelogram, the translation 
being necessary to avoid possible poles that may lie on the boundary OF of 
F. So let 

Fia~=a+F={a+z2; zEF} 


be the fundamental parallelogram obtained by a-translation. It has, like F, 
the property that any orbit has representatives in F,. When two different 
points of F, are equivalent, then they are boundary points. Two different 
inner points cannot be equivalent modulo L. 


Intermediate claim in the proof of V.1.4. After a suitable choice of a there are 
no poles of f on the boundary of Fa. 


The proof of this claim uses the discreteness of the pole set, details are left to 
the reader. 


We integrate f along OF, and get 


f = 2ni > Res(f;z) . 


OF a z€Fa 


There is no pole in 0F,, so the sum in the R.H.S. runs through a system of 
representatives modulo L. To finish the proof we observe the vanishing of the 
integral in the L.H.S. This is because the integrals along opposite edges of the 
parallelogram F, cancel, for instance 


[~ f(Q d¢= [~ fOaC= -{~ F(¢) de . 


+we +w1+we 


dt+@) +@> 


a+ 


a+, 
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For an important consequence of Theorem V.1.4, we need the following 


Definition V.1.5 The order of an elliptic function is the number of all its 
poles on the torus C/L, counting multiplicities (i.e. each pole is counted as 
many times as its pole order), 


Ord(f) = —S  ord(f; a) : 


In the above sum, a is taken in a system of representatives modulo L for the 


poles of f. 
(The minus sign was introduced to have Ord(f) > 0, because ord(f,a) < 0 if 
ais a pole of f.) The First LIOUVILLE Theorem can be restated as 


Ord(f) =0 <=> f is constant. 


A direct consequence of the Second LIOUVILLE Theorem V.1.4 is the fact that 
the pole set modulo L cannot consist of only one pole (mod L) which is simple. 
(The residue of a simple pole is always 4 0.) We summarize: 


Proposition V.1.6 There exists no elliptic function of order 1. 


Let us now also study the zero set of an elliptic function. Analogously to the 
definition of the pole order, we can also consider the zero order of an elliptic 
function f which does not vanish. It is the number of the zeros of f, counted 
with multiplicities. Equivalently, the zero order of f is the pole order of the 
function 1/f. We further generalize this notion. 


Let f be a non-constant elliptic function, and let b € C be fixed. Then 
g(z) = f(z) —6 


is also an elliptic function. We use the notation 
b-Ord f:= number of zeros of g in C/L, counted with multiplicities. 


Additionally we set 
co- Ord f := Ordf . 


Theorem V.1.7 (The Third Liouville Theorem) The b-order of a non- 
constant elliptic function f is independent of b € C, 


Ord f = b- Ord f for anybeC. 


In particular, f has modulo L as many zeros as poles. 


Proof. Together with f, the derivative f’ is also an elliptic function: 
f(ztw)= f(z) => f'(z+w)=f'(z) for weEL. 


Since f is non-constant and elliptic, the same is also true for 
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We apply the Second LIOUVILLE Theorem V.1.4 to g. The point a is a pole 
of g, iff it is either a pole or a zero of f, and 


hasten a) Seda) i 0, for a pole a of f , 


>0, for a zero a of f , 


as can be seen by using the LAURENT series of f, see also III.6.4 (3). 


Let f be a non-constant elliptic function. A point b € C is called a ramification 
point (with respect to f), iff there exists an a € C such that ord( f(z) — 6; a) > 
2. In case of b = oo then a is a pole of order at least two. 


The Third LIOUVILLE Theorem implies: 


Remark V.1.8 Let f be a non-constant elliptic function having order N, 
considered as a function on the torus, 


f:C/L—C. 
Then there are only finitely many ramification points b € C, and hence also 


only finitely many pre-images [a] in C/L of ramification points b, f(a) = b. 
For the number #f~'(z) of pre-images of an arbitrary z € C we have 


<N, if z is a ramification point of f , 


=N, else . 


0<#f"@) 


We make a further assertion about the position of the ramification points: 


A power series converging in a suitable neighborhood of a, 


has a zero in z = a, iff ag=0. This zero is multiple iff also a, = 0, i.e. iff f’ 
also vanishes at a. From this simple fact follows: 


Remark V.1.9 Let _ 

f:C/L—C 
be an elliptic function, and let b € C be a finite point (b 4 co). The point b is 
a ramification point exactly if there exists a pre-image 


aeC, f(a)=b 


at which the derivative of f vanishes. 


Supplement. oo is a ramification point of f £0, iff 0 is a ramification point 


of 1/f. 
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A Appendix to the Definition of the Period Lattice 


Let LC R” be an additive subgroup, i.e. 


abeL = atbeL. 


If L is discrete, then one can show the existence of k linearly independent 
vectors W1,...,W% € R",O< k <n, with the property 


L=Zw,+---+ Zw, . 


In the second volume we will prove this structure theorem in connection with 
ABELian functions. The group L is thus isomorphic to Z*. The number k 
is the rank of L. In case of k = n the discrete additive group L is called a 
lattice. In case n = 2 there are three possibilities for the rank, and thus three 
possibilities for discrete subgroups of R?: 


(1) L = {0}, k=0, 
(2) L = Zu, wi € C, w; £0, (cyclic group) k=, 
(3) D = Zw, + Zw, wi,w2 € C, and (w; and w2) are 

R-linearly independent, k=2. 


Let f : C > C be a non-constant meromorphic function. The set of its periods 
Lp :={weEC; f(z+w) = f(z) for all ze C} 


is a discrete subgroup of C by the identity principle. There are three possibil- 
ities: 


(1) Ly = {0} (f has no non-trivial periods). 
(2) Ly is cyclic (f is simply periodic). 
(3) Ly is a lattice (f is an elliptic function). 


In case n = 2 the proof of the structure theorem is very simple, see also 
Exercise 3 in this section. 


Exercises for V.1 


1. Let F be a fundamental parallelogram of the lattice L. Show 


C= w+F). 


wel 
2. Let f :C > C be a non-constant meromorphic function. The set of its periods 
Lp r={weC; f(zt+w)= f(z) for all zeC} 


is a discrete subgroup of C. 
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Prove the structure theorem for discrete subgroups L C C. 


Hint. lf L A {0}, then there exists a period w; 4 0 in L of minimal absolute 
value. Then 
LO Rw, = Zw, . 


If L lies in the real line Rw; generated by wi, then the structure theorem easily 
follows. Else, there exists an w2 in L, which does not lie in Rw;, having minimal 
absolute value with this property. Show then L = Zw; + Zw2. 


From the structure theorem we can prove: 


If L Cc C is a discrete subgroup which contains a lattice, then it is itself a 
lattice. In particular, any group L’ which sits between two lattices L and L”, 
LCUL' CL", is also a lattice. 


The number of minimal vectors (i.e. non-zero vectors of minimal modulus) in 
a lattice L is 2, 4 or 6. Give also explicit examples for each case. 


Let f and g be elliptic functions for the same lattice. 


(a) If f and g have the same poles, and for each pole respectively the same 
principal parts, then f and g differ by an additive constant. 


(b) If f and g have the same pole set and the same zero set, and if for any 
pole or zero the corresponding multiplicities coincide, then f and g differ 
by a multiplicative constant. 


Two lattices L = Zw; + Zwe and L’ = Zw) + Zw coincide iff there exists a 


matrix with integral entries & 4 and determinant +1 with the property 
wi\  fab\ (wr 
ws) \ed) \we 


F:={zE€C; z=twitter, 0<ti,te<1} 


Let 


be the fundamental region of the lattice LD = Zw; + Zw2 with respect to a fixed 
basis wi, we. 

Show: The EUCLIDian volume of the fundamental parallelogram is |Im (@w2)]. 
This formula is independent of the choice of the basis. 


The group Z + ZV2 is dense in R. 
Prove the following generalization of the First LIOUVILLE Theorem: 


Let f be an entire function, and let L be a lattice in C. For any lattice point 
w € L we assume the existence of a polynomial P., with the property 


f(z +w) = f(z) + Polz) - 


Then f is a polynomial. 
Another variant of the First LIOUVILLE Theorem: 


Let f be an entire function, and let L be a lattice in C. For any lattice point 
w € L let there exist a number C., € C with the property 


fle +w) = Cuf(2). 
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Then 
f(2) = Ce™ 
for suitable constants C and a. 
Hint. Without loss of generality, we can assume w; = 1 and Cy, = 1. Use 
the FOURIER series of f. Another proof can be given by showing that f’/f is 


constant. 


V.2 The Weierstrass g-function 


We want to construct an as simple as possible example of a non-constant 
elliptic function. There is no elliptic function of order 1, so we start searching 
for an elliptic function of order 2. Such a function has modulo L either two 
poles of first order with opposite residues, or one pole of second order with 
residue zero. We insist on the second case and ask: 


Is there any elliptic function of order two having only in 0 modulo L a pole? 
(This pole is thus of order two.) 


Then any other pole is a lattice point. It is natural to construct such a function 
by means of a MITTAG-LEFFLER partial fraction series. For simplicity, we 
don’t want to use here the theory of partial fraction series, and develop the 
answer from scratch. 


A first trial could be 1 
a (z—w)? ’ 


but this series is not absolutely convergent. For instance, in case of the lattice 
L=Z-+Zi, we have forw=m-+ni #40 


1 1 


1 
2) Im nif? m2 +n?” 


(z—w) 


But we have: 
Lemma V.2.1 The series 
a 
S- 5 mi ¢. ER, 
(m,n)EZxZ (m as ) 
(m,n)A(0,0) 
converges iff a> 1. 


Proof. Basically, this result was already proven in connection with Proposition 
IV.2.6. Another proof compares the series with the integral 


I= dx dy 
_ : ( 24 2\a z 
x2+y2>1 \e y 
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and it is easy to show that they either both converge or both diverge. Using 
polar coordinates 
L=rcosyp, y=rsing, 


we can compute the integral. The JACOBI determinant is r, hence we can 
rewrite the integral as 


ra [fee oon f ae 
o JI Pao yp Fee~ 


The last integral converges iff 2a —1 > 1. 


From Lemma V.2.1 we derive: 


Lemma V.2.2 Let L CC be a lattice. The series 


converges. 


Proof. Let 
L= Zw + Zw . 


Using Lemma V.2.1 it is enough to prove an inequality of the form 
|mw, + nwe|* > 5(m? + n?) 


with a suitable constant 6 > 0 which depends only on w1,w2. Equivalently, 
we show that the quotient 


2 
flop) = AE (a) R?\ ((0.0)) 


has a (strictly) positive minimum. Since f is homogenous it is enough to show 
that its has a (positive) minimum on 


S:i={@y)eR; 2 +y?=1} 


But this clear since this set is compact. 


We owe to K. WEIERSTRASS the modification of the initial “trial”, by intro- 
ducing summands which enforce convergence. 


Lemma V.2.3 Let M Cc L \ {0} be a set of lattice points. Then the series 


view 


weEM 


converges normally in C \ M, and defines an analytic function. 
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Proof. The absolute value of the general summand is 


1 1 
~ ies 


_ Jellz= 20] 


(z—w)?  w?} wl? |z—w)? 


The number w has power one in the numerator, and power four in the denom- 
inator. Usual estimate techniques give: 
Let K =U,,(0) be the compact disk of radius r > 0 centered at 0. Then 


1 1 
2° 72 


@—wp a < 12r lw|~? for all zEk 


and for all but finitely many w € L (e.g. for all w with |\w| > 2r). 
The proof of Lemma V.2.3 immediately follows from this an from V.2.2. 


Definition V.2.4 (K. Weierstrass, 1862/63) The function defined by 


is called the Weierstrass o-function? for the lattice L. 
The results up to now show: 
Proposition V.2.5 The Weierstrass o-function for the lattice L is a mero- 
morphic function C — C. Its poles are of order two, which are located at the 
lattice points. So o is analytic in C\ L. The g-function is even, i.e. 

(z) = p(—z) . 


The Laurent expansion of og in the origin zo = 0 is 
1 
p(z) = t+ agz" + agz*+-:-- ( especially ag = 0! ) 
z 


We will see in V.2.7 that the WEIERSTRASS g-function is an even elliptic 
function of order two. 


Besides the g-function, its derivative also plays an important role. From V.2.3 
and V.2.5 we can state: 


Lemma V.2.6 The derivative of the Weierstrass o-function 
1 
/ = =) oe 
p'(2) > (zw) 


has poles of order 3 in the lattice points, and is analytic on C \ L. As a 
derivative of an even function, go! is odd, 


g'(—z) = —g'(z) - 


? This series can be traced back to EISENSTEIN, 1847, [Eis]. See also [We]. 
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The next Proposition will show that the derivative g’ is an odd elliptic function 
of order three. 


Proposition V.2.7 The Weierstrass o-function for the lattice L is an even 
elliptic function of order two, its derivative o' is an odd elliptic function of 
order three. 


Proof. A direct argument gives the double periodicity for the derivative g’: 
For all wo € LD 


/ was 1 + alg 
g' (z+ wo) = gE rere) ik 


This is because when w runs through L, then w—wp also runs through L. (The 
“same” argument does not work for the g-function because of the correcting 
terms needed to ensure convergence.) 

Taking primitives, the difference function 


e(z+wo)— e(z) for wo € L 


turns out to be a a constant. We show that it is zero. 


We can assume that wo is one of the basis elements, so Zw does not lie in L. 
We take z = —two and obtain for the constant the value 


1 i 1 = 1 1 ne 
99 50 Wo 99 50 = 50 99 50 =U. 


(g is even for the last step.) This gives the double periodicity of ¢. 


Let us now determine the zeros of 9’. 


Lemma V.2.8 (Invariant characterization for the zeros of ’) A point 
a€C is a zero of 9’, iff 


agL and 2aeL. 


There are exactly three zeros on the torus C/L, all of them simple. 


Proof. Let a satisfy the given property (a ¢ L , 2a € L). Then 


o'(a) = (a — 2a) (2a € L) 
= 9'(—a) =—@'(a)  (@" is odd) 
so ¢'(a) = 0. 
We now have three zeros of @’, namely the different points modulo L: 
Wy Ww Wy + We 
—, = and —— 
2 2 2 


Applying the Third LIOUVILLE Theorem V.1.7, we see that there are no fur- 
ther zeros, and all above zeros are simple. 
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Notation. 


Wy We Wy + W2 
wme(Z). ame(2), amo(2t#). 


Remark V.2.9 The above “half lattice values” e1,€2,e3 of the Weierstrass 
g-function are pairwise distinct and up to their ordering they do not depend 
on the choice of the basis w1,w2 of L. 


Proof. Let a be one of the three half points, b = g(a). Since g(a) = 0, it 
contributes to the b-order with multiplicity at least two. Since the b-order of 
g is two, the value b cannot be taken at another point mod L. This shows 
that the e; are pairwise different. 


The set {e1,e2,e3} depends only on L, and not on the chosen basis. This 
follows from the invariant characterization in Lemma V.2.8. 
Note that a lattice basis can be chosen in many ways. For example, ff w 1, w2 
is a basis, then w1,w2 + wy, is a basis too. 


Proposition V.2.10 Let z and w be two arbitrary points in C. Then 


iff 

z=w modL or z=-w modL. 
Proof. We fix w, and consider the elliptic function z + o(z) — e(w) of order 
two. It has two zeros modulo L, counting multiplicities. These are obviously 
z= wand z = —w modulo L. (When w and —w coincide modulo L, then w 
is a half lattice point and one has a double zero.) 


This clarifies the mapping properties of the WEIERSTRASS g-function 
e:C/L—C. 


There are four ramification points in C, namely ej, €2, €3 and oo. Each of 
them has exactly one pre-image in C/L. All other points of C have exactly 
two pre-images in C/L. 

At the end of this section, we compute the LAURENT expansion of the WEIER- 
STRASS g-function at zo = 0: 


1 [oe) 
2n 
eZ) =ar ) a2n 2 
n=0 
loc) 
The radius of convergence for the series y aan 2, is 
n=0 


min{ jw) ;weEL,wFO0}. 
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The coefficients a2, are determined from TAYLOR’s formula for the function 


=o _ £20) 
f)=0@)-zi m= 


We already know ap = 0. For n > 1 we can inductively compute the derivatives 
ik 
(n) — (_1)\” 
weL\{0} 
Substituting z = 0 we get 


> 2(n+1) ° 
wet\fo} 


We conclude: 


Proposition V.2.11 The series 


Gy= yo; nEN,no>3, 
weEL\{0} 


converges absolutely, and one has 


in a suitable punctured neighborhood of z = 0 (namely in the maximal punc- 
tured open disk centered at 0, which does not contain any non-zero lattice 
point). 


Observation. The symmetry L — L, w — —w, of the lattice shows that Gp, 
vanishes for odd m. 

The series G,, are the so-called Eisenstein series. We will study them in detail 
later. 

Exercises for V.2 


1. IfLCCisa lattice, then the formula 
S aaa 
wel (z = w)” 


defines for any n > 3 an elliptic function of order n. What is the connection 
with the WEIERSTRASS g-function? 


2. The WEIERSTRASS g-function has only lattice points as periods. 
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For an odd elliptic function associated to the lattice L the half-lattice points 
w/2, w € L, are either zeros or poles. 


Let f be an elliptic function of order m. Then its derivative f’ is also an elliptic 
function of some order n, and the following inequality holds: 


mt+t1l<n<2m. 
Construct examples for the extreme cases n = m+ 1 and n = 2m. 


Let LC C be a lattice. We denote by L the set of all conformal maps C — C 
of the form 


Zt rzZ+w, Ww Des 


We identify (similar to the construction of the torus C/L) two points in C, 
iff they can be mapped into each other by suitable substitutions of L. After 
identification, we obtain C/L, first as a set. Show that the g-function gives a 
bijection 

C/L—C. 
The field of all L-invariant meromorphic functions is generated by ¢. 
If the reader knows the fundamentals of topology, then one can say more: 


When C/ L is equipped with the quotient topology, then one obtains a sphere. 
(This can be proven using the g-function, or in a purely topological way.) 


For two lattices L and L’ the following conditions are equivalent: 

The intersection LM L’ is a lattice. 

The “lattice sum” D+ 0’ :={wt+w'; wel, w' EL’ } isa lattice. 

Then the two lattices are called commensurable. 

Show: The fields of elliptic functions for two lattices L and L’ have non-constant 
functions in common, iff the lattices are commensurable. 


Any elliptic function of order < 2 with period lattice L, whose pole set is 
contained in L, is of the form z > a+ bg(z). 


V.3 The Field of Elliptic Functions 


The sum, difference, product and quotient (with non-zero denominator) of two 
elliptic functions are also elliptic functions. The set of all elliptic functions for 
a fixed lattice L is thus a field. 


Notation. K(L) is the field of elliptic functions for the lattice L. 


Constant functions are elliptic functions. The map C > K(L), associating to 
a complex number C’ € C the constant function with the value C, gives an 
isomorphism of C onto the field of constant functions in K(L): 


C— K(L), 


C+ = constant function with value C’. 
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If there is no danger of confusion, we will always identify the number C' € C 
with the constant function with value C’. After this identification, C becomes 
a subfield of K(L). 


In this section we will determine the structure of K(L). 
Let f € K(L) be an elliptic function, and let 


P(w) =a9 +aywt-+++anw™ 


be a polynomial. Then the composition z +> P(f(z)) is also an elliptic func- 
tion, denoted by P(f). It is not identically zero if f is non-constant and P is 
not identically zero. (This is because a non-constant f takes any value.) More 
generally, let R(z) be a rational function, i.e. a meromorphic function 


R:C—C, 
which can be written as a quotient of two polynomials, 
P 
Q 
The elliptic function ail depends only on R (and not of the chosen fraction 


representation), and we denote it by R(f). Let R be another rational function. 
Then (because f takes any value) 


R(f) = R(f) Re Re 


In other words, if f is a non-constant elliptic function, then the map R+> R(f) 
gives an isomorphism from the field of rational functions onto a subfield of 
K(L). This subfield is denoted by 


C(f)={9; g=R(f), Risa rational function } . 


We will now determine all even elliptic functions f, (f(z) = f(—z)), and at 
first only those whose pole set is contained in L. An example is the WEIER- 
STRASS g-function. More generally, any polynomial in ¢ has this property. 


Proposition V.3.1 Let f € K(L) be an even elliptic function, whose pole 
set is contained in L. Then f can be represented as a polynomial in ¢, 


f(z) = 0 + aip(z) +++ +anplz)" (av EC) . 


The degree of this polynomial is half of the order of f. 


Proof. The case of a constant f is obvious. So let us start with a non-constant 
f € K(L). Then f has at least one pole in L and hence a pole at 0. The 
LAURENT series of the even function f in 0 has only even coefficients, and is 
hence of the form 
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f(z) = @_an2z77" + tye fee, n>1, a_on #0. 
The LAURENT series of ¢(z) is of the form (V.2.11) 
ple) =e 
For the n™ power we obtain 
oly = bos 


As f and g the function 

g = f —a_2np” . 
is an even elliptic function, whose pole set is contained in LZ. But the order of g 
is strictly smaller then the order of f. The proof now is obtained by induction. 


Proposition V.3.2 Any even elliptic function is representable as a rational 
function in the Weierstrass g-function. 


In other words: The field of all even elliptic functions for the lattice L is equal 
to C(g) (as a subfield of K(L)), and is thus isomorphic to the field of rational 


functions. 


Proof. Let f be a non-constant even elliptic function. If a is a pole of f which 
is not contained in L. The function 


2+ (p(z) — g(a)” f(z) 


has in z = a a removable singularity, if N is sufficiently large. Since f has 
only finitely many poles mod JL, we find finitely many points a,...,@,, and 
natural numbers Nj,..., Nm such that 


g(2z) = f(z) []e) — e(a;))™ 


has no poles outside L. By V.3.1 g(z) is a polynomial in ¢(z). 


Any elliptic function can be written as a sum of an even and an odd function, 
both elliptic: 


1 


fle) =5U@ +f) +50 -f-), 


because together with z+ f(z) also z+ f(—z) is an elliptic function. Let’s 
look more closely to odd elliptic functions. The quotient of two odd elliptic 
functions is even. We obtain 

Any odd elliptic function is the product of an even elliptic function and the 
odd elliptic function o'. 

From V.3.2 we get the following structure theorem for K(L) : 
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Theorem V.3.3 Let f be an elliptic function with period lattice L. Then 
there exist rational functions R and S, such that 


f =R(p)+ 9 S(g) , 


K(L) = C(g) + C(p)g" . 


(Hence K(L) is a two-dimensional vector space over the field C(¢).) 
The proofs of V.3.1, V.3.2, V.3.3 are constructive. 


Example. By Proposition V.3.1, the elliptic function (g’ \? is representable as 
a polynomial in g. Following the construction in the proof of V.3.1, we first 
need some LAURENT coefficients of the functions 9, 92, 3, e', (e")”. 


(1) We already know from V.2.10 


g(z) = 27? + 8G4z? + 5Gezt# +--- 
(2) Taking termwise derivatives we obtain 
g!(z) = —2273 + 6Gyz + 20Gez? + --- 
(3) Squaring ¢ we get 
g(z)? = 2-44 6G4+10G6z?+--- 
(4) Multiplying o and ~ we obtain 
p(z)? = 2-© + 9Gyz-? + 15Ge +: 
(5) Finally squaring g’ we get: 
g!(z)? = 42-® — 24G4z-? — 80G5 +--- 


We can now use the algorithm from the proof of V.3.1 to write (’)” as a 
polynomial in o. We first take the difference: 


g'(z)? — 4(z)? = —60G,z~? — 140G—+-:- 
Adding 60G49(z), we get 
g'(z)? — 4(z)* + 60G4p(z) = —140G, + --- 


This is an elliptic function without poles, hence a constant. The constant is 
—140G¢. 
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Theorem V.3.4 (Algebraic differential equation for 9) We have: 


9'(z)* = 49(z)° — ge(z)—93 with 
g. =60G, =60 >> wt, 


weEL\{0} 


gs =140G, =140 So uw. 
weEL\{0} 


One can use this algebraic differential equation for o to express all higher 
derivatives of 9 as polynomials in g and g’. (This must be possible, by V.3.3.) 
Differentiating the algebraic differential equation, and dividing by g’ on both 
sides, we get 


20"(z) = 12(z)? — go - 


Differentiating again, we get 


p""(z) = 12e(z)9"(2) 
and we can continue to obtain formulas like 
g'Y (z) = 120"(z)* + 129(z)9"(z) 

= L2¢'(z)’ + 69(z)[12(z)? — 92] 

= 129"(z)? + 729(z)° — 6g20(z) 

= 120¢(z)* — 18g20(z) — 1293 , 
and so on. These relations induce, after taking LAURENT coefficients in all 
degrees, many relations between the EISENSTEIN series G,,, more precisely, 


the higher EISENSTEIN series G,,, n > 8, have explicit representations as 
polynomials in G4 and Gg. (See also Exercise 6 to this section.) 


A Appendix to Sect. V.3 : The Torus as an Algebraic 
Curve 


By a “polynomial in n variables” we will understand a map 
P:C"—C, 
which can be written in the form 


Vy Un 
P(z1,.--;2n) = ) is ey eae 
finite 
Here, the sum is taken over finitely many multi-indexes (11,...,Vn,) consist- 
ing of non-negative integers. The corresponding coefficients a,,,....,, € C are 
uniquely determined by P. 


gee 
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Definition A.1 A subset X C C? is called a plane affine curve, iff there 
exists a non-constant polynomial P in two variables, such that X is exactly 
the zero set of this polynomial, i.e. 


X={2eC?: Pe)=0}. 
Comments about the terminology. 


(1) The word plane refers to the plane C?, a vector space of dimension two 
over C. 

(2) The word affine refers to the fact that the plane C? sometimes occurs as 
affine plane in contrast to the projective plane (s. below) 

(3) X should be considered as complex one-dimensional (and real two- 
dimensional). 


Example of an affine curve. Let gz and g3 be complex numbers. Let P be the 
following polynomial 


P(21,22) = 22 — 422 + gaz + 93 , and set 
X = X(g2,93) = { (41,22) €C?; Bh =4ef -—Qou—gs}. 


Let’s try to draw a figure. We take go, g3 € R. Because we have only two real 
dimensions on this sheet of paper, we must restrict to a real figure: 


Xp := XR ={ (2,y) ER’; y? =42°-—goxr—g3} . 


y = 4a? — gor — g3 y? = 4x? — gox — gs 


We have to take into account that the real figure only gives partial information 
about the curve. It can be empty, as in the case of 


P(X, Y) = X7+Y7 +1. 


Let us go back to our example, and assume, that there exists a lattice LC C 
with 

g2 = 92(L) and g3 = g3(L) . 
In Section V.8, we will see that this is the case iff g3 — 2793 4 0. 
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From the algebraic differential equation for the g-function, it follows that the 
point (¢(z), o’(z)) lies on the curve X(g2, 93) for any z € C, z ¢ L. This gives 
a map 
C/L \ { [0] } — X(g2,9s) ; 
[2] > (w(z), @'(z)) . 


Proposition A.2 The assignment 


[2] — (#(2), @(2)) 


defines a byective map of the punctured torus onto the plane affine curve 
X (92, 93); 

C/L \ {[0]} — X(g2, 9s) - 
Proof. 
(1) The surjectivity of the map. Let (u,v) € X(g2, 93) be an arbitrary point on 
the curve. The g-function takes any value in C, so there exists a z € C\ ZL with 
o(z) = u. From the algebraic differential equation of the @-function follows 


p(s) = 20 
We thus have 
either (9(z), @'(z)) = (u,v) , or (e(—z), @'(—z)) = (u,v) . 
(2) The injectivity of the map. Let z,w € C \ L satisfy 
p(z) = p(w) and 9'(z) = 9'(w) . 
Then by V.2.10, 
either z=w modL, orz=-w modL. 


We must study only the second case. From z = —w mod L we obtain 


e'(z)=—#'(2), 


hence 

p'(z)=0. 
But then 2z € LD, and the second case reduces to the first case z = —z = w 
mod L. 


The affine curve X(g2,g3) misses the partner of the point [0] on the torus. We 
will find it in the “projective closure” of the curve. 


The projective space 
We define the n-dimensional projective space P"(C) over the complex number 


field. It is obtained by considering equivalence classes of points in C"*+ \ {0} 
with respect to the following equivalence relation: 
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z~w <— z=tw forasuitablet eC. 
The orbit of a point z with respect to this relation will be denoted by 
[zq]J={tz; teC,tF#0}. 


(This should not be confused with the similar notation for the image of z € C 
in the torus C/L.) The projective space is the set of all orbits, 


P'(C)={ [2]; z€C"1\ {0} }. 


(Two points z and w lie in the same orbit, iff they lie on the same complex 
line through the origin in C"*!. Hence one can consider P”(C) as the set of 
all lines through zero in C"*", or as the set of all 1-dimensional subspaces of 
the vector space C”*?.) 


We denote by 


A"(C) = { [z] € P"(C) ; = leicke tel zo #0 } 


the part of the projective space defined by “zo 4 0”. (We do not want to 
introduce a topology on P”(C) here, but one should think about A”"(C) as an 
open, dense subset of P”(C).) 


Remark A.3 The map 


Cc" — A"(C) , 


(Z1,---;2n) > [1, 21,---5 Zn] , 


is byective. Its inverse is given by the formula 
21 zn 
[203215+ +52] — Te ak ee : 
20 20 


Proof. It is a simple check, that both maps are well defined and inverse to 
each other. 


We consider the complement P”(C) \ A”(C). 


Remark A.4 The map [z1,...,2n] +> [0,21,---,2n] defines a bijection 


P"-1(C) — P*(C)\ A"(C) . 


This is obvious, and left to the reader. 


Let us recall the essential properties of the projective space. 


The n-dimensional projective space P"(C) is the disjoint union of an n- 
dimensional affine space A"(C) and an (n —1)-dimensional projective space 
pP?-1(C). We call A"(C) C P"(C) the finite part, and the complement 
P?-1(C) C P"(C) the infinite part. 
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Examples. 


(1) »=0: The 0-dimensional projective space consists of one point 


P°C)={[}={lel; 240}. 


(2) n= 1: The affine line A1(C) c P!(C), given by “zo 4 0” can be bijectively 
mapped onto C, A.3. The complement P!(C) \ At(C) consists of a single 
point ((0, 1]). 

We can thus identify P!(C) with the Riemann sphere, 


PC) —C, 

9 if z #0, 
[zo, 21] > 4 20 

Cw, if z=0. 


We now introduce the notion of a projective plane curve. 


A polynomial P is called homogenous, iff there exists a number d € No, such 
that 
P(t21,.4., tn) =" Plziy..:,2n) - 


Then d is called the degree of P. Obviously, the homogenity means 


vy, £0 = m+---+m=d. 


eae: 


Let P(2o, 21, 22) be a homogenous polynomial in three variables. If (zo, 21, 22) 
is a zero of P, then this is also true for all scalar multiples (tzo, tz1, tz2). The 
set of points 

X={leP(C); P(z)=0} 


is then well defined, i.e. the condition “P(z) = 0” does not depend on the 
choice of the representative z for [z]. 


Definition A.5 A subset X C P?(C) is a plane projective curve, iff there 
exists a non-constant homogenous polynomial P in three variables, such that 


X={[eleP(C); P(z)=0}. 
The projective closure of a plane affine curve 


Let 
=) 1 V2 
Pla, 22) Qyy v2 ~1 zo 


be a non-constant polynomial. We consider 
d:=max{m+12; yr, #0. } 


We define 
P( (20, 21, 22) = Minne d-—14— agg . 
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Then P is a homogenous polynomial in three variables. This process is called 
homogenization. 
Associated to P is a plane affine curve X = Xp C A?(C). 
Associated to P is a plane projective curve X = Xp C P?(C). 
In this context, we have: 
Remark A.6 Let P be a non-constant polynomial in two variables. 
Let P be the associated homogenous polynomial in three variables. Then the 
bijection 

C*—A7(C) , (21, 22) > [1, a1, 2a] , 
maps the affine curve X = Xp bijectively onto the intersection X NAC) of 
the projective curve X = Xp with the “finite part” of the projective space. 
It is easy to show that there are only finitely many points of the curve X in 
the infinite part (the complement of A?(C) given by “zo = 0”). 
This motivates the following 
Terminology: The projective curve X is a projective closure of the affine curve 
Xx. 


The polynomial P is not uniquely determined by the curve X, for instance P and 
P? have the same zero set. One can show that X depends only on X, but not on the 
polynomial P. This allows us to use the more strict terminology “X is the projective 
closure of X”. If we topologize the projective space P"(C) using the quotient topol- 
ogy, then X is exactly the topological closure of X. By the way, the projective space 
P"(C) is a compact topological space. The projective curve X C P?(C) is closed, 
hence compact, too. It can be considered as a natural compactification of X. 


Let’s go back to our example 
P(21, 22) = 24 — 422 + go21 + ga . 
By homogenization, we obtain the polynomial 
P(z0, 21, 22) = 2028 — 423 + gozdzr + gaze 


Let us determine all points at infinity of the associated projective curve. These 
points satisfy “zo = 0”, and together with P(zo, 21, 22) = 0 we get 


zo =O and z1;=0. 


All points (0,0, 22) lie in the same orbit [0,0, 1]. We thus have: 


The projective curve X = Xp contains exactly one point at infinity, namely 
[0, 0, 1]. 
This is the missing point we were looking for. 
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Theorem A.7 The map 


C/L — P*(C) , 
[z] i e(z), o(2)], f2EeL, 
(0,0, 1] , ifzeL, 


defines a bijection of the whole torus C/L onto the projective curve X (gz, 93). 
The equation of this curve is 


2 3 2 3 
29% = 427 — go2921 — 93%9- 


Setting zo = 1 in this equation, we obtain the affine part of this curve. 


The projective curve X(g2,g3) with g2 = go(L),g3 = 93(L), is called the 
elliptic curve associated to the lattice LD. 


Exercises for V.3 


i 


For each of the elliptic functions (g’)~", 1 < n < 3, find the corresponding 
normal form R(g) + $(g)g’ with rational functions R and S. 


For any n € Z the function z — g(nz) is a rational function in z — ¢(z). 


Using the notations of V.2.9, show 
e" (=) = 2(e1 - €2)(e1 es) 


and find the corresponding formulas for the other half lattice points. 


Let us set g2 = g2(L), g3 = g3(L) for the g-invariants of a fixed lattice L. Let f 
be a meromorphic, non-constant function in some domain, which satisfies the 
same algebraic differential equation as Q, i.e. 


f° Sap = gf = oy 


Show that f is the composition of o with a translation, i.e. there exists an 
a € C with f(z) = p(z +a). 
Hint. Consider a local inverse function f~' of f and h:= f-tog. 


The algebraic differential equation of the o-function can be rewritten as 


9” = 4(@ — e1)(@ — €2)( — es) « 
Here, ej, 1 < j < 3, are the three half lattice values of the g-function, V.2.9. 
Show the following recursion formulas for the EISENSTEIN series G'am for m > 4: 


m—2 
(2m + 1)(m — 3)(2m — 1)Gom = 3 > (29 — 1)(2m — 25 — 1) Gay Gam—2; , 


j=2 


for instance Gip = 2GuGe. Any EISENSTEIN series Gam, m > 4, is thus repre- 
sentable as a polynomial in G4 and Gg with non-negative coefficients. 
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10. 


11. 


12; 
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We call a meromorphic function f : C > C “real”, iff f(Z) = f(z) for all z € C. 
A lattice L C C is called “real”, iff w € L implies @ € L (i.e. iff L is invariant 
under complex conjugation). 


Show tha the following properties are equivalent. 

(a) g2(L),gx(L) ER. 

(b) Gn € R for all (even) n > 4. 

(c) The g-function is real. 

(d) The lattice L is real. 

A lattice is called rectangular, iff it admits a basis wi, w2 , such that w, is real 


and w2 is purely imaginary. A lattice L is called rhombic, iff it admits a basis 
W1, W2 , such that we = W}. 


Show that a lattice is real, iff it is either rectangular or rhombic. 


The WEIERSTRASS g-function with respect to a rectangular lattice L = Zw, + 
Zw2, where w; € R%& and we € iR*, takes real values on the boundary and on 
the middle lines of the fundamental rectangle. 


Let L = Zw; + Zwe be a rectangular lattice as in Exercise 9. Show that the 
interior of the fundamental rectangle 


Di={z iC: zat to, 0<tite<1} 


is mapped by the WEIERSTRASS g-function of L conformally onto the lower 
half-plane 
H_ = {zeEC; Inzg<0 }. 


In this exercise we use the notions “extension of fields” k C K and “algebraic 
dependence”. The elements ai,...,@n in K are called algebraically dependent 
over k, iff there exists a non-zero polynomial P in n variables with coefficients 
ink, P € k[X1,...,Xn], such that P(ai,...,an) = 0. We use the following 
elementary facts from algebra: 

Let us assume, that there exist n elements ai,...,dn € K, such that K is 
algebraic over the field k(a1,...,@n) generated by these elements. Then any 
n+1 elements of K are algebraically dependent over k. 

Show that any two elliptic functions (for the same lattice L) are algebraically 
dependent over C. 

Let L be a lattice. Show that there does not exist any elliptic function f € K(L), 
with C(f) = K(ZL), ie. such that any other elliptic function can be written as 
a rational function in f. 

Hint. Analyze the equation f(z) = f(w), and show that if there would exist an 
f with the above property then f would be an elliptic function of order 1. 


V.4 The Addition Theorem 


Let a € C be fixed. Together with an elliptic function f(z), the function 
g(z) := f(z +a) is also elliptic. Then it must be possible (V.3.3) to find a 
formula for o(z + a) of the form 
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p(z + a) = Ra(p(z)) + Sa(wlz)) - @'(2) 


with suitable rational functions Ra and S, depending on a. Their explicit 
computation along the prescribed lines leads to the Addition Theorem for the 
Weierstrass ¢-function. 


The first step in this construction is seperating the even and odd parts of 
z— o(z +a). The odd part is g’ times an even function. So we consider 


p(z+a) + (z —a) p(z+ a) — o(z—a) 
a a and 7 


and look for their representations as rational functions of o(z). This second 
step leads to the study of pole sets. The poles of the second function come from 
the poles of the numerator and the zeros of the denominator ¢/(z) (eventual 
cancellations must be considered). The zeros of g’ are exactly the half lattice 
points, which are not lattice points, a € C, a ¢ L, 2a € L. All of them are 
simple zeros. But in these points the numerator also vanishes, 


p(a +a) = p(-a— a) = p(-—a— a+ 2a) = p(a—a) , 
so they are not poles. The functions 


Bes pera toe a) ; [o(z) = »(a)| 


Gino) 


have obviously no poles outside L, hence they are representable as polynomials 
in ¢(z). In the first case the involved polynomial has degree < 2, in the 
second one 0 (constant polynomial). In a third step one has to compute the 
coefficients of these polynomials by means of the LAURENT series. We skip 
these computations because it is very easy to verify the resulting formula 
directly. 


and 


Analytic form of the Addition Theorem 


Theorem V.4.1 (Addition Theorem for the g-function) Let z and w 
be two complex numbers, such that z+w, z—w, z and w do not lie in the 
lattice L. Then 


For a direct proof of this theorem, we first consider w as fixed, and look at the 
difference of both sides as function of z. It is an elliptic function with poles 
among the places 
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zE€L with z=xatw modl. 


Then, a simple computation shows the vanishing of the principal and constant 
parts of the both sides cancel, when one takes the difference. The details are 
left to the reader. (A little later we will give another elegant proof.) 


The formula in V.4.1 degenerates if we substitute for z the value w, but we 
can instead consider the limit z — w, which exists and leads to a Doubling 
Formula . 


From the expansions 


ome a _ a. ae | + higher powers of (z —w) , 
we get 
im 22=e@@) _ ew) 


This gives for 2z ¢ L: 
Theorem V.4.2 (Doubling Formula) 


Lie")? 

o(22) =F] 12] 2012 

The expression [g’(z)/'(z)|? can be converted by means of the algebraic 
differential equation of g, yg’? = 43 — ge — g3, 2" = 1267 — go. This leads 
to an explicit formula for @(2z) as a rational function of ¢(z): 


(9? (z) + $92)? + 293(z) 


eA) =e) = Gane) as 


Geometric form of the Addition Theorem 


The Addition Theorem V.4.1 has a geometrical interpretation, which leads to 
a deeper understanding and especially to a simple, transparent proof of it. 
Preliminaries. A subset G C P?(C) is called a (complex projective) line, iff 
there exist two different points [zo, 21, 22], [wo, W1, We] in P?(C), such that G 
is the set of all points of the form 


P= P(d,p) := [Az +pwo, AZ +pw,, Azatwe], (A, pu) € C?\{(0,0)} . 


The map 
P*(C) —G ’ 


[A, w] > PQ, 1) » 
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is then a bijection between the standard projective line and G C P?(C). Two 
different points in P?(C) are contained in exactly one projective line in P?(C). 
The torus C/LZ is, as a quotient of the additive group C, itself a group. We 
can, using the bijection C/L — X(g2,93) (Appendix to V.3), transport the 
structure to obtain an addition on the elliptic curve such that this map gets 
an isomorphism. We denote this addition on X(g2, g3) again by the usual plus 
symbol, and the neutral element [0,0,1] of X is simply denoted by 0. The 
geometrical form of the Addition Theorem is: 


Theorem V.4.3 The sum of three distinct points a,b,c on the elliptic curve 


X(g2,93) ts zero, 
a+b+c=0, 


iff a,b,c lie on a projective line. 


Remark. A simple consideration shows that a projective line and a projective 
elliptic curve have exactly three common points in P?(C), counting multiplic- 
ities. If these intersection points are a,b,c € X (g2, 93), then their sum is zero. 
Conversely, if the sum is zero, then the three points lie on a projective line. By 
Theorem V.4.3 the addition law in X(g2, 93) is completely determined (up to 
some degenerate cases where two points coincide, see the comments below). 


Proof of V.4.3. To avoid trivial cases we assume that none of the points a, b,c 
is located at 0. Three points [uo, ui, Ua], [vo, v1, v2] and [wo, wi, We] lie on a 
projective line in P?(C), iff the vectors (uo, u1, U2), (Vo, V1, V2), (Wo, W1, W2) are 
linearly dependent, i.e. iff the determinant of the matrix consisting of these 
vectors vanishes. 

Let a,b,c € X(g2,93) be three different points, which sum up to 0. Let 
[u], [v], [(w] € C/L be the corresponding points in the torus. We have the 
equivalence 


at+b+c=0 => [u] + [v] + [w] = [0] 


by definition of the additive structure on X (92,93). So u,v,w sum up to 
0 € C/L, and thus w = —(u+v) modulo L. Theorem V.4.3 is thus equivalent 
to 
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Proposition V.4.4 The following formula holds: 


(The excursion about projective curves can be ignored, if one is satisfied with 
this version of V.4.3.) 
We postpone the proof of V.4.4. 


We first show that the Addition Theorem V.4.1 can be proven starting from 
V.4.4. Subsequently we will give an elegant proof of V.4.4, and thus of the 
Addition Theorem. Let us consider three points 


(v1, 41) = ((u), g' (u)) ’ 
(x2, y2) = (@(v), 0'(v)) , 
(x3, ys) = (o(u+ v),-p'(ut v)) . 


We can assume that 71, %2 and 73 are pairwise different. The determinant in 
V.4.4 vanishes, so the three points lie on an affine line 


Y=mX+b. 
The coefficient m is ‘ , 
_ ov) - ow) 
(v) — e(u) 
From the algebraic differential equation of the g-function, the three points 


also lie on the elliptic curve Y? = 4X° — gX — gs, and eliminating Y we 
obtain that 21, x2 and x3 are the zeros of the cubic polynomial 


AX? — go X — gy —(mX +6)" . 


They are different, so there is no other root. If one compares the square 


coefficients on obtains 


m2 


Baa ig a =e 


This is exactly the Addition Theorem in analytic form. 


One can relax the condition in V.4.3 that the three points a, b, c are pairwise distinct, 
if one is familiar with the concept of the tangent line at a point a € X. This tangent 
line may intersect X in a third point c and then a+a+c=0. It may also happen 
that the tangent has “multiplicity three”. Then c = a and hence a+a-+a = 0. 
There are 9 points with this property. 
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An elegant proof of the Addition Theorem 


We finally give the promised proof of the Addition Theorem in the analytic 
version V.4.4. We anticipate ABEL’s Theorem (V.6.1), but use only the simple 
implication in it. It claims: 

Let aj,...,@n be a system of representatives modulo L of the zeros of a non- 
constant elliptic function f (for the lattice L), and let b1,...,bm be a system 
of representatives modulo L of the poles of f. We repeat in these lists each 
value with its multiplicity. 

Then m=n, and 


(a, +-+++@n)— (br +++: + bn) EL. 


For the proof of V.4.4, we fix two different points u and v not in L, such that 
o(u) and g(v) are not equal. Let us consider the elliptic function f, 


1 p(z) p'(z) 
f(z) = det | 1 pv) »'(v) 
1 p(u) p(w) 


By the LEIBNIZ formula for the determinant this function is of the form A+ 
Bo(z) + Co'(z) with C = g(u) — e(v) ¥ 0. It has its poles exactly in the 
lattice points (of third order). It is thus an elliptic function of order 3, its 
zeros are located at z = u and z = v. By ABEL’s Theorem the third zero 
modulo £ must be z = —(u+ v). 


One can, conversely, deduce the geometric form of the Addition Theorem from 
the analytic form of it (Exercise 2). 


Exercises for V.4 


1. Fill in the details of the direct proof of the Addition Theorem V.4.1, as sug- 
gested after its statement. 
Deduce the geometric form of the Addition Theorem from its analytic form. 
Let L C C be a lattice with the property g2(L) = 8 and g3(L) = 0. The point 
(2,4) lies on the affine elliptic curve y* = 42° — 8a. Let + be the addition (for 
points on the corresponding projective curve). Show that 2- (2,4) := (2,4) + 

- : 9 2 

(2, 4) is the point (2, —+). 
Hint. Find the (third) intersection point of the elliptic curve with its tangent 
in (2,4). 


4. Using the notations in the proof of Proposition V.4.4 we have 


(a3 — 2)y1 — (a3 — £1) yo 
Ly = £9 : 


y3 = 


This can be considered as an analytic Addition Theorem for 9’. 
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5. Addition Theorem for arbitrary elliptic functions 


For an arbitrary elliptic function f, there exists a polynomial with complex 
coefficients P # 0 in three variables, such that 


P(F(2), f(w), fz +w)) =0. 


Hint. We use some standard, elementary facts from algebra, especially facts 
from Exercise 11 of Sect. V.3, about extensions of fields. 


A function 
F:CxC-C 


is called analytic, iff it is continuous, and analytic with respect to each variable. 
The set of all these functions is denoted by O(C x C), which is a commutative, 
integral ring with unit. It has no zero divisors. Hence we can consider its quo- 
tient field 2. It is a substitute for the set of all meromorphic functions of two 
variables, which will be introduced in the second volume. 

Consider the subfield of 2, generated over C by the five meromorphic functions 


(z,w) > (2), ew), F(2), F(w) and f(z+w) . 


This field is algebraic over the field C(g(z), e(w)). Use for this the fact that 
being algebraic is a transitive relation for field extensions. 


V.5 Elliptic Integrals 


By an elliptic integral of the first kind we understand an integral of the form 


[ = ; 


where P is a polynomial of degree three or four without multiple roots. 


The value of such an integral depends on both the choice of the square root 
and the choice of a curve connecting a and z. 


Theorem V.5.1 For any polynomial P(t) of degree three or four having only 
simple roots, there exists a non-constant elliptic function f with the following 
property: 


Let D C C be an open subset where f is invertible? and let be 
g: f(D) = DC C be the inverse function of (the restriction) 
f:D— f(D), then 


3 For any point a € C with f(a) 4 0, f’(a) # 0, we can find such a D to bea 
suitable neighborhood of a. 
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In a non-rigorous but pregnant way we can say: 


The inverse function of an elliptic integral (of the first kind) is an elliptic 
function. 


In the following we will prove this Theorem up to a gap that will be filled in 
the Sections V.7 and V.8. 


In a first step, we reduce V.5.1 to the case of polynomials P(t) of degree three 
with vanishing ¢?-term. 


Let us assume, that for a fixed polynomial P there exists an elliptic function 
f with the property quoted in V.5.1. Then, for any complex 2 x 2 matrix with 


determinant 1 
ab 
M-= ‘ a) 


we can consider the new elliptic function 


x df—b 
Sabres ar 


Obviously, the function g with 


re az+b 
a 
7 2 cz+d 
is then a local inverse of iL Then 


7 (2) =1/VQ(z) , 


with 


Q(z) =(cz+d)* P (==) ; 


which is also a polynomial. 


Remark V.5.2 Let P be a polynomial of degree three or four without multiple 
roots. Then there exists a matriz M of determinant 1, such that the associated 
polynomial 


Q(z) = (cz+d)!P (= +) 


is a polynomial of degree three with vanishing quadratic term. 


Proof. We first assume deg P = 4, and write it in factorized form, P(X) = 
C(X — e1)(X — e2)(X — €3)(X — e4), e4 #0. Applying the matrix 


we get a polynomial Q of degree three without multiple roots. Then, applying 
a matrix of the form 
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x= (01) 


with b suitably chosen, we can delete the quadratic term. 


So for the proof of Theorem V.5.1 we can restrict to the case of a polynomial 
P of the form P(t) = at? + bt +c. We can further normalize the leading 
coefficient a = 4. We use the classical notations b = —g2; c= —g3 to obtain 
the so-called WEIERSTRASS normal form: 


P(t) = At? — gat — 93 . 
This polynomial has three different roots if and only its discriminant 
A= 9s = 279% . 
does not vanish. This is because if P has the factorization 
P(t) = 4(t — e1)(t — e2)(t — e3) , 
then a computation shows 
gs — 279% = 16(e1 — e2)*(e1 — e3)*(e2 — €3)? . 
Assumption V.5.3 There exists a lattice L C C with the property 


g2=92(L), 93=93(L) . 
In Section V.8 we will prove that this Assumption is always true. 


Theorem V.5.4 We consider a lattice L C C and let P be the corresponding 
polynomial 


P(t) =4t? —got—93, g2=92(L), 93=93(L). 


Then the function f defined by f(z) := @(z) satisfies the property formulated 
in V.95.1. 


Proof: This follows directly from the algebraic differential equation of the g- 
function (V.3.4) 
9” = 49° — go — gs . 

Then for a local inverse function g of f = ¢@ we have: 

ne ee: Ge: 
g'(g(t))? — 4°(g(t)) — g2@(g(t)) -— 93 P(t) 
The theory of the elliptic integrals was at the beginning a purely real theory. 
To be fair to history, we want to say a few words about real elliptic integrals. 


Let P(t) be a polynomial of degree 3 or 4 with real coefficients. We assume that 
P has no multiple (complex) root. We also assume that the leading coefficient 
is positive. Then 
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P(«) > 0 for sufficiently large 7, say v > Xo . 
For x > x we then consider the positive square root 
P(a)>0, 


and use it in the definition of the improper integral 


oo dt 
B(x) = - [ for x > 2. 


This integral is absolutely convergent, since the comparison integral 


/ t “dt 
1 


converges for all s > 1 (in our case s = 3/2). The function E(x) is strictly 
increasing, since the integrand is positive. We can then consider the inverse 
function of F(a), which is defined on a suitable real interval. 


By V.4.4 we have 
Theorem V.5.5 The inverse function of the elliptic integral 
cc dt 
2 P(t)’ 
P(t) = 4t° — got — gs , 
g2=92(L), 93 = 93(L) (LCC some lattice ) , 


E(x) =— 


@L> Zo, 


can be meromorphically extended to the whole C, where it represents an elliptic 
function, namely the Weierstrass o-function of the lattice L. 


Concretely, this means 


(where g(u) varies in a real interval (tp, 00), and u varies in a corresponding 
suitable real interval). 


Application of the theory of elliptic functions to elliptic integrals 


We have already developed a formula expressing (ui + uz) in terms of (uz) 
and ¢(uz2). This formula involves only rational operations, and taking squares. 
There exists a “formula” « = x(a1,2%2), which involves the constants g2, 93, 


the variables 21,22, and uses only rational operations and taking square roots, 
such that 
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dt “dt 


[ seat f. JP@) Je JP()” 


This formula was first proven in general by EULER (1753), and is called the Eu- 
ler Addition Theorem. Earlier, in 1718, the mathematician FAGNANO proved 
the special case P(t) = t* — 1, 21 = 22, of this theorem. After bringing P(t) 
to the WEIERSTRASS normal form, and applying the Doubling Formula, we 
obtain FAGNANO’s Doubling Formula 


a) dt =i dt 
0 V1—-t o Vl-t 


where 


By the way, this special elliptic integral is related to the arc length of the 
classical lemniscate (see also Exercise 6(c) in I.1). The given formulas can be 
understood as Doubling Formulas for lemniscate arcs. 


yA 


The Doubling Formula implies that one can double a lemniscate arc length 
using ruler and compass. 

Recall that we still have to show that each pair of numbers (g2,93) with non- 
vanishing corresponding discriminant A = g3 — 27g} “comes” from a lattice L. 
This will be proven at the end of Section V.8 by using methods of complex analysis. 
At this point, we want to make plausible, why and how starting from a polynomial 
P(X) = 4X° — goX — g3 we can associate a lattice, respectively a torus. Recall 
(Appendix to V.3), that there is a projective elliptic curve X(P) associated to P. 
We want to sketch why topologically x (P) looks like a torus. 

For this, use the first coordinate projection of the affine part of the curve onto 
the affine complex line. This extends to give a continuous map from the projective 
curve onto the projective line (i.e. onto the RIEMANN sphere), p : X(P) —> C. 
Because the polynomial has degree three, one can show, that there exist exactly four 
(ramification) points, oo, a, b, c say, on the sphere having exactly one pre-image point, 
oo, a, b, é. All other points have two pre-image points. On says that the projective 
curve is a 2-fold cover with four ramification points of the projective line. We divide 
the 4 ramification points into two pairs of two points, (co, a) and (b,c) and join the 
paired points by (non-intersecting) paths. The pre-image of each of the two paths 
is a pair of paths connecting co with a respectively b with é: 
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X(P) oo a bee 
| 
PC) oo a b c 


Let us consider the complement of the two paths in the projective line P'(C) = 
CU {oo}. This complement looks like a sphere with two slits. 


co [<} 


Now one has to show that the inverse image under p of this complement consists 
of two (disjoint) connected components. Each of them maps topologically onto the 
sphere with two slits. We see that the projective curve an be obtained from two 
copies of the double slit sphere by gluing them along the slits in a suitable way. The 
result is a torus as the figure tries to visualize. 


In the second volume, using the theory of RIEMANN surfaces we will give a rigorous 
foundation for this construction. From this we will obtain a new approach to the 
theory of elliptic functions. 


Exercises for V.5 


1. The zeros e1, e2 and e3 of the polynomial AXP = g2X — gs are all real, iff go, g3 
are real, and the discriminant A = g} — 27g is non-negative. 
2. The following exercise is in reach using the available methods: 


Let L CC be a lattice, and let P(t) = 4t? — got — gg be the associated cubic 
polynomial. Let a : [0,1] — C be a closed path, which avoids the zeros of 
the polynomial. Finally, let h : [0,1] — C be a continuous function with the 
properties 
1 
h(t)? = ———~_ and__ (0) = A(1) . 
P(a(t)) 
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The number 


1 os _ 1 a’ (t) 
| A(t) a’ (t) dt = | TE dt 


is called a period of the elliptic integral { 1/\/P(z) dz. Show that the periods 
of the elliptic integral lie in L. (In addition one can show that L is precisely 
the set of all periods of the elliptic integral.) 


This fact opens a new approach to the problem, how to realize each pair of com- 
plex numbers (g2, 93) with non-vanishing discriminant as a pair (g2(L), g3(L)) 
for a suitable lattice L. This approach will play a role in the second volume 
in connection with the theory of RIEMANN surfaces. In this book, we give a 
different proof (V.8.9). 


A detailed analysis delivers in concrete situations explicit formulas for a basis 
of L: 


Assume that the zeros e1, e2 and e3 of AX? — g2X — g3 are all real, pairwise 
different, and ordered to satisfy e2 > e3 > e1 Then the integrals 


and dt 


<h 1 ae 1 
co \/—4t3 + gat + 93 ep »/4t? — got — g3 


define a basis of the lattice L. 


Prove, using the Doubling Formula of the WEIERSTRASS g-function, the FAac- 
NANO Doubling Formula for the lemniscate arcs, 


x y — 74 
af gtx fala wih yom VRZ, 
(0) vi-—t4 0 vi-t4 1l+2 


Show: The rectification of the ellipse given by the equation 


2 2 


£ yo 
staal (<b<a) 


leads to an integral of the form 
2,2 
Va—#)\(d — Fa?) 
What is the meaning of k? The total length of the ellipse is 


2 a2 


1 1—k n/2 
L=4a | ee te = ta | V1—k?sin? t dt. 
0 V2?) 0 


1 — k22”) 


(This is a so-called elliptic integral of the second kind. More general, the ter- 
minology “elliptic integral” is applied to any integral of a product of a rational 
function with a square root of a polynomial of degree 3 or 4 with simple roots. 
The terminology “elliptic function” historically originates from the calculus of 
ellipse arcs.) 
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V.6 Abel’s Theorem 


We are now concerned with the problem whether there exists an elliptic func- 
tion with prescribed zeros and poles. It is useful to ask the same question for 
rational functions on C, i.e. for functions f of the form 


Q#0 (P,Q polynomials). 


(Rational functions are meromorphic functions 
f:C—C 


on the RIEMANN sphere, and any meromorphic function on C is rational.) The 
rational function 


f(z)=z-a (a€C) 


has in z = a a simple zero, and in z = oo a simple pole. Rational functions 
can be factorized, 


(z— a1)" +--+ (z— an)” 


flz)= (Gata (Zz —bm)Hm 


From this we see: 

A rational function on C has the same number of zeros and of poles, counted 
with multiplicities. 

This condition is also sufficient: 


Let Mc C bea finite set of points. For each a € M let us fix a vg € Z, such 
that the sum vanishes: 
S- Ve=0. 


acM 


The rational function 
f(z)= [[ @-«)” 


aceM 
aFoo 


has in each a € M order vq € Z, more explicitly, 

it is a zero, if vy, > 0, and then the zero order is vq, 

it is a pole, if vy, <0, and then the pole order is |v,|, 

it is neither a zero, nor a pole, if vz = 0. 
The function f(z) has the wanted behavior in the finite part (z 4 00) of C 
for the zeros and poles. The degree condition 


so =0 


aceM 


is exactly the condition needed to ensure the correct behavior also at oo. 
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Let us study the problem in the case of elliptic functions. We already know 
that an elliptic function has as many zeros as poles, counting multiplicities. 
But this condition is not sufficient. For example, there is no elliptic curve of 
order one (having one zero, one pole). 


We first introduce some notations. We are searching for elliptic functions f 
with prescribed zeros given by the list a1,...,@, modulo L, and poles given by 
the list b;,..., 6, modulo L. We allow that the same value occurs several times. 
We make the convention that a prescribed zero, respectively pole, should 
have exactly the zero order, respectively pole order, given by the number of 
repetitions of this value in the corresponding list. 

We tacitly assume that no a; modulo L equals to any b; modulo L. 

We thus demand, 


f(z) =0 z= aj; modL for asuitable j , 


f(z) =o z= b; modL for asuitable j. 


The zero order of f in a; equals the number of all k with 
ar=a; modL, 


correspondingly for the pole order. 


Theorem V.6.1 (Abel’s Theorem, N.H. Abel, 1826) There exists an el- 
liptic function with prescribed zeros in ay,...,Qn, and poles in bj,...,bn, iff 


artes: ta, =O, +--- + by mod L. 


Proof. We first show that the congruence condition is necessary. So let us 
assume that there exists an elliptic function with the prescribed behavior. We 
choose a point a € C, such that the translated fundamental parallelogram 


Fa = {z=a4+ ty + towg; 0<ti,te <1} 


does not contain the zero point, and such that the boundary OF, does not 
contain any zero or pole of f. Because the congruence condition does not 
change if we change the representatives modulo L in the prescribed lists, we 
can assume , 

a;,0; € Fa (= inner part of F,) . 


We now consider the integral 


1 / 
2mi Jar, £(¢) 
The integrand has simple poles at aj,...,@n, 01,...,b,. The sum of the 


residues is (see also III.6.4) 


T=a,+:::+a,—6; —-::—by. 
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We must show I € L. For this we compare the integrals along two opposite 
sides of the parallelogram F,. We are done, if we can show 


ap pets HQ ates (6) | 
mal Fo tf Te % ae 


and the same, when we interchange w; and we. For a general g we can write 


[ g(6) dC = fo g(¢) d¢ = — _ g(C + we) de. 


+w1+we +we2 
Specializing 
zf'(z) 
‘A 
g(2) F(z) 
we obtain 


f') 
f(z) - 


g(z) — g(z + w2) = —we 
Applying this, we can rewrite I as 


Poe ae, PLO) ae. 


Pd GG 2mi F(Q) 
Since w, and wz are in L, we ensure I € Zw, + Zw if we can show 
tL fr re 


dC €Z for w=w, orw=wu.. 


amis, = f(O 


The function f(z) has on the line segment connecting a and a + w neither 
poles, nor zeros. Therefore, we can find a rectangular open set (especially, an 
elementary domain) containing this line segment, where f still has neither 
poles, nor zeros. In this domain f has an analytic logarithm h, i.e. we can 
write 


f(z) = eh) 
with an analytic function A (II.2.9). Then h is a primitive of f’/f, and we can 
use it to compute the integral 


PS 5... aie 
| FO d¢ = h(a+w) — h(a). 


But because of 
eh(atw) = fla +w) = f(a) = ela) 


the values h(a + w) and h(a) differ by an integral multiple of 27i, concluding 
the proof. 


We now look at the converse statement, which is the hard part of the proof. 
We start by assuming the boxed relation in V.6.1, and will construct a suitable 
elliptic function. 
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(Remark. This function is unique up to a constant factor 4 0, because the 
quotient of two elliptic functions with the same zeros and poles (counted with 
multiplicities) is constant by the First LIOUVILLE Theorem.) 


The construction is based on the following 


Lemma V.6.2 Let us fix z € C. For a given lattice L C C, there exists an 
analytic function 


a¢:C—C 
with the following properties: 


(1) o(2 +w) = e%+o(z), w € L. Here, a,b are suitable complex numbers, 
that may depend on w, t.e. a= a, and b= b,, but are independent of z. 

(2) o has a simple zero at zo, and any other zero of o is congruent to zo 
modulo L. 


Because the factor e®*+° is not 0, it is clear that together with zo all points 
of the form zp + w, w € L are also simple zeros of o(z). 


Let us first show, how using the Lemma V.6.2 we can deduce the difficult part 
in ABEL’s Theorem V.6.1. After this, we will give two proofs for the existence 
of o. 
Construction of f(z) using a(z). 
We can assume 

apts: ta, =byt+--- +b, . 


(For this, we replace one of the points —say a;— by a suitable congruent 
one.) Then we consider the meromorphic function 


TTja1 o(20 + 2 — a5) 
TTja1 7 (20 + 2 — 55) 
Because of condition (2) in V.6.2, f has the prescribed zero and pole behavior. 


On the other hand, f is also elliptic! For this, use condition (1) in V.6.2 to 
infer 


f(z) = 


nea e@(zo+z—a5)+b 
TT wert) - 


j= 


f(zt+w)= 


The fraction in the R.H.S. simplifies to 1 because of a, +---+an = 61 +---+by 


First proof for the existence of o (due to Weierstrass). 


As an example of a WEIERSTRASS Product, we have already constructed an 
entire function o having the zeros exactly in the lattice points of the lattice 
L. We shortly recall this construction. 


It is a natural idea to search for a o in the form of a WEIERSTRASS product 
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with one fixed polynomial. This has to be chosen in such a way that the 
TAYLOR series of 
1—(1— ze? 
is of the form 0 + 0z + 027+ Cz34+.... Then the normal convergence of the 
WEIERSTRASS product follows from an estimate 
1 = (1 = =) ePau(e) 


Ww 


< Const. |w|~* , 


where the constant can be chosen independently of z varying in some compact 
set K. 


It is easy to check that the polynomial 
1 
P(z)=2z+ 57 


has the desired property, and we obtain: 
The infinite product 


2 
Zz 2 Zz 
O(z) =z 1-=) -ex —-+.— > 
(2) It ( 7) e (: =) 

wel 

wA0 
converges normally in C, where it represents an entire function a. This func- 
tion o has simple zeros exactly in the lattice points of the lattice L. 


We have to prove the transformation formula 


a(z + wo) = e%**°a(z) , wo EL. 


Because o(z) and o(z + wo) have the same (simple) zeros, the quotient 
o(z + wo)/o(z) is an entire function without zeros and hence of the form 
e’) with a suitable entire function A(z) (IL.2.9), 


o(z+wo) = o(z)e" . 


We now claim: 
A” =0. 


A simple calculation gives: 
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Our claim is thus equivalent to 
oa \' o\' 
(Z)eron= (Zor 


a’ \' 
(=) is an elliptic function . 


in other words 


a 
The so-called “logarithmic derivative” 
o'(z) 
o(z) 


is computed as the sum of the logarithmic derivative of the factors of o, 


a(2) 1 a 


(=“(log 0 a)’(z)”) 


Taking one more derivative, we obtain the negative of the WEIERSTRASS (- 
function! It is elliptic, and we are done. 


The o-function is thus closely related to the WEIERSTRASS g-function. 


Second proof for the existence of a. 
First, we prepare the lattice L. Let w ,w2 be a basis of L. We set 


We 


T=4 


5 


is ; 


where the sign + has to be chosen, such that 7 lies in the upper half-plane. If 
f(z) is an elliptic function for the lattice L, then g(z) = f(w1z) is an elliptic 
function for the lattice Z + Zr, and conversely. 


So there is no loss of generality, if we assume from the beginning 


wy =landug=T,Im7T>0. 


The key for the second construction is the theta series 


Co 


O(T, 2) — ys eti(n?7+2n2z) 


n=—Cco 


considered as a function in the variable z for constant 7. We postpone the proof 
of its normal convergence, and show the following transformation properties 
of ¥ (assuming convergence!): 
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(1) O(7,z +1) = V(7, z) (because of e?7” = 1) , 
(2) Wr gt T) _— eMi(n?r+2n7 +2nz) 
— eotit i” etil(n+1)?7+2nz] ; 


As n runs through Z, n+ 1 also runs through Z, so we obtain 
O(7, +7) = eH MT HAG y, z) . 
By this, we have shown for the basis elements w = w, = 1 andw=w2=Ta 
transformation formula of the kind 
OT, 2+ w) = et Po P(r, 2) . 


Iterated application of this proves the formula for arbitrary w € L. 


So it is useful to study the convergence. 
Proof of the convergence. Let be 
T=utiv (v>0) and zg=a+iy. 


Then 


eti(n?r+2nz) = ent (nPv+2ny) 


If z varies in a given compact set (especially, y remains bounded), then 
1 
nv + 2ny > xe for all but finitely many n . 


The series 

ee 2 usd 

St >, Ge Si, 

n=—Cco 

is convergent, since the subseries defined by n > 0 and respectively n < 0 are 
subseries of the geometric series. 
The normal convergence is thus granted, and (7, z) is an entire function in 
the variable z with desired transformation properties. 
It remains to show that V(r, z) has exactly one simple zero modulo L. For this, 


we consider the translated fundamental parallelogram F,, such that there is 
no zero of z > V(7, z) on its boundary. We then show 


a+T a+r+l 


= / PS) ae oy, 


2ni Jar, ¥(T,C) a a+1 
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The integrand has period 1, so the integrals along the two “left” and “right” 
edges of the parallelogram cancel each other. Let us compare the integrals 
along the “upper” and “lower” edges. The integrand is the “logarithmic deriva- 
tive” 


i) = ae (=*(logo 8)'(r, 2)”) 


and its values on corresponding points of the edges differ by 
glz+7) — g(z) = —2mi . 
This implies 
a+1 a+r a+l1 
f soacs f aleyac= fo [g(6) -9(¢ + )] ae = 2m. 
a a+1+r a 


We obtain i 


271 OF a 


as claimed. 


By the way, the zero can be explicitly given. We obviously have (see also 


Exercise 3) 
1+7T 
0 =0. 
(F) 


The zeros of 0 are exactly the points equivalent to (1+ 7)/2 modulo Z+ Zr. 


Remark. So far, we considered ¥ only for fixed values of 7 € H. But there are 
good reasons to let 7 vary, and look at 7 as a function on H x C. The analytic 
properties of J) : H x C — C (especially as a function of the first variable 7) 
will be studied in detail in VI.4. 


Historical note. It is possible to build the whole theory of elliptic functions by 
using theta series instead of (z) as we did. Historically, the first approach 
was using theta series by ABEL (1827/28) and JACOBI (starting with 1828). 


Exercises for V.6 


1. Let o(z) = o(z;L) be the WEIERSTRASS o-function for the lattice L = Zw; + 
Zw. The function 


C(z) = ¢(z; L) = 


is called the Weierstrass ¢-function for the lattice L. (This function should 
not be confused with the RIEMANN ¢-function!) Then —¢/(z) = (z) is the 
WEIERSTRASS g-function for the lattice L. 


Assume Im(w2/w1) > 0. 
Show: Using the notation nm, := ¢(z + w,) — ¢(z) for v = 1,2, the following 
relation of LEGENDRE is true: 
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LEGENDRE’s Relation 


Niwe — Now, = 271i. 


Hint. Consider a suitable integral, which counts zeros. 


The existence of ¢ can be obtained also by different means: Setting 


this defines an odd primitive of g. (One has €(z) = —¢(z).) 


Prove that the zeros of the JACOBI theta series 0(rT,z) are exactly the points 
147 


equivalent to = modulo L, =Z+ Zr. 


For z,a € C \ L we have the relations 


9(z) — p(a) = — o(2)20(a)2 
and 
yuk... _ a(2a) 
9 (a) ~~ a(a)4 


Construction of elliptic functions with prescribed principal parts 


Let f be an elliptic function for the lattice L. We choose 61,...,b6n to be a 
system of representatives modulo L for the poles of f, and we consider for each 
j the principal part of f in the pole b;: 


The Second LIOUVILLE Theorem ensures the relation 


n 
) aij =0., 
j=l 


Show: 


(a) Let ci,...,¢n € C be given numbers, and let b1,...,bn modulo L be a set 
of different points in C/L. The function 


n 


h(z) = D7 esC(z— by) , 


j=l 
constructed by means of the WEIERSTRASS ¢-function, is then elliptic, iff 


sy Cj = 0. 
j=l 
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(b) Let b1,...,6n be pairwise different modulo L, and let l1,...,ln be pre- 
scribed natural numbers. Let ay,; (1 < 7 <n, 1 < v < l,;) be complex 
numbers such that }7 ai,j = 0 and ai,,; #0 for all j. 

Then there exists an elliptic function for the lattice L, having poles modulo 
L exactly in the points b1,...,6,, and having the corresponding principal 
parts respectively equal to 


6. Let L Cc C be a lattice, and let b1,b2 € C with bi — bo ¢ L. Find an elliptic 
function for the lattice L, having its poles exactly in b; and be, and having the 
corresponding principal parts 

1 2 —1 


ee ed 
it Ge Ue 


7. We are interested in alternating R-bilinear maps (forms) 
A:CxC—R. 


Show: 
(a) Any such map A is of the form 


A(z,w) = h Im (2) 


with a uniquely determined real number h. We have explicitly h = A(1, 7). 


(b) Let LC C be a lattice. Then A is called a Riemannian form with respect 
to L, iff h is positive, and A only takes integral values on L x L. If 


Lotn thn, In >0, 


Wy 


then the formula 


ti s 
A(tiw1 + tew2, $1w1 + s2we) := det |) 


defines a RIEMANNian form A on L. 


(c) A non-constant analytic function O : C — C is called a theta function for 
the lattice L C C, iff it satisfies an equation of the type 


O(z +w) = et . Q(z) 


for all z € C, and all w € L. Here, a, and b. are constants that may 
depend on w, but not on z. The WEIERSTRASS o-function for the lattice 
L is in this sense a theta function. 


Show the existence of a RIEMANNian form A with respect to L, such that 


A(w,A) = rey —way) forallw,AEL. 


2Qri 
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Hint. For the integrality of A on L x L, show that in case Im (A/w) > 0 
the number A(w, A) is in fact equal to the number of zeros of © in the 
parallelogram 


P=P(w,A)={sw+trdA; O<s,t<1}. 
(Compare with Exercise 1.) 


More generally, we can consider RIEMANNian forms for lattices L Cc C”, 
which are alternating R-bilinear forms obtained as the real part of positive 
definite Hermitian forms on C”, and which take integer values on L x L. 
In contrast to the case n = 1, the case n > 1 requires strong restrictions 
for the lattice L to admit a RIEMANNian form. We will come back in detail 
to this question in the second volume. 


V.7 The Elliptic Modular Group 


In this section, we do not fix a lattice, but rather focus on the manifold of all 
equivalence classes of lattices. Two lattices 


LccC, cc, 


are called equivalent, in notation L ~ L’, iff one can obtain the lattices from 
each other by rotation and scaling, i.e. iff there exists a complex number a 4 0 
such that 

L'=aL. 


The fields of elliptic functions K(L) and K(L’) with respect to LE and L’, are 
in 1-1-correspondence by means of 


f(z) faz), g(z) > g(az). 


Equivalent lattices thus are “essentially equal” . 
Any lattice L’ Cc C is equivalent to a lattice of the form 


L=Z4+2Z,, rEH,ie Im7>0. 
When are two lattices 
L=Z+2Zrand L'’=Z+Zr', 17,7'€H, 


equivalent? By definition, this happens iff there exists a complex number a 4 0 
with the property 
Z+Zr' =a(Z4+Zr). 


Then we have in particular 
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for suitable integers a, 0, y and 6. After division, we obtain 


rp at + 3 


ar té 


T 


The point 7’ is thus obtained from 7 by a special MOBIUS transformation. 
Before we finish our characterization of equivalent lattices, we have to study 
the maps 


aTt+ B 
i ——— 


Im7>0, 


yt +6” 


for real a, 3, y and 6. We always assume that either y or 6 is non-zero. Then 
yT +O 40. 


Let us compute the imaginary part of 7’: 


1 ar-pPp\  liar+?. ar+p 
i Cerise ce 
1 Or+ojar+ @)—(erT+ 5) +0) 


2i lyr + 6]? 


We denote by 
D = a6 — By 


ap 
aan) 


Lemma V.7.1 Leta, 3, y, 6 be four real numbers, such that y 40 or 6 £0. 
If 7 is a point in the upper half-plane, then 


(4) D-Imr 
Im = —; 
6 ae a) lyr + 6| 


the determinant of the matrix ( ) and obtain 


We only are interested in the case, where 7’ also lies in the upper half-plane 
H, i.e. 
D=ad—-By>0. 


Notation. 
a 3 
GL,(2, R) := { M= & /) ; a,8,y,0E€R, ad—Bby>0 \ : 
The set GL;(2,R) is a group with respect to matrix multiplication, i.e. 


a) F< € ') € GL. (2,R). 
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(b) If the matrices 


are in GL,(2,R), then the product 
/ / 7 7 
M-N= ea a ea 


is also in GL+(2,R). 
(c) If M is in GL+(2,R), then the inverse matrix 


a. E68 
= Tet M & ‘) 


is also in GL+(2,R). 


To any element M € GL,(2,R) we have associated an analytic map H — H. 
This is compatible with the multiplication of matrices on the one side, and 
composition of analytic maps H — H on the other side, as can be checked 
by simple computation. (We already observed this in Chapter III, Appendix 
A.) These analytic maps H — H are in particular invertible, hence conformal. 
Inverse matrices lead to inverse maps. We conclude: 


Proposition V.7.2 Let M be a real matrix with positive determinant, 


_ (oP = 
m= (28). reat ad — By >0. 


Then the substitution 
at+ 


yT +6 


Tra Mr := 


defines a conformal map of the upper half-plane H onto itself. We have: 


10 
Ts E=(43) ; 


(M-N)r M,N €GL,(2,R). 


(a) Er 


(b) M(Nr) 


The inverse map is given by the inverse matrix 


Pee | 5-6 
_ ee a) 


Two matrices induce the same analytic map H — H, iff they differ by a scalar 
factor. 
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Because the upper half-plane H can be mapped conformally onto the unit disk 
’, fore example by means of the map 


T-1 
T+i’ 


TRO 


and because we have know all conformal automorphisms of E, III.3.10, we can 
easily see that every conformal automorphism of H is of the form described 
in V.7.2. (See also Exercise 6 in V.7.) 


After this short digression about Mobius transformations, we come back to 
the characterization of equivalence classes of lattices 


Z+Zr' =a(Z+Zr). 


The inclusion “C” in the above equality is equivalent to the existence of an 
integral matrix M with the property 


()-a- (i) 


The reverse inclusion is equivalent to the existence of an integral matrix N 
with the property 


Putting together, we get 


(7) =»-ae-(7) - 


Because 7 and 1 are R-linearly independent, we get 
NM=E, 


in particular 
det N-detM=1. 


But both determinants are integral numbers, so 


det M=+1. 


By Lemma V.7.1, this determinant is also positive. This shows 
det M=+1. 


Definition V.7.3 The elliptic modular group 
TI =SL(2,Z) :={ M= (° a ; a,B,y,6 integers , ad — By =1 } 


is the group of all integral 2 x 2 matrices with determinant 1. 
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I is a group, as it follows from the formula 


uot =( ) . 
-y a 


We showed that if the lattices Z + Zr and Z+ Zr’ (Im 7, Im 7’ > 0) are 
equivalent, then there exists a matrix 


Mel with cr =Mr. 


Conversely, from this the equivalence of the lattices follows: 


One can write 


OF 4B 
= 
yr +6 


(= 0) weorvorn 


We collect these facts: 


in the form 


Proposition V.7.4 Two lattices of the form 
Z+Zr and Z+Zr' with Imt>0 andImr' >0 


are equivalent, iff there exists a matrix M € I with the property tT’ = Mr . 


Two points 7 and r’ in the upper half-plane are called equivalent, iff there 
exists a substitution M € I’, which maps 7 into 7’, i.e. 7’ = Mr. Clearly, this 
is an equivalence relation. 


Notations. 

H={7reC; Imrs0 } (upper half-plane) , 

T7]J={ Mr; Mer } (orbit of 7 € H for this equivalence relation), 
H/r={[r]; reo} (set. of all orbits) . 


We showed that the equivalence classes of lattices L C C correspond one-to- 
one to the points of H/T. 


The meaning of the manifold H/T. 
Our next goal is to show that for any pair of complex numbers 


(92,93), 93-2793 #0, 
there exists a lattice L C C with the property 
92 =92(L), 93=9s3(L). 


The numbers g2(L), g3(L) change if we replace L by an equivalent lattice. For 
a € C* we have 
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G;,(aL) = a *G,(L) ; 
in particular 


g2(aL) = a~*go(L) and 
g3(aL) = a~°g3(L) . 
We would like to have an expression, which only depends on the equivalence 


class. For this we introduce the following notations: 
(1) A:= g3 — 2793 is called the discriminant, 
3 
. 92 F : : 
2) 33> SS is called the absolute invariant 
) 93 — 2793 
(F. KLEIN, 1879). 
Then we have 
A(aL) = a~"*A(L) 
and thus 


j(aL) = j(L) (aeC*). 


Let us assume that for any complex number jo € C we can find a lattice 
LCC with 

j(L) = jo - 
Then we will show that any given pair (g2, g3) with A 4 0 can be realized as 
(g2(L), 93(L)) for a suitable lattice L. 
Let us fix a pair (go,g3) with A := g3 — 27g? 4 0. First, by our assumption, 
there exists a lattice D with 


3 3 
g3(L) : 92 
For a € C we then also have 
3 al 3 
G9) _ (qr) = 5(t) = 2. 


A(aL) A 


Any non-zero complex number admits a 12*® root. Hence there is an a 4 0 
which solves the equation 


Atal) =o MAL) =A = 93 = 2792 . 


We thus have 
g2(aL)? = gs and g3(aL) = a ; 


If we replace a by ia, then g(a) doesn’t change (i~+ = 1), but g3(aL) changes 
its sign (i-° = —1). Hence we can assume 


g2(aL)* = 93 and  g3(aL) = gs . 
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If we replace a by Ca, ¢° = 1, ie. by multiplying it with a suitable 6*” root 
of unity ¢, then g3(aL) doesn’t change (¢~®© = 1), but g2(aL) changes by 
multiplication with ¢~4 = ¢?. When ¢ runs through all 6" roots of 1, then ¢? 
runs through all 3% roots of 1. Hence we can assume 


go(aL) =g2 and = gs(aL) = gp . 


Our problem is, as claimed, reduced to the question whether any complex 
number appears as the absolute invariant of a lattice. We want to attack this 
question by methods of complex analysis. So we consider 

the EISENSTEIN series, 

the discriminant, 

and the absolute invariant, as functions on the upper half-plane. We thus 
define for any 7 € H: 

G(T) = G,(Z + Zr) 


and analogously we introduce 
g2(T) ) g3(T) ’ A(r) ’ j(T) x 


These are thus functions on the upper half-plane. 


The invariance property 
j(L) = j(aL) 
is equivalent to the invariance of j(7) under the action of the modular group 


In the next section, we will show by purely function theoretical methods essen- 
tially using the above invariance property that the j-function is a surjective 
function 

j:H—C. 


We finish this section with explicit formulas for G, as functions of T: 


S° (ertdy* (KEN, &>4) 


(c,d)EZXZ 
(c,d) A(0,0) 


and from this 
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Exercises for V.7 


Ls 


The elliptic modular group I’ = SL(2, Z) is generated by the matrices (see also 


VI.1.8): 
0-1 11 
S:= G 5) and T := ¢ i) 


Hint. Consider the subgroup I of I’, which is generated by the matrices S and 
T. Show that a matrix M € SL(2,Z) belongs to Ip, if one of its four entries 
: : € I, but M ¢ Ip, then 
we can choose it to have a minimal value for j(1/Z) := min{|a] , |b] , |c| ,|d|} > 0 
under all M ¢ Io. But then, multiplication with a suitable matrix from Io 
(from left or right) reduces the value y(M/). 

4 9 
11 25 


vanishes. Now, if there would exist a matrix M = 


Represent the matrix M = ( ) € I’ in the form 


M=ST"ST®...ST™ ,qeZ,1<v<n, 


with S = (; ) and T = ie i) . Is such a representation unique? 


Determine all matrices IM € I’ which 
(a) commute with S,ie. MS = SM. 


(b) commute with ST = € 2 : 


Determine the smallest natural number n with 
ho ee f LO 
(ST)" =B= iG i) 2 
Show: 


(a) For the lattice Li; = Z+Zi we have g3(i) = 0 and go(i) € R’, in particular 
A(i) = g3(i) > 0. 

(b) For the lattice L., = Z+ Zw, w := e?"/5, we have go(w) = 0 and g3(w) € 
R®*, in particular A(w) = —27g93(w). 


Any conformal self-map of the upper half-plane is of the form 


at +b ab 
L+,(2,R). 
ea ea (o 4) €GL+QR) 


We can moreover obtain that the determinant ad — bc = 1 equals 1. Then the 
matrix is uniquely determined up to a sign, i.e. Aut(H) = SL(2,R) / {+E}. 


Hint. Use the knowledge of Aut(E), III.3.10, and the conformal equivalence 
of H and E given by the explicit map at page 303. Because the group of all 
affine transformations T+ at +6, a> 0, 6 real, acts transitively on the upper 
half-plane, it is enough to determine the stabilizer of a special point, say i. It 
is then enough to show that any automorphism of H which fixes i is given by a 


special orthogonal matrix 
ab\ _ (cosy —sing 
cd) \sing cosy) ° 


V.8 The Modular Function j 309 


V.8 The Modular Function 7 


We have already established the absolute convergence of the so-called Eisen- 
stein series, 


G,(T) = S~(er+a)-* , Imr>0O, 


for all k > 3. As indicated by the dash, the sum is restricted in the sense that 
it is taken over all pairs (c,d) 4 (0,0) of integers. 
From the theory of the g-function, we know that the discriminant 


A(r) = 93(r) — 2793(r) 
g2 = 60 G4 , g3 = 140 G¢ , 


has no zero in the upper half-plane. Besides this fact, we will not use any 
result from the theory of elliptic functions! 


Let us show that all Gy; are analytic functions in H. 


Lemma V.8.1 Let C,6 > 0 be real numbers. Then there exists a real number 
€ >0 with the property 


ler + dl >e |i +d) =eVe+d 


for all 7 € H with 
|Ret| <<C, Imr>6, 


and all 
(c,d)E RXR. 


Proof. For the uninteresting case (c,d) = (0,0) there is nothing to show. So 
let us take (c,d) 4 (0,0). The claim of the Lemma does not change if one 
replaces (c,d) by (tc, td). So we can further assume 


e+Pf=1. 
The inequality reduces to 
ler +d| >e (?+d°=1). 
We have 
ler + d|? = (c(Re r) +d)? + (cImr)? , 
and because of this 
ler +-d|>|c7 +d| , 7:=Rer+iod. 


The function 
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f(e,d,u) = |c(w+id) +d 
is positive, and takes on the compact set of R? defined by 


f+@=1, jul <c, 


its positive minimum e. 
From Lemma V.2.1, the Eisenstein series converges uniformly in the claimed 
domain. Hence it represents an analytic function. 


Proposition V.8.2 The Eisenstein series of “weight” k > 3 


Gi(r) = So (er +a) 


defines an analytic function on the upper half-plane. In particular, the func- 
tions 


g2(T) = 60 Ga(r) , g3(T) = 140 Ge(r) , 
A(r) = g2(T)* — 2793(7)? , 5(7) = 93(7)/A(r) 
are analytic in H. 


Next, we determine the transformation behaviour of G, under the action 
of the modular group. Basically, this follows from the relation “G;,(aL) = 
a~*G,(L)”, but we promised to not use elliptic functions. 


Remark V.8.3 The following transformation formula holds: 


en (5) = EO fer & a er. 


yT +6 
Proof. A simple calculationshows 
art B dr4+d 


d= 
rer a y7 +6 


with 
C=ac+ yd, d=Bc+o6d. 


As (c,d), the pair (c’,d’) runs through the set Z x Z \ {(0,0)}. This is best 


seen from the matrix equation 
c\ {6 -y\f(e 
d) \-B a d'} 


(i) = (53) @) 


The EISENSTEIN series are especially periodic with period 1, 


Gi (tT +1) = Ga(7) ( because of ({ i)t=7+1) ; 


The EISENSTEIN series identically vanish for odd k, as we observed before, 
but also the substitution (c,d) + (—c,—d) shows Gx(r) = (—1)*G;(r). 
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Remark V.8.4 For evenk > 4 we have 


lim G;(r) (kh) =23 02 


Im T—00 
n=1 


Proof. Because of the 1-periodicity of G;,(z), it is enough to take the limit in 


the domain 1 
IRe7]| <5, Imt>1. 


In this region the EISENSTEIN series converges uniformly, V.8.1, so we can 
take the limit termwise. Obviously, 


lim (er+d)~'=0forc#0. 


Im T—>00 


This implies 


lim G(r = a =e 


Im tT—>00 
d4~0 


For the discriminant A(r), exploiting V.8.4, we ne 


lim A(r) = [60- 2¢(4)]° — 27 - [140 - 2¢(6)]? 


Im T—-00 


We have already computed the values of the RIEMANN ¢-function at the even 


natural numbers 2,4,6,... , III.7.14, and we got the special values 
4 => = 
C4) = Don = 
6) = “6 
¢(6) 28 oa 
This gives: 


Lemma V.8.5 One has 
lm A(r)= 
Im T—00 
From the above results about EISENSTEIN series, we obtain 


Proposition V.8.6 The j-function is an analytic function in the upper half- 
plane. It is invariant under the action of the elliptic modular group: 


_(at+ 6 a B 
i (S28) = 10m for & ser. 


We have 
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Using only the properties listed in V.8.6, we will derive the surjectivity of 
j:H-C. 

One should keep in mind that non-constant elliptic functions f : C — C, 
i.e. meromorphic functions with invariance under a lattice LZ C C, are also 
surjective. But the theory of modular functions (i.e. P-invariant functions on 
the upper half-plane Hl) is more complicated for two reasons: 


(1) The group I = SL(2,Z) is not commutative. 


(2) There is no compact fundamental region kK C H for the action of I on 
H, i.e. a region K such that each point in H can transformed into K by a 
modular substitution. (Else, j(7) would be constant, as the proof of the 
First LIOUVILLE Theorem shows.) 


We now construct a fundamental region for the action of I’ on H. It is analo- 
gous to a fundamental parallelogram of a lattice. 


Proposition V.8.7 For any point T in the upper half-plane there exists a 
modular substitution M € I’, such that Mr is contained in the so-called “mod- 
ular figure”, the fundamental region for the modular group, 


F={reH; |r| 21, |Rer|<1/2} 


Supplement. One can moreover obtain that M is contained in the group 
generated by the two matrices 


r= Qi). 520) 


(Later we will see that the full modular group I’ is generated by these two 
matrices, compare with VI.1.8 and Exercise 1 in V.7). 


Nie see eee 


Proof. Recall the formula 
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If (c,d) varies in a sequence of pairs of non-repeating integers, then 
ler +dl| ox. 
So there exists a matrix My € I = SL(2,Z), such that 
Im Mot > Im Mr forall MET: 


We set 
To= Mot . 


The imaginary part of 7 does not change if we replace 7) by 


m+n = (97) Mol 7 (n€Z), 


so we can moreover require that 79 satisfies 
| I< 1 
Re 7 iy 
» — 2 
Now we use the inequality 


Im Mor > Im Mr 


especially for the matrix 


This gives 


From this we derive 
\7o| > 1 : 


If we analyze the proof, we see that we can replace the group SL(2, Z) by the 
subgroup generated by T and S. 


We finally prove the surjectivity of the j-function. 


Theorem V.8.8 (Surjectivity of the j-function) The j-function takes on 
any value in C. 


Corollary V.8.9 For any two complex numbers gz and g3 with g3 —27g3 #0 
there exists a lattice L C C with the property 


g2=92(L), g3s=93(L) . 
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Proof of V.8.8. By the Open Mapping Theorem, j(H) is an open set in C. 

We will show that j(H) is also closed in C. Because C is connected, we then 

obtain j(H) = C. 

So let us consider a sequence of points in j(H), converging to a point b € C, 
d(m™) 2b for noo. 


(We show b € j(H).) We can assume that the set of all 7, is contained in the 
fundamental region F. We distinguish two cases 


First case: There exists a constant C' > 0, such that 
Im 7, < C for alln. 


The set 
{7reEF; Im7r<C} 


is then compact. Taking a suitable subsequence, we get that (7,,) is convergent, 
™—oTEeEFCH. 

The continuity of 7 then gives 
b= j(r) € j(H) . 


Second case: There exists a subsequence of (7;,), with imaginary parts con- 
verging to oo. The j-values of this subsequence are then unbounded, V.8.6. 
This contradicts the convergence of (j(T»)). 


Hence the second case is not possible and we get b € j(H). 


We will see in the next chapter that the j-function gives a bijective map 


H/P —C. 


Exercises for V.8 


1. Determine a point 7 € F, which is equivalent modulo I’ to ate € H and 


respectively to 3 + Si eH. 
2. The surjectivity of 7 : H —> C was motivated as follows: 
(a) j(H) is by the Open Mapping Theorem open in C and non-empty. 
(b) j(H) is closed in C. 
This implies j(H) = C, since C is connected. Fill in the details. 


3. The EISENSTEIN series are “real” functions, i.e. G,(T) = Gx(—7). This implies 


O=T)AD) hp aay hy 
(8) a5 (28) 
= ir for el. 
4( Soe) <7 75 
On the vertical half-lines Re t = +3 in H the EISENSTEIN series and the j- 
function are real. If 7 € H lies on the circle line |r| = 1, then j(7) = g(r). In 


particular, the j-function is real on the boundary of the modular figure, and 
on the imaginary axis. 
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In the following exercise one may use the fact that the FOURIER expansion of 
the discriminant is of the form (VI.2.8) 


A(r)=aiqgtagqg?t--» , a #0 (q=e'"). 


Show that for any real number jo there exists a 7) either on the boundary of 
the fundamental region F or on the imaginary axis, which satisfies j7(70) = jo. 


Hint. Compute the limits of j(7) for 7 = +1/2+7y and respectively 7 = 0+ iy, 
when y € R tends to infinity. 


Show: - 
j(eF) =0, §@=1. 
Prove the Supplement in V.8.7 in detail: 


For any 7 € H there exists a matrix M in the subgroup of = SL(2,Z) 
generated by 


with 


VI 
Elliptic Modular Forms 


In connection with the question which complex numbers can be written as the 
absolute invariant of a lattice, we were led to analytic functions with a new type 
of symmetries. These functions are analytic functions on the upper half-plane with 
a specific transformation law with respect to the action of the full elliptic modular 
group (or of certain subgroups) on H, namely 


f (=) = (cz +d)* f(z). 


Functions with such a transformation behavior are called modular forms. 


We will see that the elliptic modular group is generated by the substitutions 


ze >zt+landz+-->+-—-. 
z 


It is thus enough to check the transformation behavior only for these substitutions. 
There is an analogy to the transformation behavior of elliptic functions under trans- 
lations in a lattice L, where it was also sufficient to check the invariance under the 
two generating translations w1,w2. But in contrast to the translation lattice L, the 
elliptic modular group is not commutative. Hence the theory of modular forms is 
more complicated than the theory of elliptic functions. This could be already ob- 
served in the construction of a fundamental domain for the action of the modular 
group I’ on the upper half-plane H, V.8.7. 


In Sect. V1.2 we will find an analogue for LIOUVILLE’s theorems, the so-called k/12- 
formula (valence formula). It offers information about the number of zeros of a 
modular form. In connection with this, we prove some structure theorems culminat- 
ing in the fact that the ring of all modular forms is generated by the two EISENSTEIN 
series G4 and Gs. In contrast, the field of all modular functions is generated by the 
j-function. 


In Sect. VI.4 we introduce theta series as a new instrument to construct modular 
forms. Due to the structure theorem, we discover non-trivial identities between an- 
alytic functions. These identities have interesting number theoretical consequences, 
which we further pursue in Chapter VII. 


Theta series are in general not modular forms for the full modular group, but only for 
subgroups of finite index. So we naturally need a more general notion of a modular 
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form for such subgroups. In Sect. VI.5 we generalize this notion and also allow 
half-integral weights. 


In VI.6 we will study a concrete example, namely, we determine the full ring of 
modular forms for the IGUSA congruence subgroup J”[4,8]. This ring is generated 
by the three JACOBI theta series. 


VI.1 The Modular Group and Its Fundamental Region 


Recall the action of the elliptic modular group I’ = SL(2,Z) on the upper 
half-plane H: 
r'xH—H, 
az +b 
czetd- 
Two matrices M and N define the same substitution, i.e. 


(M,z)+--3 Mz := 


Mz=Nz for allz€H, 
iff they differ by a sign, M=+N . 
In V.8 we introduced the “modular figure” 


1 
Fin {eek IRezl <5, >a} 


and we proved 

H= |) MF. 

Mer 

In this section we want to refine this, and show that this “plastering” covers 
the upper half-plane without overlapping, i.e. for M,N € I’, M 4 +N, the 
transformed domains MF and NF have no common inner points. But they 
may have common boundary points. 
For this, we must find all M € I’ with the property MF NF #0 . There are 
only finitely many of them. This follows from 
Lemma VI.1.1 Let 6 > 0, and let 
us consider 


F():={zeEH; |x| <d*, y>d}. 


Then there exist only finitely many 
M €T with the property 


MF(5)NF(6) £0. 


Corollary VI.1.1; For any two compact sets K, K CH there exist only 
finitely many M € I with 
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M(K)nK 40, 


since K UK C F(6) for a suitable 5 > 0. 


Corollary VI.1.12 Let p © H, and let K be a compact set in H. Then there 
exist only finitely many elements 


Mé€T with Mpe kK. 


In particular, the orbit of p with respect tol’, { Mp; MET }, is discrete 
in Hl. 
Corollary VI.1.13 The stabilizer of p with respect to the action of I, 


In={MeIr; Mp=p} 


is a finite group for any point p € H. 

Proof of Lemma VI.1.1. In case of c = 0, the map z + Mz is a translation. 
Since the real parts of z and Mz are bounded, there exist only finitely many 
such translations. So we can focus on the remaining case c # 0. Then the 
existence of z in the intersection gives 


y 


=Imz>6 and —, 
lcz + d|? 


=Im(Mz)>06, 


which implies 
y > 6(cx + d)? + be?y? > de?y?. 
This gives 
Sys 
je 8 =" 
hence c? < 1/67, and we obtain that there are only finitely many possible 
values for c. From this we then obtain the same for d. 


But together with M, the inverse M~! also fulfills the non-empty intersection 
condition. This shows that there are only finitely many values for a. 

The condition ad — bc = 1 finally shows that b is also bounded. This finishes 
the proof. 


Next, we determine the matrices M ¢€ I’, which fix the “right most lower 
vertex” o of F, 


F iL i 
3) 20/3: = 4/3 
o:=e stave 


We have 0? = -0= 90 —land op? =—1. 
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Lemma VI.1.2 There are exactly six matrices 


MeTl with Mo=oe, 


28) 209). #02). 


Corollary. Each of the equations 


namely 


has exactly siz solutions in I’, namely 


(1) (Me =) : i.) iy) . 1) 

Q) W@esp« = ay) . & te , ie (4) 

(3) (Me=e): + a) ; <() . ie) . 

The Corollary follows if we replace each occurrence of 0” by @ using 
= (? _) 0, 


and reduce each equation to one of the form No = 9, for instance 


0-1 
Mo= ea (} 3) Meme. 


Proof of VI.1.2. Let M = 6 a) € I’. From the equation 


ao+b 2 
=oorag+b=co'+d 
co+d Q Q Q Q 
we deduce by means of 9? = —B = 9 — 1 a linear relation in 9, 


ao+b=-—c0+do=co-—c+do. 


This gives 


and hence 


The determinant condition gives 


b? —bd+a@=1. 
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The only solutions in integral numbers of this equation are 

(b, d) = £(0,1), (1,0), #(1,1). 
After this preparation, we can determine the transformed domains MF, which 
are neighbors of F. 


Proposition VI.1.3 Let M € TI be a modular matrix with the property 
R(M):=MFOAFFO. 


Then one of the following cases occurs: 


L M=+E (R(M) =F). 


Il. (1) M= ( i) (R(M) is the right vertical boundary half-line) . 


(2) M= é ) (R(M) is the left vertical boundary half-line) . 
T=] ; 
III. M= (; i) (R(M) is the lower boundary arc) . 
IV. In all other cases R(M) consists of a single point, namely 
1 i ‘ Li 
G58 oF go S-o-8 5 ave 


There are four cases, namely: 


(1) Me =e 7 
(3) Mo’ =o ied 
hee ! (R(M) = {0°}) . 


The list of the involved matrices can be found in Lemma VI.1.2 and its Corol- 
lary. 


Proof. Again we can assume c # 0. If z is a point in the fundamental domain 
F, then of course |cz + d| > 1 (in fact, this holds for any (c,d) € Z x Z, 
(c,d) # (0,0)). 

We apply this also for Mz € F instead of z, and (—c,a) instead of (c,d), to 
obtain also 1/|cz+d| = |—cMz+a| > 1. This means that also the converse 
inequality |cz + d| < 1 is true. 

Now let z = x + iy be in the intersection R(M). Then |cz + d| = 1, ice. 
(ca +d)? + c?y? = 1. Using the inequality y > wee which is valid in F, we can 
exclude for c,d all values but 0 and +1. Then a can also take only the values 
0 and +1 (replace M byM~!). The determinant condition then constrains 
b to 0 and +1. Writing down all matrices of determinant 1 with entries in 
{—1,0,1}, we see that they are covered by the lists in VI.1.3. 
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Let us mention some evident corollaries of Proposition VI.1.3. 


Corollary VI.1.3; Two different points a and b in F are equivalent modulo 
I’, iff they lie on the boundary of F, and additionally 


b=-T, 


i.e. there are two cases: 


() 
(a) Rea ==5 and b=a+l1, 


1 
(b) Rea a5 and b=a-1, 
(a and b are opposite on the vertical edges of F.) 


la| = |b] = 1 andb=-@. 
(a and b are opposite at the circular arc of the boundary of F.) 


=] at 0 i 1 Re 


Corollary VI.1.32 Let M and N with MA+4N be two elements of I’. The 
regions MF and NF have only boundary points in common. In particular, 
inner points in F are inequivalent. 

A region NF is called a neighbor of MF, (M and N both in I), if these 
regions are different, (ie. MA+N) andif MFONFAY. 

It is useful to have a figure of the neighbors of F: 
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= 211 112 
I 3°23 0 3.2 3 1 Re 


Definition VI.1.33 A point p € H is called an elliptic fixed point of I = 
SL(2,Z), iff the stabilizer 


In={MelIr; Mp=p} 


contains an element 4 +E. The order of the fixed point is 


e=e(p) = slp j 


The factor 1/2 takes into account that M and —M give the same correspond- 
ing substitution H — H. So e is a natural number. Let p € Hand M eT. 
The stabilizer of the point Mp can be simply obtained by conjugation of the 


stabilizer of p, 
Ivp=MIM. 


From the data in VI.1.3 we immediately extract: 

Corollary VI.1.34 There are exactly two equivalence classes of elliptic fixed 
points with respect to the action of I. They are represented by the two fixed 
points i (of order e(i) = 2) and @ (of order e(@) = 3). Especially, there exist 
only fixed points of order 2 and 3. 


One can generally ask, when does a matrix M € SL(2,R) admit a fixed point 
in H? 


Remark VI.1.4 A matrix M € SL(2,R), M #+E, has a fixed point in H, 
uff 


|jo(M)| <2 (o := Trace) , 


and in case of existence, this fixed point is uniquely determined. A matrix M 
having the above property is called elliptic. 


Proof. The fixed point equation Mz = z means 


ez? + (d—a)z—b=0. 
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This quadratic equation has in case of c 4 0 the solutions 


a—d+ V(a—d)? + 4be _ a—d+,/(a+d)? — 4(ad — bc) 


2c 2c 


If (a +d)? > 4, the solutions are real. If (a + d)? < 4, exactly one solution lies 
in the upper half-plane. (The other one is complex conjugated and lies in the 
lower half-plane.) 


Remark VI.1.5 Let M € SL(2,R) be a matrix of finite order, i.e. M’ = E 
for a suitable h EN. Then M has a fixed point in H. 


Proof. For any 2 x 2 matrix M there exists an invertible complex 2 x 2 matrix 
Q with the property 


QMQ 7) = ¢ D (JORDAN normal form) , 


where a = d if b #0. If M has finite order, then the (eigenvalues) a and d are 
roots of unity (and b = 0). From the determinant condition 1 = det M = ad, 
we get d= a! =@. For the root of unity a 4 +1 we surely have 


lja+a-"| =|2Real <2. 


From VI.1.4 and VI.1.5, in connection with VI.1.13 we can now state: 


Proposition VI.1.6 For M € TI the following properties are equivalent: 


(a) M has a fixed point in H. 
(b) M has finite order, i.e. M" = E for a suitable h > 1. 
(c) M is elliptic, or M=HE. 


The elliptic fixed points are exactly 
the fixed points of elliptic substitution in I’. 
The classification of elliptic fixed points leads to the following purely group 
theoretical result: 


Proposition VI.1.7 Let Me Ir, M # +E, be an element of finite order. 
Then M is conjugated in I to one of the following matrices: 


£09). 2¢2). a@9). 


Another group theoretical result can be proved using the fundamental domain 
of the modular group: 
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Proposition VI.1.8 The elliptic modular group is generated by the two ma- 


trices 
ila 0-1 
= € i) and S= (; i) 


For the proof, let us choose an (arbitrary) inner point a € F. Let M € 
SL(2,Z). From V.8.7 follows that there exists a matrix N in the subgroup 
Io generated by S,T such that NM(a) lies in F. By VI.1.32, we must have 
NM =H+E. But the negative of the unit matrix, lies in I: 


2 
2 (0-1\" _ 10\ 
#=(} i --(4)= By, 


Exercises for VI.1 


and we are done. 


ab 


1. Determine all matrices M = (: d 


) € SL(2, R) with the fixed point i. 
Result. 
Mi=i <= MeSO(2,R):={MeESL(2,R); M’M=E}. 


2. Show: 
(a) The group SL(2,R) acts transitively on the upper half-plane H, i.e. for any two 

points z,w € H there exists M € SL(2,R) with w = Mz. 

Hint. It is enough to consider the case w = i. Then we can even take c = 0. 
(b) The map 

SL(2,R) / SO(2,R) —— H, 
M -SO(2,R) —— Mi, 
is bijective. (It is even a homeomorphism, if we equip its domain of definition 
with the quotient topology.) 


3. Let M € SL(2,R), and let J be an integer with the property M’ 4+ 
The matrix M is elliptic, iff 1M! is elliptic. 


E. 


4. Let GC SL(2,R) be a finite subgroup, such that its elements admit a common 
fixed point in H. (One can show that any finite, or more general any compact, 
subgroup G C SL(2,R) has this property!) Show that G is cyclic. 
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VI.2 The k/12-formula and the Injectivity 
of the 7-function 


Let. 
f:Uce—C 


be an analytic function on an upper half-plane 
Uc={zeEH; Imz>C}, C0. 
We assume that f is periodic, i.e. there exists a suitable N with 
f(zg+N)=f(z), NA#0,NER. 
The periodicity condition allows a FOURIER expansion III.5.4 


#2) = ye aertine/N 


n=—co 


which in fact corresponds to a LAURENT expansion 


f(a) = 3 ang” (a=e'*) 


n=—Cco 


in the punctured disk around the origin having radius e~?7C/, 


Terminology. The function f is 


(a) non-essentially singular at ioo, iff f is non-essentially singular at the 
origin. 7 
(b) regular at ioo, iff f has a removable singularity at the origin. 


In case of regularity, one defines 
f (ico) = FO) (= a0). 
These notions do not depend on the choice of the period N. (If f is non- 
constant, the set of all periods is a cyclic group.) 


Definition VI.2.1 A meromorphic modular form of weight k € Z is a 
meromorphic function 


f:H—C 
with the following properties: 
(a) f(Mz) = (cz+d)* f(z) for all M = (: i) er, 
In particular, f(z +1) = f(z). 


(b) There exists a number C > 0, such that f(z) has no singularities in the 
domain Imz>C. 


V1.2 The k/12-formula and the Injectivity of the j-function 327 


(c) f has a non-essential singularity at ico. 


Because the negative of the unit matrix —E lies in I’, we get from (a) 


f(z) =(-1* fl), 


Any modular form of odd weight k vanishes 
identically. 


A meromorphic modular form f possesses thus a FOURIER expansion 


1.e. 


oe) 
f®= D0 ang, ge, 


n=— Co 


where all but finitely many coefficients corresponding to indices n < 0 vanish. 
If such an f is not identically zero, then we can define 


ord(f;ico): = min{n; a, £0} 
= ord(f;0) . 


Remark VI.2.2 A meromorphic modular form f #0 has only finitely many 
poles and zeros in H modulo the action of SL(2,Z) on H. The order ord(f; a), 
a € HA, only depends on the I’-orbit of a. 


Proof. By assumption, there exists a constant C, such that the function f 
has no poles in the region “Im z > C”. After enlarging C if necessary, the 
same region contains no zeros, because the zeros of an analytic function can- 
not accumulate at a non-essential singularity when the function is # 0 ina 
neighborhood of this singularity. 

The truncated fundamental domain { z€F; Imz<C} is compact, it 
thus contains only finitely many zeros and poles. These contain a finite system 
of representatives modulo I’. 


Theorem VI.2.3 (The k/12-formula or the Valence Formula) Let 
f #0 be a meromorphic modular form of weight k. Then 


>, aay ia) + ord(f; ico) 


The summation index a runs through a system of representatives modulo I 
of all poles and zeros of f, and we define 


1 3, tfar~o mod, 
e(a) = 5#1a = 2, ifa~i modTl, 


1, else. 
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One can consider the k/12-formula as an analogue of LIOUVILLE’s Theorem, 
which claims that any non-constant elliptic function has as many poles as 
zeros. Indeed, we can reformulate Theorem VI.2.3 in the important special 
case k = 0 as follows: 


The function f has in H/T U {ico} as many zeros as poles, counting multi- 
plicities for them, and weighting them with the factors 1/e(a). 


Proof of Theorem VI.2.8. First of all, we assume for simplicity that there are 
no zeros or poles on the boundary of the fundamental domain F, excepting 
possible ones located at i, 9 or 0?. We then choose the constant C > 0 suf- 
ficiently large, such that f(z) has no zeros or poles for Im z > C. Then we 
consider the integral 


1 f(z) 

— di —; 

i 9S) C, — g(z) Fa)’ 

along the contour a 
A A’ 
B i B’ 
prec D D'crde 
7 = © <£ of Re 


The radius of the small disks around 07, i and g is e > 0. Later we will take 
the limit ¢ — 0. If € is taken sufficiently small, then this integral is equal to 


.y ord(f;a) . 


a modI 
ai, a mod’ 


Evaluation of the integral 


(1) Evaluation on the vertical boundary segments 

The function g is, together with f, also a periodic function. The integrals 
along the vertical boundary segments cancel each other. 

(2) Evaluation on arcs from C to D and from D’ to C’ 

These arcs are mapped into each other by the substitution z - Sz = —z7!. 


It is thus natural to study the transformation behavior of g(z) = f’(z)/f(<) 
with respect to this substitution. From 
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f(-1/z) = *f(z) 
we obtain 
fi'(-1/z)- 27? = z* f'(z) + k2* f(z) 
hence 
g(—1/z) = 2° 9(z) + kz . 
Let us fix some parametrization 


8: [0,1] —C 


for the arc from C to D. Then we obtain the parametrization ( : [0,1] —> C 


Then 


1 e . k 
sa] fat) ac+ fi a(¢) a | =- = (Log — Loge) 
Ti | Jo pi 271 
We are now interested in the limit of this expression for ¢ — 0. It has the 


value ; 
Logi—L 2) een 
(Log i — Log(o’)) 7m 


(3) Evaluation on the upper horizontal line segment from A to A’ 


~ Omri 


The FOURIER series of g, 
g(z) = ye On ertin@ , 


is obtained from the FOURIER series of f using f -g = f’. Obviously, the 
constant FOURIER coefficient of g is 


ao = 2miord(f;ioo) . 
This implies 
A’ rae 
/ g(¢) d¢ = 2ni- ord(fsice) + Yan f e2ring ac, 
" A 


n¥#0 
=0 
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There are missing the integrals along the “small” arcs around g, i, 07. 
(4) Evaluation on the arc from B to C 


The function g(z) has in z = g? the power series expansion 


g(z) =b-i(z+d) +b +bi(z+d)+--° , 
b_1 =ord(f; 0”) . 


The limit for ¢ — 0 of the integral of the function z + g(z) — b_-1(z+5)7! 
is zero. Using the formula 
/ dC 
=ia, 
C—a 


where the integral is taken along an arc of length a with center a, we can 
conclude 


1 tim, [ 9(6) ae = —f ovat fie" 
mi eof, 7 geneva at 
(5) Evaluation on the arcs from C’ to B’ and from D to D’ 
In analogy to (4) we have 


271 e>0 Jo 


a 
a tim, g(¢) dt = —z ord(f Q) , 


and ; 
: li . (¢) d¢ : rd(f; i) 
5 ; lim a g = 5 Fails 


Because of ord(f; @) = ord(f; @?), we obtain the claimed k/12-formula. 


So far, we assumed (for simplicity) that the points 0, i and @ are the only 
possible zeros or poles of f on the boundary of F. The general case works in 
the same way with a suitable modification of the fundamental domain F as 
indicated in the following figure. 


A 
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This completely proves VI.2.3. 


Consequences of the k/12-formula 


We first consider applications of the k/12-formula for entire modular forms. 
A meromorphic modular form is called entire, if it is regular at all points of 
HU {ico}: 


Definition VI.2.4 An (entire) modular form of weight k € Z is an analytic 
function f :H — C with the following properties: 


(a) f(Mz) = (ez+d)* f(z) for all M = (: ) el. 

(b) f is bounded in regions of the form “Imz>C>0”. 

By the RIEMANN Removability Theorem, condition (b) is equivalent to the 
regularity of f at ioo. 

A meromorphic modular form is entire, iff 


ord(f;a) > 0 for alla € HU {ico} . 
From the k/12-formula immediately follows: 


Proposition VI.2.5 Any entire modular form of negative weight vanishes 
identically. Any entire modular form of weight 0 is constant. 


The second part of this Proposition is an application of the k&/12-formula to 
the function f(z) — f(i). 

Corollary VI.2.5, An entire modular form of weight k,k © N (k 40), has 
at least one zero at HU {ico}. 


If f would not have a zero, then 1/f would be also an entire modular form, 
but 1/f has negative weight. 

If f £0 is an entire modular form of weight k, and if a € HU {ioo} is a zero 
of f, then from the k/12-formula we obtain 


k ord(f;a 1 
p< me 23° 
where we have extended the definition of e by e(ioo) = 1. From this we deduce: 
Proposition VI.2.6 There exists no entire modular form f #40 of weight 2. 
Examples of entire modular forms are the EISENSTEIN series 
G@= >| (etd, 23. 


(c,d)EZXZ 
(c,d) A(0,0) 


In case of k CE N, k > 4, k = 0 mod 2, we have already established the 
behavior (V.8.4) 
G;, (ico) = 2¢(k) . 
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Proposition VI.2.7 

(1) The Eisenstein series G4 has a simple zero at 9. Besides @ (and the I- 
equivalent points) there is no further zero in HU {ico}. 

(2) The Eisenstein series Gg has a simple zero at i. Excepting i (and the 
I’-equivalent points) there is no further zero in HU {ico}. 


The Proof is a direct application of the k/12-formula. 
Corollary VI.2.7; The functions G} and G2 are C-linearly independent. 


None of the functions G? or G% is a scalar multiple of the other one. Of 
course, there exists a linear combination of G} and G@ which vanishes at ico. 
We already know this function, it is the discriminant 


A=g3—279; with g2=60G, and g3 = 140G¢ . 


From the theory of elliptic functions we already know that A has no zero in 
H. We can now prove this in another way, without using the theory of elliptic 
functions. From VI.2.7,, we first infer that A is not identically zero. By the 
k/12-formula, the known zero of A at ioo is its only zero. We moreover obtain 
that this zero is simple (i.e. has first order). 


Proposition VI.2.8 Let f 40 be an entire modular form of weight 12 (e.g. 
f =A), which vanishes at ico. Then f has in ico a simple zero, and there is 
no other zero in H. 


We know that the j-function induces a surjective map 
j: H/C. 

We are now in position to prove the injectivity of 7. 

Theorem VI.2.9 The j-function defines a bijection 
j: H/T —-C. 


Proof. Let b € C. We must show that the function f(z) = j(z) — b has exactly 
one zero modulo I’ in H. We already know (VI.2.8) that ord(f;ico) = —-1. 
The claim easily follows from this and the //12-formula. 


Let us now state Theorem VI.2.9 in the language of elliptic functions: 


For any complex number jo, there exists exactly one equivalence class of lat- 
tices having jo as absolute invariant. 
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Geometrically, one can depict an image of 
H/I by identifying equivalent points of 
the fundamental domain F. We can imag- 
ine the fundamental domain as a rhombus 


with vertices 07, i, @ and a fourth “miss- i ico 
ing” vertex ioo. Then gluing the adjacent 

upper and lower edges one obtains a fig- ; oe 

ure, which is topologically equivalent to a 7 p= 0" 
a sphere with missing north pole. This is Wii 


topologically a plane. We will later assign 
to H/I the structure of a RIEMANN sur- 
face. The map 7 will turn out to be a con- 
formal map. 


Definition VI.2.10 A modular function is a meromorphic modular form of 
weight 0. 


For instance, j is a modular function. The set of all modular functions is a 
field denoted by K(I’). Any constant function is a modular function. The 
field C is thus naturally embedded as subfield of kK (I). Any polynomial, or 
more generally any rational function of a modular function is again a modular 
function. We have observed the same phenomenon in more detail for the field 
of elliptic functions (Section V.3). 


Theorem VI.2.11 (Structure of the field of Modular Functions) The 
field of modular functions is generated by the absolute invariant j. In other 
words, any modular function is a rational function in j, 


Proof. Let f be a modular function. Any w € C can be written in the form 
j(z) where z mod I is uniquely determined. Hence the function 


R:C3C, R(w):= f(z) 


is well-defined. Let a € H be a point where the derivative of 7 does not vanish 
and where the value f(a) is finite. Then the Inverse Function Theorem shows 
that R is analytic in an open neighborhood of j(a). This shows that R is an- 
alytic outside a finite set of points. From the CASORATI-WEIERSTRASS The- 
orem will follow that these finitely many points and also oo are non-essential 
singularities. Let a be one of the exceptional points. We take a representative 
b in HU {ioo}. When a is different from oo, we take a small open neighbor- 
hood V(b) of 6 in H. Otherwise one takes V(b) = Uc U {ioo} for big enough 
C. The set f(U(a)) is not dense in C. The image of V(b) is an open sub- 
set U(a) of a in C. By definition R(V(b)) = f(U(a)). Hence the theorem of 
CASORATI-WEIERSTRASS shows that the exceptional points are non-essential 
singularities. This shows that R can be considered as a meromorphic function 
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on the whole RIEMANN sphere C. But then R must be a rational function 


(III.A.6). 


The field of modular functions (for the full elliptic modular group) is isomorphic to 
the field of rational functions, i.e. the field of meromorphic functions on the RIEMANN 


sphere. This is related to the fact that the quotient space H/I’, completed by the 
additional “infinite point” ioo, can be identified with the RIEMANN sphere. 


For another proof of Theorem VI.2.11 see also Exercise 6 in Sect. VI.3. 


Exercises for VI.2 
1. The derivative of a modular function is a meromorphic modular form of weight 
2: 


2. Let f and g be entire modular forms of weight k. Then f’g — g'f is an entire 
modular form of weight 2k + 2. 


3. The zeros of j’ are exactly the points equivalent to i or g modulo I’. 


In the following three Exercises we use some fundamental topological notions, 
including also the notion of “quotient topology” . 


4. We consider H/I° (see also V.7) as topological space by means of the quotient 
topology. A subset in H/I is open, iff its inverse image in H under the canonical 
projection is open. The j-function then induces a topological map 


hrc. 


5. Show that H/I is topologically equivalent to C, without using the j-function. 


Hint. Consider the fundamental domain with corresponding identifications of 
boundary points. 


6. Let P be the group of all self-maps of the upper half-plane of the form 
zr Mz and 


ze>M(-Z) with Me r=SL(2,Z). 


Show that the quotient space H/ Lis topologically equivalent to a closed half- 
plane. 


V1.3 The Algebra of Modular Forms 


For any k € Z we denote by [Ik] the vector space of all entire modular 
forms of weight k, and by [I k]o the subspace of all cusp forms, which is the 
subspace of all f € [fk], which vanish at the cusp ioo: 


f(ico) := lim f(z)=0. 


Im z—o0o 
We obviously have: 


(a) If fi E (T, ky], fe € (Tr, ka], then fife E (I, ky t+ kg]. 
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(b) The product of a cusp form with an arbitrary entire modular form is 
again a cusp form. 


The subspace [I k]o of all cusp forms has codimension at most one, more 
exactly: 


Remark VI.3.1 If g © [Ik] is not a cusp form, then 
Proof. For any f € [Ik], the function 


f isd, 
g(ioc) 


=f- 


is a cusp form, and we have 


p= iee wea ce 
g(ico) 

As we will see, [Ik] always has finite dimension. For determining a basis of 
(I, k], it is of basic importance to prove the existence of a cusp form f £0 of 
weight 12. The k/12-formula shows that such a modular form has necessarily 
at ioo a zero of order one, and no other zeros in the upper half-plane, VI.2.8. 
There are various methods to construct such a cusp form. We already know 
such a cusp form, namely the discriminant A. This shows: 


Proposition VI.3.2 There exists a modular form A 4 0 of weight 12, which 
has in the upper half-plane no zeros, but a (necessarily simple) zero at ioo. So 
A is a cusp form. Such a function A is uniquely determined up to a constant 
factor. A possible such function is the discriminant 


A = (60G,)? — 27 (140G)? . 


The importance of this cusp form of weight 12 can be extracted from the 
following 


Proposition V1.3.3 Multiplication with A gives an isomorphism 
[I,k —12] — [I kl]o , 
frof-A. 
Proof. This map is injective, since A does not vanish. On the other side, for 
g € [L, k]o, the quotient 


g 
— a € [[,k — 12] 
is a modular form with the correct transformation behavior, and is analytic 
in the whole upper half-plane, since A has no zeros there, and is also regular 
at ioo, since A has there a zero of first order. 


An preliminary stage for the structure theorem is the following direct conse- 
quence of the k/12-formula, VI.2.6: 


Any entire modular form of weight 2 vanishes identically. 
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Theorem VI.3.4 (Structure Theorem) The monomials 
{GiGh; aBENo, 4a+63=k} 


form a basis of [[,k]. Any modular form f © [Ik] is thus uniquely repre- 
sentable as a C-linear combination 


f= >. Cap GY GE : 
a,b>0 
4a+6G=k 
Supplement: The dimension of the vector space of modular forms is finite 
and we have 


[4] . ifk=2 mod 12, 


sinc = {EB ifk #2 mod 12. 

Proof. By induction on k, we first show that the specified monomials generate 
[Ik]. We begin the induction with k = 0. Then the claim reduces to the fact 
(VI.2.5) that any modular form of weight 0 is a constant. Now let f #0 bea 
modular form of weight k > 0. Then & > 4. Any even k > 4 can be written 
in the form k = 4a + 6( with non-negative integers a, 3. Then there exists a 
constant C’, such that f — CEec: is a cusp form. By VI.3.3, we can write 


f —CGZG§=A-g 


with a modular form g of strictly smaller weight. By induction, we can assume 
that g is a C-linear combination of monomials in G4 and Gg of corresponding 
weight. This gives a C-linear representation of f using monomials in G4 and 
Ge. 

A simple combinatorial check shows that the number of monomials of weighted 
degree fk; in G4 and G¢ coincides with the number on the R.H.S. of the dimen- 
sion formula in the statement of the Theorem. The linear independence of the 
monomials and the validity of the dimension formula are thus equivalent. But 
the dimension formula can also be proven by induction using dimc[I’, 0] = 1, 
dimc|I’, 2] = 0 and 


dime [Ik] =14+dimc[l,k—-12] fork >4. 


The R.H.S. of the dimension formula also fulfills the same recursion. 
The dimension of [I’, k] is one in the cases k = 0,4, 6,8, 10, 14. 


We give a second proof for [I’, 2] = {0}, which does not use the k/12-formula. 
If there would exist a non-vanishing modular form f € [I, 2], then 


fPe(L4], so f?=aG4 withaeC’, 
fr elL,6], so f?=bG. withbeC*. 
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This implies that G'} and G2 are linearly dependent. This contradicts the 
non-vanishing of A (VI.2.7;). 


The Structure Theorem VI.3.4 can be reformulated in a ring theoretical manner. 
For this we introduce the direct sum of all vector spaces of modular forms, 


A(L) := PIL kl] - 
k>0 


It possesses an obvious ring structure (even a structure as graded algebra over the 
field C). 


Theorem VI.3.5 The map 
Xt> G4, Yr- Ge ’ 


induces an algebra isomorphism of the polynomial ring in two variables X, Y onto 
the algebra of modular forms, 


~ 


CLX, Y] 


A(D) . 


Exercises for VI.3 


1. Let f : H — C be an entire modular form without zeros (in H). Then f is a 
constant multiple of a power of the discriminant A. 


2. Let d, = dimc[I, k] be the dimension of the vector space of all entire modular 
forms of weight k. For any d,-tuple of complex numbers ao, a1,...,@a,—1 there 
exists exactly one modular form of weight k, having these d, numbers as first 
FOURIER coefficients. 


Hint. If the first dy FOURIER coefficients of a modular form vanish, then it is 
divisible by A“*, ie. the quotient is again an entire modular form. 


3. There exists no non-vanishing polynomial P € C[X] such that P(j) = 0. 


Based on this result give a new proof for the fact that the EISENSTEIN series G4 
and G¢ are algebraically independent, i.e. the monomials Ce. 4da+66 =k, 
are linearly independent for all k. 


4. For any point a € H there exists an entire modular form (even of weight 12), 
which vanishes at a, but does not vanish identically. 


Hint. Use the knowledge of the zeros of A. 


5. Any meromorphic modular form is representable as a quotient of two entire 
modular forms. 


6. Using the previous exercise and the structure theorems VI.3.4, VI.3.5, for the 
algebra of all modular forms, give a new proof for the fact that any modular 
function is a rational function of j. 
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V1.4 Modular Forms and Theta Series 


In principle, we have determined in the previous section all (entire) modular forms. 
There are other possibilities to construct modular forms. The Structure Theorem 
then gives non-trivial identities between analytic functions. In this section we want to 
develop some of these identities. They often have number theoretical consequences. 
In VII.1 we will study in more detail number theoretical applications. 


The Jacobi transformation formula for the theta function 


Lemma VI.4.1 Both series 


Co co 


é 2. - 2 7 
S eti(n+w) Zz and S erin z+2rinw 


n=—co n=—Cco 


converge normally for (z,w) € Hx C . In particular, for any fixed value of z 
they represent analytic functions in w, and conversely. 


Of course normal convergence means that on every compact subset of 
H x C there exists a uniform majorant. The second of the above series al- 
ready appeared in V.6 in connection with ABEL’s Theorem. We used at that 


point the notation 
a 


O(z w) — ys etin? z+2ninw 
: — : 


n=—oo 


There, its argument was (7, z) instead of (z,w), and as a main difference to 
the topic of this section, the point 7 was a fixed parameter. We are now mainly 
interested in J(z,w) as a function of z for a fixed w. In V.6 we proved the 
convergence of the theta series for a fixed value of its first argument. Analogous 
considerations lead to the normal convergence in both variables. 


Theorem VI.4.2 (Jacobi’s Theta Transformation Formula, C.G.J. 
Jacobi, 1828) For (z,w) € Hx C the following formula holds: 


oo lore) 
‘E : eti(nt+w)?z _ S emin? (-1/2)+2ninw 
i 


n=—Cco n=—Cco 


Here, the square root of z/i is defined by using the principal branch of the 
logarithm. 
Proof. The function 


f(w) := 2 eria(ntw)’ (z being fixed) 


n=— Co 
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has obviously the period 1, and hence it possesses a FOURIER expansion 


f(w) = ee Gm een 


m=—Cco 


with 


am 


1 © 
‘ Ly etiz(n+w)? —2nimw du (u =Re w) . 
0 


n=—cCco 


Here, we have used the complex coordinate w = u+iv, u,v € R. The imaginary 
part v of w can be chosen arbitrarily, we will fix it later. Because of the locally 
uniform convergence, we can exchange the sum and the integral. After that 
we substitute ute u—n and obtain 


2 
i —2 
Gin i emi(zw mw) du . 


—co 


We complete the exponent to a square, 


2 
zw? —2mw = z (w *) zim? , 
z 


and obtain igs 
ee eee et 2 
Gm = eT / eriz(w m/z) du. 
—oo 


Now we choose the imaginary part v of w such that w — m/z becomes real. 
After a translation of u, we obtain 


foe) 
2D . 2 
Am erim ( ve, eM" dy, . 
—oo 


To compute this integral, we prove the formula 


-1 
co 
* ay 2 z 
‘| emizu du = (3 . 
aon 1 


Both sides of the formula represent analytic functions in z, so it is enough to 
prove it for all purely imaginary values z = iy. The substitution 


t=u:J/y 


leads to the computation of the well-known integral (see also Exercise 17 in 


Sect. III.7) 
ip eT dt=1. 


By specialization in the JACOBI transformation formula, we get: 
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Proposition VI.4.3 The function 
es 2 
B(z) _ > enin®z 
n=—0o 


represents an analytic function. It satisfies the theta transformation formulas 


(a) O(z +2) = V(z) and 


(b) o(—+) = F002) . 


The theta series ¥(z) has period 2. To obtain a form for the full modular 
group, besides ¥ we also consider J(z) = 0(z +1), 


~ sa 
H(z) = So (-1)"e™”™™* 
The function ¥ is a special value of the JACOBI theta function O(z, w), namely 
B(z) = 0(z, 1/2) . 


From VI.4.2 we obtain a transformation formula for 0, namely 


where 
(2) _ tS eTi(n+1/2)?2 


We get: 
Remark VI.4.4 (C.G.J. Jacobi 1833/36, 1838) The three theta series 


0(z) = s etin®z , 
D(z) _ S- ( i" win” z 
8(z) = 3 eti(n+1/2)*z 


satisfy the transformation formulas: 
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These transformation formulas show that under the substitutions 


1 
ze>zt+land z+ —-— 
z 


the function oe 8 
I) = (82) 9@ 9@)) 


has the same transformation law as the discriminant A. Hence the quotient 
function f(z)/A(z) is invariant under these generating substitutions (VI.1.8). 
Then it is invariant under the full modular group, since it is generated by 
the two special substitions. In other words, the function f transforms like a 
modular form of weight 12, and it is indeed a modular form, since all three 
theta series are bounded in the region Im z > 1. Moreover, f is a cusp form, 


because the series J(z) converges to 0 for Im z — oo. This leads to 


Proposition VI.4.5 For a suitable complex constant C’, the following holds: 
- = 8 
A(z) = C(H(2) i(z) H(2)) 


Supplement. We will later determine for C the special value: 


(27)1? . 


C= 38 


A connection between the discriminant and pentagonal numbers 


An integer of the form 
Bn? +n 
2 ? 
is called pentagonal. The first pentagonal numbers are 0,1, 2,5,7,12,15, 22. 


neZ, 


Proposition VI.4.6 We have 


24 
(aprernontin . 


We will later find for C the value (27)'*. 
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Proof. The R.H.S. has the period 1, and a zero of order one at ioo. It is thus enough 
to show that the R.H.S. transforms as a modular form of weight 12. For this, we 
consider the auxiliary function 


f(z) = % (jean) : 


n=—c 


This series is a special instance of the JACOBI theta series, more precisely 


fle)=0( 3, 5+) and thus r( +) =0( =. 5 =): 


A short computation using the theta transformation formula gives 


1 re wi - eres 
§(-2) = 2 eta S- ee. 12 6, u=2n4+1,nEZ. 


Because the R.H.S. is invariant under u+> —u, we have 


— ee —riu miu 

f 4 ete = mizas J € 8 +e'8 
--)=,/5 e™ eneig: ge 

. z 3i 2 


where u runs through all odd integers. The expression 


can be simply computed case by case modulo 6. Because u is odd, 


w=+tlor =3 mod6. 


One easily can see that in case of w= 3 mod 6 the expression vanishes. Because the 
summands do not change if we replace u by —u, we can sum over all u=1 mod 6, 
and double the resulting value. Let us set u = 67 + 1, then 


TU T v3 v 
cos (=) = cos (= | nv) = ee Lye, 


A simple computation now shows 


which gives the claimed result. 


The considered theta series are all special cases of a more general class of 
theta series, namely theta series associated to quadratic forms, respectively 
lattices. 
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Quadratic forms 


In the following we denote by 


Gn1*** Anm 


a matrix with n rows and m columns. In the case m = n we also write for 
simplicity A = A). The transposed matrix of A = A‘) is 


A= 


Gim*** nm 
Let $= S™ and A= A™™), Then 
S[A] := A'SA 


isa mx m-matrix. If S is symmetric, i.e. S = S’, then S[A] is also symmetric. 
We have the rule 


S[AB] = S[A[B] (S=S™ , A=AT™™ , B= BM™?)) , 


(n,1) 


In the special case of a column vector z = z , the expression 


S[z] = S- Bist 


l<pyv<n 


is a 1 x 1 matrix, which we identify with a number. The function z +> S{z] is 
the quadratic form associated to the matrix S. A symmetric matrix is uniquely 
determined by its quadratic form. 

A real symmetric matrix S = S$) is called positive definit, or just positive, iff 
S|] > 0 for all real column vectors « 4 0. We use without proof two simple 
facts from Linear Algebra: 


If S is a (real symmetric) positive matrix, then there exists a positive number 
6 > 0 with the property 


Slax] > 6(a? +--- +07). 


Any positive matrix S can be written as S = A'A with a suitable invertible real 
(quadratic) matrix A. One can arrange that the determinant of A is positive. 


Surely, any matrix of the above form is positive. More generally, we have: 
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If S= 8) is a positive matriz, and A= A\™™) is a real matrix of rank m, 
then the matrix S[A] is positive. 


To any positive matrix S = S$‘) we can associate a theta series, 


HSsz)= 5 ee, Ime> 0. 
gEZz” 


This series is of number theoretical relevance if S is an integral matrix, because 
then W(S;z) is a periodic function in z with period 2, having a FOURIER 
expansion of the form 


(832) = D7 AS, m)e™ , 
m=0 


where 
A(S,m):=#{g¢EZ"; Sg] =m} 


is the number of representations of a natural number m as a value of the 
quadratic form S. In the exercises to this section, and in Chapter VII, we 
will obtain number theoretical applications of the theory of modular forms 
for these representation numbers. 

In case of the unit matrix S = E = E“™) this theta series splits as a CAUCHY 
product of n theta series 0(z), 


O(E;z) = 0(z)”. 


The convergence of )(E; z) follows from this by means of the CAUCHY multi- 
plication theorem. For any positive S there exists a suitable 6 > 0 such that 
for all column vectors x we have the estimate S|z] > d6E[a]. Hence the con- 
vergence of V(F; z) also implies the convergence of J(S; z). As in the case of 
the series 0(z), we will consider also the generalized series 


f(z,w):= » elites  s#eh. wer, 
geZ” 
In the case of the matrix S = (1) this is exactly the JACOBI theta series. 


The JACOBI transformation formula for theta functions admits the following 
generalization: 


Theorem VI.4.7 (Jacobi’s Generalized Theta Transformation For- 
mula) 
Let S = S™) be a positive matrix. Then 


Zz" miS[gtw]z _ mi S71 [g](—1/z)+29/w 
‘E vVdet S > eng = :> € { 9 g } . 
gEZz” gEZn 


Both series converge normally in H x C” . 
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Proof. Using the estimate S[z] > dE[a], we can reduce the question of normal 
convergence to the case of the JACOBI theta function, where we already know 
the positive answer. For the proof of the transformation formula, we once 
more consider the auxiliary function f(w) = f(z, w), given by the sum in the 
L.HS., 
f(w) = S- ere (z being fixed) . 
gEZ 


It is continuous as a function of w, and analytic with respect to each complex 
variable w;, 1 < 7 <n. Moreover, it is periodic with period 1 in each of these 
variables. 

Any function having these three properties can be expanded into an absolutely 
convergent FOURIER series 


fw) = So ane (hw = hywr + +++ Paton) - (+) 
hez” 


The involved FOURIER coefficients can be computed by the formula 


1 1 
Gh = | 7 a f(we 27” duy...dun - 
0 0 


Here, w = u+ iv with fixed but arbitrary v. The FOURIER integral does not 
depend on the choice of v. 


We have developed this formula only in the case n = 1, but this is enough for 
our purposes, since we can argue as follows. We first expand f into a FOURIER 
series with respect to the variable w ,. These “partial” FOURIER coefficients 
Gn, (W2,---,Wn) then still depend on we,...w,. Their representation by the 
FOURIER integral shows that they are continuous in C"~!, analytic in each 
of the remaining variables w;, 2 < 7 <n, and 1-periodic. We can once more 
expand then ap, (we,...,Wn) with respect to wa, and repeat this process to 
obtain the above FOURIER series with the claimed coefficients, but with with 
the restriction that we have to respect the following ordering of summation: 


f(w) = > ee ae 


hy=—oo n=—0o 


The brackets can be omitted when we ensure the absolute convergence of the 
whole series (*). In our case, this follows from the direct computation of the 
FOURIER coefficients. 


The FOURIER integral will be computed as in the case of the JACOBI theta 
function. We briefly indicate the necessary computations: 


First we observe 


Gn = / - ff eT i{Slw]2—2h'w} du,...dun . 


346 VI Elliptic Modular Forms 


Quadratic completion (sometimes called “Babylonian identity”) has the fol- 
lowing natural extension 


Slw)]z — 2h'w = S[w — z's "h]lz —S[A]z . 


The Principle of Analytic Continuation allows us to assume that z is purely 
imaginary, z = iy. We then set 


v=y ‘Sth 


and obtain 


a eo tS "Aly" a as ra eo 4 dus... dun - 


To compute this integral, we use the linear substitution 
uroy /?A-ly (S = A’A for a suitable A) . 


Its JACOBIan determinant y—"/? det A~! appears in the following transforma- 
tion formula, 


/ re se ee l4ly dus... dun 


= 7 |det A™| / oe | et (ui te tun) du, eG dun 


= y Vdet S~! | 


—co 


enme au| 


This completes the proof of VI.4.7. 


As an important special case of the generalized JACOBI theta transformation 
formula we mention the following 


Proposition VI.4.8 The following theta transformation formula is valid: 


(iS :—2-") = [2 vars O(S; z) . 


This formula has the disadvantage that besides the transformation z +> z~! 


one also has to replace S by S~+. Under special conditions, we can replace 
S-! by S. 

An invertible matrix U = U is called unimodular, iff both U and U~! have 
integral entries. Then det UV = +1, and by the CRAMER formula any integral 
matrix with determinant +1 is unimodular. The set of all unimodular matrices 
builds the unimodular group GL(n, Z). 


Two positive n x n-matrices S and T are called (unimodular) equivalent, iff 
there exists a unimodular matrix U with the property T = S[U]. This relation 
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is obviously an equivalence relation. The equivalence classes with respect to 
this relation are called unimodular classes. 


If U is a unimodular matrix and if g runs through all integral columns then 
Ug runs through all integral columns as well. From this observation we im- 
mediately derive: If S and T are equivalent positive matrices, then 


O(T; z) = V(S; 2) . 


If S is unimodular, then S and S~! are equivalent, since S = S~'[S]. The 
theta transformation formula gives in this case 


[& 


0(S;—271) =4/= 9(S;z). 
We would like to consider theta series having period 1. For this, we must 
restrict to positive matrices with the property 


g integer = > Sig] even. 


Symmetric matrices which have this property are also called even. A symmet- 
ric matrix is even, iff it is integral and if its diagonal entries are even. This 
simply follows from the formula 


Sig] = x SOs +2 S- SuvGpGv - 
v=1 


lspeven 


Proposition VI.4.9 Let S = S$“) be a positive unimodular even nx n-matriz 
and n divisible by 8. Then 0(S; z) is an (entire) elliptic modular form of weight 
n/2. 


In any case, 0(S;z) has the right transformation behavior under both stan- 
dard generators of the elliptic modular group. Especially, 0(S; z)/G,/2(z) is 
a meromorphic function, which is invariant under these generators, and thus 
under any substitution of the full modular group. Thus (5; z) transforms like 
a modular form under the action of the full modular group. It is also clearly 
bounded in the region y > 1, so the regularity at ico is ensured. 


By the way, it can be shown that any positive, even, unimodular n x n-matrix 
satisfies the divisibility condition n = 0 mod 8, (Exercise 8 to this section). 
An example of such a matrix for n = 8m is 


Q2m11...111 
1 21...112 
ts A geet 
Sn = ka Lb 
11 Den 212 
1 0, ba 2 


1 22...224 
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In case n = 16 we can thus exhibit two unimodular matrices, namely S$ jg and 


Ss 0 
5s @ Sg = cs 


It can be shown that these matrices are not unimodularly equivalent. 


Because both vector spaces of modular forms of weight 4, and respectively 8 
have dimension 1, we obtain non-trivial identities. 


Proposition VI.4.10 There hold the following identities: 


Ga(z) = 2¢(4) 0(Ss; 2) , 
Ge(z) = 2¢(8) U(Si6; 2) = 2¢(8) 0(Ss @ Sg; z) . 


The explicit constant factors arise by comparison of the constant FOURIER 
coefficients. For the theta series the constant coefficients are 1. 


We will see that these (and similar) identities have number theoretical impor- 
tance. 


Positive matrices and lattices 


A subset L C R” is by definition a lattice, iff there exists an invertible real matrix 
A= A), such that 
L=AZ"={ Ag; geEZ"}. 


The matrix A is of course not uniquely determined. 


Two lattices AZ” C R” and BZ" C R” are equal, iff there exists a unimodular 
matric U with the property B = AU. 


Lattices are discrete subgroups of R”, which contain a basis of R”. The converse is 
also true, as we will see in the second volume. Two lattices L and L’ are said to be 
congruent, iff there exists a real orthogonal matrix 


Q=Q™, QQ=E (the unit matrix) , 


with the property L = QL’. Two lattices AZ” C R” and BZ” C R” are congruent, 
iff there exists a unimodular matrix U and an orthogonal matrix Q with the property 
B = QAU. Then we consider the positive matrices S = A’A and T = B’B. We have 
T = S[U]. From this we obtain: 

The assignment A+— S = A’A is a well defined bijection between the congruence 
classes of lattices L = AZ” and unimodular classes of positive matrices S. 

We can rewrite S[g] = (Ag, Ag), using the standard bilinear form (z,w) = S> zj;wj; 
on C” (z,w € C”). We substitute the summation index g by h := Ag and obtain 
the following representation of the theta series 0(S; z) in lattice language, 

OSi2=t he) = ye", SaA A, LS AZ". 
heL 
th 


Let us now assume that S is a matrix with integral entries. The n"’ FOURIER coeffi- 
cient of this theta series is obviously equal to the number Az(n) of all lattice vectors 
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h € L with the property n = (h,h). This expression is the square of the EUCLIDian 
length of h. So we obtain: 


The representation number A(S,n), counting all representations of a natural number 
n by the quadratic form S is equal to the number Ax(n) of all vectors of Euclidian 
length /n of a lattice L associated to S. 

A lattice is said to be of type IJ, iff the determinant of a generating matrix is +1, 
and the scalar product of any lattice vector with itself is always even. (A lattice is 
thus of type II, iff the associated quadratic forms are even and unimodular.) 


Using lattices (instead of positive matrices) occasionally offers some advantages 
because of a higher flexibility. By the given characterization, any group L with 


qZ” CLC (1/q)Z”" , forsomeqeEN, 


is a lattice. For instance, 


n 
n= | BER tv eZ, mn e2, Sone | (x) 
v=1 
is a lattice in an n-dimensional space. It is of type II, if n is divisible by 8. The con- 
gruence class of this lattice corresponds in case of n = 8m exactly to the unimodular 
class of S, (see above). The appearance of this matrix becomes more transparent in 
terms of the lattice Ly. 


Exercises for VI.4 


1. Let f and g be two elliptic modular forms of weight k. The function h(z) = 
f(z)g(z)y" is P-invariant. 
2. Let f be a cusp form of weight k. The function 


h(z) = |f(2)ly*°? 


has a maximum in the upper half-plane. 


Hint. Because of Exercise 1, it is enough to show that h(z) has a maximal value 
in the fundamental domain. This follows from limy—oo. h(z) = 0. 


3. Let se 
f(z) _ S- aner? 
n=1 
be a cusp form of weight k. Prove an estimate of the kind 
lan] << Cn*/? — (E. HECKE, 1927) 


with a suitable constant C. 
Hint. Use the integral representation for the FOURIER coefficients, and apply 
the estimate 

If(z)| < C’y*” 
for the special value y = 1/n. 
P. DELIGNE proved in 1974 the RAMANUJAN-PETERSSON conjecture, which 
ensures the much stronger estimate 


lan| < C(e) n®-Y/?** for any e > 0. 
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In this exercise we use the formula for the FOURIER coefficients of the EISEN- 
STEIN series, which will be obtain in VII.1, 


= 2-(2mi)* = ain 
Gx (z) = 2¢(k) + Dr 2, 74-37) e 


Let LD CR”, m=0 mod 8, be a lattice of type II, and for n € No let 
Ai(n) = #{zeEL; (z,2z)=n}. 


Then iy 
Ax(2n) py ts qr/2-h 


m/2 d\n , 
i.e. the quotient of the L.H.S. and R.H.S. converges to 1 for n — oo. 

In the cases m = 8 and m = 16 we in fact have equality in the above asymptotic 
formula, but not in general. But there is a very remarkable result of SIEGEL: 


[Si2] For natural numbers n, 


Eee -E Gh)" 


Bm/2 din 


Here L runs through a system of representatives of the congruence classes of 
all type II lattices in R™. This a finite system. The involved denominator e(L) 
is the order of the automorphism group of L. (An automorphism of L is an 
orthogonal map R” — R” which stabilizes L.) 

The number of these classes is 1 for m = 8; 2 for m = 16; 24 for m = 24 and 
at least 80 millions for m = 32 (compare with [CS]). 

Let f be an arbitrary modular form of weight k. Then the FOURIER coefficients 
Gn of f satisfy an estimate of the kind 


|an| << Cn*-' — (E. Heck, 1927) . 


Determine the number of all integral, orthogonal matrices U = U (n) (ie. U € 

GL(n, Z), U'U = E). 

On page 349, we defined the lattice Ly in (*). 

(a) Show that the lattice L, is of type II, iff n is divisible by 8. 

(b) Determine in the case n = 0 mod 8 all minimal vectors of Ln, i.e. all 
vectors a € Ly with (a,a) = 2. 

(c) Show that the lattices Lig and Lg x Lg are not congruent by examining 
the angles between minimal vectors. (But remarkably the lattice numbers 
Az(n) coincide.) 


Let a and b be real numbers. The theta series —a so-called theta nullwert— 


Ba,o(z) — te eti((n+a)?2+2bn) 
vanishes identically, iff both a — 1/2 and b—1/2 are integers. In all other cases 
it has no zero in the upper half-plane. 


Hint. Express this series in terms of the JACOBI theta series J(z,w), and use 
the knowledge of the zeros of it (Exercise 3 in V.6). 


10. 


11. 
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The theta series J,,, (see Exercise 8) changes only by a constant factor, when a 
and b are changed by adding integers. Using the JACOBI theta transformation 
formula, show the following transformation formula: 


Bart (-) = eran [2 cli 
z 1 


Let n be a natural number. We consider all pairs of integers 
(a,b), O<a,b<2n, 
excepting the pair (a,b) = (n,n), and build the function 
A(zy= JT %,, 
(a,b) A(n,n) 


O0<a,b<2n 


Show that a suitable power of A,, is a modular form for the full modular group. 


Hint. Applying the generators of the modular group to the finite system of 
theta series, we obtain a permutation of this system up to elementary factors. 


Using Exercise 1 in Sect. VI.3, show 
Ada as CA(z)*"-} ; 


and also determine the involved constant C. 


Let S = S) be a positive, even, unimodular matrix. Then n =0 mod 8. 
Hint. Use the relation 
-1 
win-5=( i -1) ; 
z 1l-z 


and transform #(.S; z) corresponding to these relations, by applying the formu- 
las 


n 


HS;2+1) = HS;2), 9(Si-2/2) = \/2 1542). 


This gives the formula 


Veh" = 20d -) Ve@-Df". 


Now specialize z = i in it to infer 


1=e""/8 ie.n=0 mod8. 
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VI.5 Modular Forms for Congruence Groups 


We would like to generalize the notion of a modular form in two directions. Firstly, 
we replace the modular group SL(2,Z) by a subgroup of finite index. Secondly, we 
also consider forms of half-integral weight. Examples of such modular forms are the 
theta series 0(S,z) with respect to arbitrary rational, positive definite matrices S' 
(possibly also of odd size). 


A subgroup H of a group G has finite indez, if there are finitely many elements 
91,---;9n © G with 
G= Hq, U-:-UHgp, 
(<= G=9,'HU---Ug,'H). 
One can moreover require that the above finite union is a disjoint union. The 
uniquely determined number h is called the index of H in G. 


A fundamental example for a subgroup of finite index in the elliptic modular 
group is the principal congruence subgroup of level q (€ N), 


Iq =| M= Co € SL(2,Z); a=d=1 modq, b=c=0 mod a 


It is the kernel of the natural group homomorphism 
SL(2, Z) —> SL(2,Z/qZ) . 


Because the target group SL(2,Z/qZ) is finite, I'[q| is a normal subgroup of 
finite index of SL(2,Z). Because of this, we have 


NI |q| N~*=T[q|_ for all N € I'[1] = SL(2,Z) . 


Definition VI.5.1 A subgroup I Cc SL(2,Z) is called a congruence sub- 
group, iff it contains a suitable principal congruence subgroup I'|q], i.e. 


Ti[qcrcril. 


Congruence groups are subgroups of finite index in SL(2,Z). But there are 
also subgroups of finite index in SL(2, Z), which are not congruence subgroups! 
Only congruence subgroups showed their importance for the theory of modular 
forms. Because I"[q] is a normal subgroup in I’[1] = SL(2,Z), we have 


Remark VI.5.2 Let I’ be a congruence subgroup. Then for any L € I'[1] the 
conjugate group LI'L~' is also a congruence subgroup. 


VI.5 Modular Forms for Congruence Groups 353 


Cusps of congruence subgroups 


A cusp « of a congruence subgroup I is by definition an element of QU {ioo}. 


The group SL(2, Z) acts not only on H by MOBIus substitutions, but also on 
the set of cusps via the formula 


ak +b 
cKt+d 


with the usual conventions for computations with ico: 


eet 8 ae ae 
cioo + d c 
+b 
= := i100 , if k Aico andck+d=0 
ck +d 


(and in this case we have ak +b #0) . 


Two cusps are called equivalent with respect to I’, iff they are in the same 
orbit with respect to the action of I’. The equivalence classes with respect to 
this equivalence relation are called cusp classes. 


Lemma VI.5.3 The group SL(2,Z) acts transitively on the set of all cusps, 
i.e. for any cusp « there exists an 


A€ESL(2,Z) with Ak = ic . 
Corollary. Let I’ be a congruence subgroup. The set of all cusp classes 
(QU fico})/P 
is finite. 


Proof of Lemma VI.5.3. Let 


a 


= 5° 


K 


a,beZ, b#0, ged(a,b)=1, 


be a cusp. We can find a matrix 


A= & ’) ESlie,7Z) ; 


since the equation ax + by = 1 has (integral) solutions x,y (because a and b 
are relatively prime). We obviously have Ak = ioo. 


For the proof of the corollary, let us write 
SL(2,Z) =PA,U-:-UTAp. 


Then the set 
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{ Ajyioo , ... , Apioo } 


obviously contains a system of representatives for all cusp classes. Of course, 
this set may contain equivalent cusps. The number of cusp classes is thus 
bounded by the index of I’ in [1]. 


We will see in the second volume that the quotient space H/I carries a natural 
structure as a RIEMANN surface. This RIEMANN surface can be completed to a 
compact RIEMANN surface by adding finitely many points, namely the cusp classes. 


Multiplier systems 


We also want to introduce modular forms of half-integral weight 


For this, we need a holomorphic square root of cz+d. In this context, we define 
the square root \/a of a non-zero complex number a # 0 by the principal value 


of the logarithm, 
Ja:= e2 bose | 


Equivalently, \/a is uniquely specified by the following conditions: 
(a) Re /a>0, 
(b)  /a=iv/|al, if a is real and negative. 
The function 
zteVezt+d ((c,d) € R x R \ {(0,0)}) 

is analytic in the upper half-plane, since cz + d cannot be real and negative 
in the case of c £ 0. 
Notation. P 

I,(M, z) := (ez+ a)" :=Veztd , reZ. 
Remark VI.5.4 We have 


I,(MN, z) = w,(M,N) I,(M, Nz)I-(N, z) . 


Here, the collection of all w,(M,N) is a system of numbers taking only the 
values +1. The dependence on the index r is only a dependence on r modulo 2, 
(i.e. there are only two cases, r even or odd), and only for even r the number 
system is identically 1. 


Proof. A trivial computation shows that the given formula is correct for even 
r by setting w, = 1. It then also follows for odd r by taking the square root. 
The sign w, appears because of the ambiguity of the square root. For instance, 
we have 
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ih(-£,i V¥—1 i _ 
ies 5 as —1 forS:= et P 
I,(—S, i)? iS i 1 0 


(Using our convention, our choice of the square root gives /—1 = i, and 
not = —i.) 


w1(—S, —S) = 


Definition VI.5.5 A multiplier system of weight | r/2, r € Z, with respect 
to the congruence subgroup I’ is a map, which associates to each M € IT’ a 
root of unity 


v(M)EC, v(M)'=1, 
of fixed order 1 EN (independent of M), such that 

I(M,z) = v0(M)I,(M, z) 
becomes an automorphy factor, i.e. 

I(MN,z)=1(M,Nz)I(N,z) (M,N ET). 
Moreover, we require the relation I(—E, z) = 1 if —E, the negative of the unit 
matriz, lies in I’. 
The automorphy property can be equivalently written as 
o(MN) =w,(M, N) o(M)v(N) . 

If r is even, this means that v is a character, i.e. a homomorphism of I" into 


the multiplicative group of complex numbers. 


The importance of the multiplier systems can be seen also from the following 
observation: 


Let f: H—C be a function with the following transformation behavior: 
f(Mz) = I(M, z)f(z) 


for all M in some set M CI’. Then this transformation behavior extends to 
all M in the subgroup of I generated by M. 
Examples. 
(1) r is even. 
As mentioned above, the automorphy property expresses the fact that v 


is a character, 
o(MN) = v(M)v(N) . 


(The most important case is the case of the principal character, v = 1.) 
By definition, any multiplier system can take only finitely many values. 
The kernel of the character v, 


Iy={MeET; v(M)=1} 
is thus a subgroup of finite index in I’. 


' It depends only on r modulo 2. 
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(2) r is odd. 
Let I) be the subgroup of SL(2,Z) generated by the two matrices 


(or) mG) 


We will show in the Appendix of this section that I) consists of all 
matrices 


(oa) €82@,Z) with a+tb+c+d_ even. 


In particular, 9 contains the congruence subgroup I'[2], so it is itself a 
congruence subgroup. 


We have a formula 
O(Mz) = ve(M)Vcz + d¥(z) (v9(M)® = 1) 


for both generators of the theta group. Such a formula then automatically 
follows for all M € Iy. The map 


Igy —C*, Mr -v5(M), 


is necessarily a multiplier system of weight 1/2. This system is determined 
by the special values 


12 O—1 ss 
vo(9)=15 vo (; 3) = ye 


This multiplier system is called the theta multiplier system. It is not easy 
to find an explicit formula for vy, ([Ma3]). 


Now let v be an arbitrary multiplier system of non-integral weight with respect 
to the congruence subgroup I’. The character v/vy on PNIy takes only finitely 
many values. Therefore a subgroup of finite index Ig C 'N Ig exists, such 
that the restriction of v and vg on I coincide, i.e. 


v(M) = v9(M) for all Me To. 


We already mentioned that only the congruence subgroups are interesting and 
relevant for the theory of modular forms. For the same reason, only multiplier 
systems with the following property are of interest: 


(1) The case of r even: There exists a congruence subgroup Ip C I, such 
that v is trivial on I (i.e. it is the principal character). 

(2) The case of r odd: There exists a congruence subgroup Ip C PN Ly, such 
that the restriction of v on I coincides with the theta multiplier system. 
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The conjugate multiplier system 
We use (for r € Z) the modified Petersson notation 


(f|M)(z) = (f | M)(z) = Vez +d " f(Mz) . 


Here, f is an arbitrary function on the upper half-plane, and M € SL(2, Z) is 
a modular matrix. We then have (VI.5.5) 


fIMN = w,(M,N) (f | M)|N. 


The usefulness of the PETERSSON notation can be seen form the following 
simple 


Remark VI.5.6 A system of unit roots {v(M)}mer of order | is a multi- 
plier system of weight r/2, iff there exists a function f defined on the upper 
half-plane, which is not identically zero, and satisfies the transformation for- 
mula 


fl|M=v(M)f . 


Proof. (1) Let us assume the existence of a function f with the specified 
property. We choose a point a with f(a) #4 0, and make use of (f|M)(a) = 
vu(M) f(a). 

(2) Conversely, let us assume that v is a multiplier system. From the equation 
Ma = Na (M,N € TI) then follows M = +N. Consider the function f on 
the upper half-plane which is different from 0 only at the points Ma, Me«I 
and takes there the value f(Ma) = I(M,a). Of course this function is not 
continuous. 


Now let v be a multiplier system of weight r/2 with respect to the congruence 
subgroup I’, and let f : H — C bea function with the transformation behavior 


f|M=v(M)f forall Mer. 


We want to show that the function f := f|L~! for an arbitrary L € SL(2,Z) 
has an analogous transformation behavior with respect to the conjugated 
group I’ := LIL~! . For this, let M¢ I,ie. M = LML~!, M €T. Then 
we have: 
fist = (FE) 

= w,(L71,M) f|L-4M 

= w,(L7!, M) f|ML-1 

= w,(L7", M) wp(M, L~*) (f|M)|L~* 

= v(M) w,(L7", M) w(M, L)f 

=0(M) f, 
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where we have set 
0(M) = v(L~1ML) w,(L7!, M) w,(L7'ML, L7}) . 


By VI.5.6, we then have: 


Remark VI.5.7 Let v be a multiplier system of weight r/2 with respect to 
the congruence subgroup I’. Let L € SL(2,Z) be an arbitrary matrix. Then the 
system v, 


0(M) := v(L~'ML) w,(L~", M) w,(L-' ME, L~*) 


is a multiplier system of weight r/2 with respect to the conjugated group r= 
LIL~! of I. The system 0 is called the conjugate multiplier system. 


Supplement. If f : H — C is a function with the transformation property 
f|\M=v(M)f for MET, 
then the function f= f|L~" has the transformation property 


flM =0(M)f forMe?. 


The notion of regularity (respectively meromorphy) in a cusp 


Let v be a multiplier system of weight r/2 with respect to some congruence 
subgroup I’, and let f : H — C be a meromorphic function with the property 
f|,M=v(M)f for all M e€ I. Then there exists an integer q 4 0 with 


(ji)er and feta =0(54) fe). 


Since v has only roots of unity as values, there exists a suitable natural number 
1 with 


This implies the existence of an integer N 4 0 (e.g. N = Iq) with the property 
f(z+N) = f(z) . Because of VI.5.7, the transformed functions f|L~! are also 
periodic. In in Section VI.2, it has been defined what it means that f|Z~+ has 
an inessential singularity at ico or is regular there. We will see in VI.5.9 that 
this behavior only depends on the cusp class of L~1(ioo). 
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The notion of a modular form 


Definition VI.5.8 Let I’ be a congruence subgroup, and let v be a multiplier 
system of weight r/2, r € Z. A meromorphic modular form of weight r/2 
for the multiplier system v is a meromorphic function 


f:H—C 
with the following properties: 


(1) f|,M@=v(M)f forall Mel. 
(2) For any L € SL(2,Z) there exists a number C > 0, such that 


f= fll 


is analytic in the half-plane Im z > C, and has a non-essential singularity 
at 100. 


Supplement. If moreover f is an analytic function f :H — C, and if f|L~+ 
is regular at ioo (for all L € SL(2,Z)), then f is called an entire modular 
form. An entire modular form f is called a cusp form, iff we furthermore 
have 

(f|L~")(ioo) = 0 for all L € SL(2,Z) . 


In fact, the conditions in VI.5.8 have to be checked for only finitely many 
matrices L: 


Remark VI.5.9 Let L be a set of matrices L € SL(2,Z), such that L~'(ico) 
is a system of representatives for the I'-equivalence classes (I'-orbits) of cusps. 
Then it is enough in Definition VI.5.8 to consider only matrices L € L. In 
particular, in case of the full modular group it is enough to consider only 
L= E, in concordance with Definition VI.2.4. 


Proof. Let M~'(ico) and N~}(ioo) be two I-equivalent cusps. Then there 
1b 

“NOL 

PNL. Then the functions f|M~! and f|N~+ differ up to a constant factor 

only by a translation of the argument. 


exists a translation matrix P = 4 , and a matrix L € I with M = 


Notations. 


{I,r/2,v} Set of all meromorphic modular forms , 
U 

[[,r/2,v] Set of all entire modular forms , 
U 

[[,7r/2,v]o Set of all cusp forms . 


If r is even, and v is the trivial multiplier system, then we neglect the argument 
v in the notation, and write instead for instance 
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[T,r/2] = [L,r/2,0] . 
Finally, we use the notation 
K(L) := {7,0}. 


The elements of A (I°) are I’-invariant, and are called modular functions. The 
set of all modular functions is a field. It contains the (subfield of) constant 
functions. Directly from VI.5.9 we see: 


Remark VI.5.10 Let L € SL(2,Z) be a modular matrix. Then the assign- 
ment 
fo, |e* 
defines isomorphisms 
{Pr/20} —— {Pr /2, 5} , 


[I,r/2,v] > [P,r/2,%] , 
[I,r/2,v]o ——> [TP,r/2,8]o . 
Here, we have used the conjugate group of I, 
P=LrL', 
and the conjugate multiplier system 0 induced by v from T to I’ in sense of 
VI_5.7. 


Moreover we have: Let f : H — C be a function with the transformation 


property 
f|M =v(M)f forall Mer. 


Let Ig C I be congruence subgroups. Then f is a meromorphic modular 
form (respectively an entire modular form, or a cusp form) with respect to 
the group I’, iff f is such a form with respect to the smaller group I. 


As a simple application of this observation, we prove 


Proposition VI.5.11 Any (entire) modular form of negative weight with re- 
spect to a congruence subgroup I’ is vanishes identically. Any modular form 
of weight 0 is constant. 


Proof. We decompose SL(2,Z) into right cosets 


k 
SL(2,Z)=(JrM., 
v=1 


and we associate to any function 


f €[L,r/2,¥] 
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the symmetrization 
k 
PS |] 71M: 
v=1 7° 


Then F is obviously a modular form of weight kr/2 with respect to the full 
modular group, and a suitable power of F has trivial multiplier system . If k 
is negative, then F' identically vanishes by the already proven version VI.2.5 
in case of the full modular group. Then at least one f|M,, and thus also 
f vanishes identically. The case k = 0 needs a slight modification of this 
argument. We replace f(z) by f(z) — f(ioo), and can thus assume without 
loss of generality that f vanishes at ioo. Then the associated function F' is a 
cusp form of weight zero, which also vanishes by the corresponding result for 
the full modular group. 


Exact description of the Fourier expansion 


Let I’ be a congruence subgroup, and let 


fe{Lr/2,v} 


be a meromorphic modular form f # 0. Then there exists for I’ a smallest 
natural number R > 0, such that the substitution z+ z+ R is in I’, i.e. we 


have either pat € I’ or € I’. From the transformation behavior 


_(1R 

01 01 

of f we derive f(z + R) = ef(z) with a suitable root of unity e, 
exe’! Q<v<l, ged(v,l)=1. 


Setting N =/R we then have in particular 


fl2+N) = f(z), 

and we can consider the FOURIER series 
fore) 
f{z) = S- Gn eemne/N ; 
n=—oo 

From the equation 

f(2+ R) =ef(z) 
we obtain for the FOURIER coefficients the equation 


an ern/N = e2tivita ; 


Equivalently, 
Gd, £40 = n=v modl. 


We then introduce the new coefficients b,, := ay+in to obtain 
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f(zje —2rivz/l _ s Ge e2tinz/R 
n=—0oo 


We also remark that in case of vy # 0 (i.e. ¢ £ 1) the function f necessarily 
has a zero at ioo in the sense of our definition, 


f(ico) := lim f(z) = 


yoo 


Definition VI.5.12 Let f ¢ {I,r/2,u}, f #0. The order of f in ico is 
ordp(f;ioc) = min{n; b, £0}. 
This notion is problematically. We of course have 
ordr(f;ioo) > 0 = > f is regular at ico , 
but notice that only the implication 
ordr(f;ico) > 0 = > f(icoo) =0 


is true, but not also the converse! 
This notion of order at ico has the following advantage: 
Let N € SL(2,Z) be a matrix with N(ico) = ico. Then 


ordr( f ; ioo ) = ordypy-1( f |. N71; ico). 
Corollary. Let « be a cusp of I’, and let 
N€ESL(2,Z) satisfy Nk =ico. 
Then the definition 


ordr(f; [«]) = ordypy-1(f | N~*; ice) 


r 


depends only on the I’-equivalence class of kK. 


We do not want to deepen this question, which —from the point of view of RIEMANN 
surfaces— is concerned with the association of a divisor to an arbitrary modular 
form. This will be done instead in the second volume, where the theory of RIEMANN 
surfaces will be used to solve the following problems: 


(1) The association of a “divisor” to any modular form, and the generalization of 
the k/12-formula for arbitrary congruence subgroups. 


(2) The proof that [I’,r/2,v] has a finite dimension over C, and the computation 
of this dimension (in many cases). 


(3) The (rough) determination of the field K(I°) of all modular functions. 
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In the second volume, we will also prove the following Proposition: 
Let S=S bea positive rational matrix. The theta series 
O(S;z) = 3 gress 
gEZr 


is a modular form with respect to a suitable congruence subgroup. More exactly, the 
following is true: There exists an even natural number q with the property 


8(S; 2) € [Pq], r/2, v9] . 


In this volume, we will consider in Sect. VI.6 in detail a non-trivial example of a 
congruence subgroup. 


A Appendix to VI.5 : The Theta Group 


We would like to study more closely in this Appendix an important example 
of a congruence subgroup, the so-called theta group. 


There exist modulo 2 exactly six different integral matrices with odd deter- 
minant, namely 


10 O1 11 10 01 11 
Ol} ’ 10) ’ Quy 2 dy. ? LL} * 10) ° 
The first two matrices form a group with respect to matrix multiplication. 


This implies: 
Remark A.1 The set of all matrices M € SL(2,Z) with the property 


_ (10 01 
M= € ) or é ;) mod 2 


is a subgroup of SL(2,Z). 


This subgroup is also called the theta group I’y. A glance at the above six 
matrices shows that I’y can be defined by the condition 


a+b+c+d=0 mod 2 


or also by 
ab=cd=0 mod 2 
in terms of the entries a,b,c, d of a matrix in SL(2,Z). 
We now introduce a set of points Fs, which will play for the theta group the 
same role as the fundamental domain F for the full modular group: 


Fo:={zeEH; |z|>1, |a|<1}. 
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> 
-1 0 il Re 


Lemma A.2 The set Fg is a fundamental domain for the theta group, 1.e. 


H = U MF os . 


Mel's 


The theta group contains both matrices 


ei) = Oa), 


Let Ig be the subgroup of I‘9 which is generated by these two matrices. 
We can show even more than claimed in the Lemma A.2: 
For any point z € H there exists a matrix M € Io with the property Mz € Fy. 


The same proof as in the case of the ordinary fundamental domain F, V.8.7 
works. 


We want to bring together Fy» and the fundamental domain F of the full 
modular group. For this, let us consider the region 


11 11\ /O-1 
PeeFu {seu (OG a)F: 


The region fi 


1 a) F is obviously characterized by the inequalities 


lz) <1, [etete li oe tle 


~09). m=). 


In the figure the regions SF and Fy are sketched: 


We define 
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‘ 
1 


: ; : 
-1 0 1 Re -l -+ 0 I 1 2 Re 


If one shifts the part of Fy, defined by the equation “x > 1”, by means of the 
translation z +> z—2 to the left, then one obtains exactly the region Fy. This 
gives us: 


Proposition A.3 The region 


Fe = FU Gas U G Goo? 
is a fundamental domain for the theta group, 
H= U MFs . 
Mel» 
Our arguments give even more, namely the fact that Fy is a fundamental 


domain for the subgroup I. We show now the equality of these groups. 


12 
Proposition A.4 The theta group I’ is generated by the two matrices € i 


and (; 3) 


Proof. We first remark that the negative unit matrix belongs to Io, 


(4) =-G9). 


Now let M € Iy be an arbitrary matrix. We fix some inner point a in the 
fundamental domain F. By A.2, we can find a matrix N € Io with the 
property 

NM (a) EC Fy. 


There are now three possibilities: 


(1) NM(a) € F. In this case we have by VI.1.3 


=+N7! 


and this gives M € I. 
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) F. In this case we then have 


L=2 
€ 7 NM=HtE. 


This case can definitively not occur, since € zi does not lie in I'y. 


(3) The third case, as the second one, leads to a contradiction, since 


(01) (Go) =G 0) 


does not lie in Ig. 


Further properties of the theta group 


Using the above list of all six mod 2 different integral matrices with odd 
determinant, considered mod 2, one can easily show the following property 
of the theta group: 


Proposition A.5 
(1) We have the decomposition 


i | 1-1 
r= Tu te(oi) ume i) 


The theta group is thus a subgroup of I = SL(2,Z) of index 3. 


(2) The principal congruence subgroup I'[2] of level 2, is a subgroup of index 
two in Ig, 1.e. 


ry =T2) u rials (? a 


(3) The conjugates of I'y are 


In particular, [9 is not a normal subgroup of I’, since the three conjugate 


groups Ty, I'y and I'y are pairwise different. 
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(4) We have 
PaAilatils — I[2] : 


From this, we derive an interesting consequence for the congruence subgroup 
of level 2. 


Proposition A.6 The principal congruence subgroup I'[2] is generated by the 


three matrices 
12 10 ie 10 
ci? Lope 2m Gay? 


Proof. Let Ig be the subgroup of [2] generated by the above three matrices. 
It is enough to show: 


= 
oe Mi=Tute(} 5) 


This means two different things: 


1) The generators 2 and vt of Ig are contained in M. 
g 01 1 0 


This is trivial. 
(2) M is a group. 
This follows from the obvious property 


0-1 o=1 
Cin a CO 


and from 


Exercises for VI.5 


1. The group SL(2, R) can be defined for any associative ring R with unit 1 = 1p. 
Show that for the finite commutative ring R = Z/qZ the two matrices 


Or —-1r ad lrilr 
lr OR Or ir 
generate SL(2, R). 


2. The natural group homomorphism 
SL(2, Z) —> SL(2, Z/qZ) 
is surjective. In particular, 


[r : acl = #SL(2,Z/qZ) . 
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Let p be a prime number. The group GL(2, Z/pZ) has (p? — 1)(p? — p) elements. 


Hint. How many first columns are possible. How often can a given column be 
extended to an invertible matrix? 


Deduce from this that the group SL(2,Z/pZ) has (p? — 1)p elements. 


Let p be a prime, and let m be a natural number. The kernel of the natural 
homomorphism 
GL(2,Z/p™Z) — GL(2, Z/p™*Z) 


is isomorphic to the additive group of all 2 x 2 matrices with entries in Z/pZ. 
Using this, show: 

#GL(2,Z/p"Z) = p'”~*(p? — 1)(p— 1) , 

# SL(2,Z/p™Z) = p°"~*(p* — 1) . 
Let qi and q2 be two relatively prime natural numbers. The Chinese Remainder 


Theorem claims that the natural homomorphism Z/qiq2Z — Z/qZ x Z/q2Z is 
an isomorphism. Deduce from this that the natural homomorphism 


GL(2, Z/q1q¢2Z) —> GL(2,Z/qZ) x GL(2, Z/q2Z) 


is an isomorphism. 


Use Exercises 2, 4 and 5 to obtain the index formula 


A subset Fo C Hi is called a fundamental domain of a congruence subgroup I, 
iff the following two conditions are satisfied: 


(a) There exists a subset S = S(Fo) C Fo of LEBESGUE measure 0, such that 
Fo \S is open, and any two points of Fo \ S are inequivalent with respect 


to Io. 
(b) One has 
H = U MFo . 
MEIo 
Let 
h 
r=(J nM 
v=1 


be the decomposition of the full modular group into right cosets with respect 
to the subgroup Jo, and let F be the standard modular figure. Then 


h 
Fo = U MLF 
el 


is a fundamental domain of Ip. 


10. 


11. 


12. 


A Appendix to VI.5 : The Theta Group 369 


dx d 
(Fo) = ff — 
0 


The (invariant) volume 


y 
is independent of the choice of a fundamental domain Fo for a congruence 
subgroup Io. We moreover have 
v(Fo) = [F : Po] = 

Hint. Let T be the union of the set S' with the set of all points in Fo, which 
are SL(2, Z)-equivalent to some point at the boundary of the standard modular 
figure. Then split the open set Fo \ T into countably many disjoint fragments, 
using some net of squares, such that each fragment can be transformed into 
the inner of the fundamental domain of the modular group by a modular sub- 
stitution. 

Let Io be a normal subgroup of finite index of the full modular group. The 
corresponding factor group G acts on the field of modular functions K (I) by 


fle) f*(z) := f(Mz) , fe K(Io),9€G, MET represents g . 
The fixed field is 
K(I) = K(Ip)° . 
In particular, K (Io) is algebraic over K(J’). 
From Exercise 9 follows that any two functions, which are modular for some 


arbitrary subgroup of finite index in the modular group, are algebraically de- 
pendent. 


By the way: The theorem of a primitive element shows that there exists a 
modular function f with the property 


K (Io) = C(I] - 

One can show that the map 
H/I —-+CxC, 

[2] > (5(2); F(z) » 
is injective, and that its image is an algebraic curve, more exactly, its intersec- 
tion with C x C is an affine curve. We will prove this in the second volume, by 
means of the theory of RIEMANN surfaces. 
Let q be a natural number. Show that 


Tola] =} Mo (47) SL(2,Z), c=0 mod ¢ } , 


Iq] = Min (7) SL(2,Z), b=0 mod ¢ } 


are congruence subgroups. These groups are conjugated in the full modular 
group. 
We have: . 

Py =F°[2], Py = Fo[2] - 
Let p be a prime number. The group J0[p] has exactly two cusp classes, which 
can be represented by 0, and ioo. 
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VI.6 A Ring of Theta Functions 


The theta group 


r= { & € SL(2, Z) ; atb+erdeven } 


is generated by the two matrices 


12 0-1 
i) om (a) 
as we already know. From the well-known formulas 


H(z +2)=0(z) and 8 (-5) a Oe) 


1 


follows that the theta series 


V(z) = S- exp Tin? z 


n=—Cco 


transforms like a modular form of weight 1/2 with respect to some suitable 
multiplier system vg. We will not need any explicit formula for vy. 


Using the system of representatives from A.5 for the congruence classes of Dy 
in I’ one can show: 


Lemma VI.6.1 The theta group has two cusp classes, which are represented 
by ico and 1. 


The theta series )(z) has three conjugated forms. Besides J, the other two 


are 
oo 


B(z) = be (—1)" exp rin? z , 
H(z) - ‘> exp Ti(n + 1/2)z , 


and we have already met them in Sect. VI.4. Let us recall the theta transfor- 
mation formulas, VI.4.4: 


Wet) =VHz), Wze+1I=V0z), Bze4+1) =e" H(z), 


i(-2) = zie) and i(-2) = 750) 


The three series are regular at ico. Because of this, J? is regular at both cusps 
of Ig, and thus is an entire modular form of weight 1/2. The other two conju- 
gate forms are also (entire) modular forms of weight 1/2 with respect to the 
corresponding multiplier systems, i.e 
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= ~ a = 11 1-1 
de] P12, v9], Fo=( 93); ic 
= % a % O01\ = /O-1 
se[Avmt]. A-()A0) 
The values of the three involved conjugated multiplier systems can be com- 
puted for any explicitly given matrix. This can be done most simply by repre- 


senting this matrix using the generators of the full modular group, and then 
applying the above formulas. 


The intersection of the three conjugates of the theta group is the principal 
congruence subgroup of level 2, 


reveve vars = I[2| 
:= Kernel ( SL(2,Z) —> SL(2,Z/2Z) ) 


We know that the principal congruence subgroup of level 2 is generated by 


the three matrices 
12 10 —-1 0 
O01) ’ 21)’ 0-1) ° 


The three conjugated multiplier systems do not coincide on I'[2]. They coin- 
cide on a smaller subgroup introduced by J.-1. IGUSA, 


r14.8] = { (si)er: a=d=1 mod4; b=c=0 mod 8 } ‘ 


The group generated by I’'[4,8] and —E (negative of the unit matrix) will be 
denoted by I'[4, 8]. Then 


Fas] ={ (cnyers a=d=1 mod2;b=c=0 mod 8 } : 


Both groups define the same transformation groups. 


Lemma VI.6.2 (J. Igusa) The group [4,8] is a nomal subgroup of the full 
modular group. The group 7 
2] / 4,8) 


is isomorphic to the group 


Z/AZ x Z/AZ 


An isomorphism is given by 


€ ) NU (33) Gn). 
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Corollary. The three multiplier systems vg, Vs and 0g coincide on the group 


I'|4,8], where their possible values are only +1. Even powers of them are in 
particular trivial. 


Proof of VI.6.2. Any element of [2] can be written in the form 


12\" /10\" 
wae) 0°) x, 


where K is a suitable element in the commutator group of I'[2]. As one can 
quickly check by using generators, K lies in I'[4,8]. This implies that M is in 
I'4, 8], iff the sign + in the above representation is a plus, and both 2 and y 
are divisible by 4. 


We can now consider the homomorphism 


ZxZ— I(2] / T[4,8] , 


wo (2) GY 


One can easily check that its kernel is exactly 4Z x 4Z. 


For the proof of the Corollary note that any two of the three multiplier systems 
differ by a character. But characters are trivial on commutators. It remains 
to check that the three multiplier systems coincide on the elements 


i Siaaey Oa ad 
01 21) ° 


Theorem VI.6.3 The vector space [I[4, 8], 7/2, v5 is generated by the mono- 
mials 


0% VW , a+P+y=r, a, By yENo. 
One has the Jacobi theta relation 


Because of this, one can restrict to monomials satisfying the supplementary 
condition a < 4 to generate all modular forms. This restricted family of mono- 
mials is then linearly independent, so it is a basis. In particular, 


3, ifr=1; 
ae or fr=2; 
dime [I'[4, 8], 7/2, v5] =~ 10 YraHsu 


, fre>4. 
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Using ring theoretical structures, Theorem VI.6.3 can be reformulated in a more 
elegant way. For this we consider the graded ring of modular forms 


A(I[4,8]) = QB [L148], 7/2, vb] - 


rez 
Then Theorem VI.6.3 states: 
Structure Theorem VI.6.3’ One has: 
A(I[A,8]) =C| 3,0,0 | 
The defining relation of the ring in the R.H.S. is the Jacobi theta relation 


wai 4H.” 


If C[X, Y, Z] is the ring of polynomials in three variables X,Y,Z, and if the ring 
morphism 


CIX,Y,Z] > A(P,8)), XO, YHS, Zod, 


is given by the above substitutions of X,Y, Z, then this morphism is surjective, and 
its kernel is generated by X*— Y4 — Z*. 


Theorem VI.6.3 is a special case of much deeper results of J. Iausa, [Ig1, Ig2]. 
We will give an elementary proof, which can be treated in an introductory 
seminar on modular forms. 


For the proof, we use the fact that the finite commutative group 
G = I[2| / T[4,8] 
acts on the vector space | I'[4,8], r/2, v5, | via 
f(z) f(z) = v5" (M) (cz +4)? f(Mz) . 


Let us briefly explain what this means. 

Let G be a group, and let V be a vector space over the field C of complex 
numbers. We say that G acts (operates) linearly on V, iff there is given a map 
VxG—V, 

(fal f, 


having the following properties: 


(1) f° =f, where e is the neutral element of G, 
(2) (f*)? = fe for all f € V, and all a,bE G, 
(3) (f+ 9)* = f%+9% Af)* =Af? for all f,g EV, andallae G, AEC. 
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Let now 
x: G—-C 


be a character, i.e. a homomorphism from G into the multiplicative group of 
all non-zero complex numbers . We define a subspace V* of V. It consists of 
all 

feV with f*=y(a)f foralacG. 


Because of (3), V* is a linear subspace of V. 


Remark VI1.6.4 Let G be a finite commutative group, which acts linearly 
on the C-vector space V. Then 


v-@r 
xEG 
where G is the group of all characters of G. 
Proof. Let f € V. The element 
pm elas 
acG 


lies obviously in V*, since we can check its transformation property 


= So x(a tf” = S5 x(b)x(0)- x(a) F% = S> x(b)x(ad) 1 Ff? 
40) a 
Claim. We have 
rp eh 
xEG 
where x runs through all characters of G. 
The proof of the Claim follows directly from the formula 
0, ifafxe, 
Yo x(a) = ve ioe 
“eG ; ifa=e. 


This well-known (more general) formula follows from the structure theorem 
for finite ABELian groups. 


If 
f=, Weve, 
x 


is some decomposition of f into eigenforms, then we have from the above 
character relations 
=z Gd x(a 


acG 
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so the decomposition is unique. 


We will use Remark VI.6.4 only in the case 
G =Z/4Z x Z/4Z . 


Here, the formula is trivial, since one can explicitly write down the characters: 


Since any element of G has order 1, 2 or 4, the characters of G = Z/4Z x 
Z/4Z can take only the values 1, —1, i or —i. Obviously, these values can be 
prescribed arbitrarily for the generators (1,0) and (0,1) of G, and we obtain 
all 16 characters of G. 


Then we can split [I'[4,8],7/2,v%] with respect to these 16 characters, i.e. we 


have 
[14,8], 7/2, 5] =Q[TR), 7/2, vp]. 


Vv 


Here v runs through 16 characters of I’[2] with the property 


vo(+M) =1 forall Me I|4, 8] ; 


These characters are determined by their values on the generating matrices 


12 10 
eC 


and these values are arbitrary fourth roots of unity. We encode them by pairs 
(a, b] of numbers with 


12 10 
a=v(55) and b=o(0) - 


Two multiplier systems of the same weight 1/2 differ only by a character. We 
apply this information to the three fundamental multiplier systems, so U9 /vg 


and Be /vy are characters. Simple computations give: 
ve/vs = [1,—i], V9/ve = [i,1] . 


Next, we use the fact that I'[2] is a normal subgroup in I’. This means that 
for N € I’ the map f + f|N~+ induces an isomorphism 

[ I[2] , r/2, vvy | — [I [2] iF /25 yNryt | : 
Here, for any fixed r € Z, and N € I’, the assignment v H v\™”) is in fact a 
permutation of all 16 characters. This permutation depends only on r mod 4. 
We then obtain four (r = 0,1,2,3) representations of the modular group 


SL(2,Z/2Z) (& $3) 


with values in the permutation group of the 16 characters. It is easy to com- 
pute explicitly these representations. Using the formula 
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N\T 
yr) = un (4) : vi! (M) — vg(NMN~) ; 
U¢g 


one can compute uv") for concrete values of NV. A short computation, which 
is left to the reader, gives for instance: 


Lemma VI.6.5 
11 
(1) If N= & i: then 


(a, BO") = [a, (—i)"ab-}) . 


(2) If N= & a) then 


[a, b} 7") = fiat, b] . 


The above two matrices generate SL(2, Z), since we can write 


O-1\  /11\/-1 0\/11 

1 0/° \O1 1-1) \O1) © 
Lemma VI.6.6 The three basis theta series VJ), i) and 8 have no zeros in the 
upper half-plane. 


Proof. The eighth power of their product is a constant times the discriminant. 


Another proof can be given using the knowledge of the zeros of the JACOBI 
theta function J(z,w) as a function of w. They are exactly the points equiv- 
alent to att with respect to the lattice Z + zZ. A third, direct proof will we 
given in VIL.1. 


Lemma VI.6.7 The group I'|2] has three cusp classes, which can be repre- 
sented by ico, 0 and 1. 


The proof, which follows the lines of VI.6.1, can be skipped. 
The theta series J has a zero of order 1 at ico , where the order is measured by 
using the parameter q := e™'*/+. Since any modular form in [I'[4, 8], 7/2, v5] 
has period 8, it allows a q-expansion and we get: 


Lemma VI.6.8 The map f ~ f 8 defines an isomorphism between 
[ I(2] , r/2 , kuvy | and the subspace of all forms vanishing at ioo of the 
space 


[T[2], (r+1)/2,v*v5** ] , v=u—. 
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Forced zeros 


We assume 


v(93) 42. 


Then all forms in | I'[2] , 7/2, vv’, | are forced to vanish at the cusp ioo, as 
we see from the equation 


fe+2)=0(97) se 


by passing to the limit y — oo. 
Definition VI.6.9 We will use the following terminology: 
(1) A form f in 

[2], 7/2, veg | 


has a forced zero at ic, iff 


v(93) 42. 


(2) Let N € SL(2,Z) be a modular matriz. The form f has a forced zero at 
the cusp N~'(ioo), iff the transformed form f|N~* has a forced zero at 
100. 


Remark VI.6.10 [f the form f € [ [2 , 7/2, vB | has a forced zero at a 
cusp, then one of the three modular forms 


f/9, f/9, f/d 
is an entire modular form (regular also at the cusps). 


Lemma VI.6.5 implies: 


Proposition VI.6.11 Only in the case r=0 mod 4 and v =1 the forms in 
[r2] , 7/2, vv | do not have forced zeros at any cusp. 


We now prove by induction on r that the space [ [2] , r/2 , vvs | is 
generated by the monomials 0% 39 07. 


Let us pick a form f in this space. If it has a forced zero, then we can divide 
by one of the basis forms to reduce it to the case of a space of lower weight. 
If it has no forced zero, then r is divisible by 4, and v is trivial. In this case, 
v" also belongs to the same space as the form f. Then the difference of f and 


a suitable scalar multiple of J” vanishes at the cusp ioo. Then we divide by 0 
and apply induction. 
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A slight refinenement of this argumentation also gives the defining relations. 
The difference 04 — #4 obviously vanishes of order at least four at ioo, so it can 


be divided by 0*. The quotient is a modular form of weight 0, hence constant. 
In this way, one can show the JACOBI theta relation 


aH 4 4, 
Any modular form in [I’'[4,8] , 7/2, v', | is thus a C-linear combination of 
monomials ote 
9, atB+y=r, 0<a<3. 


3, ifr=1, 


The number of these monomials is 
4r —2 ifr>2. 


On the other side, the same inductive proof also gives the dimensions of all 
16 constituents of [ I’[4,8] , r/2, v5, ]. Summing them, we obtain exactly 
the number of the above monomials. Hence, the set of these monomials gives 
basis. The details are left to the reader. 


Exercises for VI.6 


1. Show that the set I'[g, 2q] of all matrices 


ab ab cd _ 
(a)ertd. —= =0 mod2, 


is a congruence subgroup for any natural number q. 

2. The group SL(2,Z/2Z) and the symmetric group $3 both have six elements. 
Because any two non-commutative groups with six elements are isomorphic, the 
groups SL(2,Z/2Z) and S3 must be isomorphic. Give an explicit isomorphism 
between them. 

Hint. There is a canonical action of SL(2, Z) on the three basis theta series. 
3. There exists a congruence subgroup of index 2 in the full elliptic modular group. 
4. Determine all congruence subgroups of level 2, i.e. all subgroups I’ with I'[2] C 


I’ Cc Il]. In each case find a system of representatives for the left cosets of 
I'[{1] modulo I’ and of I’ modulo I'[2]. 


5. A monomial 9° 3° BY, a+6+y7y=r, is a modular form with respect to the 
theta group and the multiplier system vj, iff G@ = y = 0 mod 8. Show that 
these monomials define a basis for [ Ig, 7/2, vs |. In particular, the graded 
ring 

A(Is) =@ [Ie , r/2, v5 | 
rez 
is a polynomial ring generated by the two algebraically independent modular 
forms Aes 
v0, (00)%. 
This implies: 
dime [ Iv , r/2, v5 | =1+4 [<| . 
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Express the EISENSTEIN series G4 and Ge as polynomials in 0, 0* and J. 


Hint. The searched polynomials are homogenous of degrees 2 and respectively 
3. There are not too many possibilities, if one also recalls the transformation 
behavior of the three theta series with respect to the generators of the modular 
group. 

In the special case of the group I°[4,8], our instruments are good enough to 
solve the following (not quite simple) exercise. 


The map 
H/I|4,8] —CxcC, 


Wo (3 | 
B(z) © V(z) 
is injective. Its image is contained in the affine curve given by the equation 


X*++Y* =1, because of the JACOBI theta relation. The complement of the 
image consists of exactly 8 points, which are defined by XY = 0. 


VII 


Analytic Number Theory 


Analytic number theory contains one of the most beautiful applications of complex 
analysis. In the following sections we will treat some of the distinguished pearls of 
this fascinating subject. 


We have already seen in Sect. V1.4 that quadratic forms or the corresponding lattices 
can serve to construct modular forms. The FOURIER coefficients of the theta series 
associated to quadratic forms or to lattices have number theoretical importance. 
They appear as representation numbers for quadratic forms, and respectively as 
numbers of lattice points of a given norm. Due to the general structure theorems for 
modular forms, one can bring together theta series and EISENSTEIN series. We will 
compute the FOURIER coefficients of the EISENSTEIN series, obtaining thus number 
theoretical applications. In particular, in Sect. VII.1 we will find the number of 
representations of a natural number as a sum of four or eight squares by purely 
function theoretical means. 

Starting with the second section, we will be concerned with DIRICHLET series, in- 
cluding the RIEMANN ¢-function. There is a strong connection between modular 
forms and DIRICHLET series (Sect. VII.3). We prove HECKE’s Theorem, claiming 
a one-to-one correspondence between DIRICHLET series with a functional equation 
of special type and FOURIER series with special transformation property under the 
substitution z ++ —1/z and with certain asymptotic growth conditions. This corre- 
spondence will be obtained by means of the MELLIN transform of the [’-function. As 
an application, we obtain in particular the analytic continuation of the ¢-function 
into the plane, and also its functional equation. 


Sections VII.4, VII.5, VII.6 contain a proof of the Prime Number Theorem with a 
weak form for the error term. We were trying to prove the Prime Number Theorem 
using as few instruments as possible. For this reason, we have once more collected 
some facts about the ¢-function, which have to be used, with rather simple proofs. 
Indeed, less than the content of Sect. VII.3 is necessary to proceed. For instance, for 
the purpose of proving the Prime Number Theorem there is no need of the analytic 
continuation of the ¢-function into the whole plane, or of the functional equation. 
It is sufficient to have the continuation slightly beyond the vertical line Re s = 1, 
and there are very simple arguments for this fact. The functional equation would be 
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needed for a more precise estimate of the error term, but we do not want to go so 
far. Instead, we refer to the specialized literature [Lan], [Pr], [Ed]. 


VII.1 Sums of Four and Eight Squares 


Let k be a natural number. We are interested in determining how many times one 
can represent a natural number n as a sum of & squares of integers: 


Ax(n) = #{ x = (a1,...,2n) € Z* ; aite:-+tag=n}. 


We will determine these representation numbers in the special cases k = 4 and k = 8, 
namely 


and 


As we mentioned already, one has 


(> ") = > Ax(n) a”. 


m=—oo 


So we will first characterize the function 


(=) 


(it converges for |g] < 1) by function theoretical properties, then we will use this 
characterization to express it for k = 4 and k = 8 in terms of EISENSTEIN series. The 
above formulas for the representation numbers are direct consequences of analytic 
identities. The case k = 4 is more intricate than the case k = 8, since for k = 4 the 
involved EISENSTEIN series (of weight 2) does not converge absolutely. 


The number theoretical identities will appear as identities between modular forms, 
more exactly between theta series and EISENSTEIN series. We will deduce the needed 
identities by as simple methods as possible, in particular, we will avoid the short 
cut through the relatively complicated structure theorem VI.6.3. 


The Fourier series of the Eisenstein series 


Recall the partial fraction series decomposition of the cotangent and the neg- 
ative its derivative 
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Loe 1 1 
roots == + | + | 
Zz = Zen zZ—-mn 


n = 1 
(sin rz)? ~ » (z+n)? ° 


n=—Cco 


Both series converge normally in C\Z. They represent analytic functions in the 
upper half-plane, and are 1-periodic. Thus they admit FOURIER expansions. 


Lemma VII.1.1 Setting q = e2"'*, Imz>0, we have 


1 
a ia (2ri)? pe nq” 
Proof. One has 


COS TZ ~qt¢1 ; 271 : pee 
Tcot7tz = 7 — = ni f= =i Sari ami og” 
sin 7z q-1 1-q 


Differentiating with respect to z, we obtain 


(2 
—- TZ) a) ry a 


and the claim follows. 


Taking repeated derivatives with respect to the variable z, we obtain: 


Corollary VII.1.2 For any natural number k > 2 we have 


(=1)" Gea 7 Fa y (274) KS nk Sas 


n=—oo n=1 


We now rewrite the EISENSTEIN series 


i 
Gi(z)= > aaar (k>4, k=0 mod 2) 
(c,d)A(0,0) 


1 
Cx (2) =240 493°} So tae. 


By VII.1.2, we have (after replacing z by cz, and n by d) 


an at 9 


c=1 d=1 


We now claim, that the series 
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Syrah gt (lq <1) 


converges normally in H for k > 2, inclusively k = 2. First, we rearrange the 
series, such that all terms with the same q-exponent cd are grouped together. 


We obtain the series 
ee 


n=1 d|n 
l<d<n 


which converges for |q| < 1 due to the trivial estimate 


Ss dl <nenktan*. 
d|n 
l<d<n 
The above rearrangement can also be done with |q| instead of g. This shows 
the claimed normal convergence. 


Conversely, the same rearrangements show, that the series 


G,(z) := » ys cra} 


d=—oco 
d#0, if c=0 
converge for all k > 2. Notice, that the case k = 2 is also included. We thus can 
define an EISENSTEIN series Gz of weight 2, but the brackets are necessary! 
This series is of course not a modular form, since any modular form of weight 
2 vanishes (by Proposition VI.2.6). In the following, we will study G2 in detail. 


Notation. oK(n) = be d® forall kENo andneN. 
d|n 
1<d<n 
Proposition VII.1.3 (The Fourier series of the Eisenstein series) For 
any even k EN we have: 


All involved series are normally convergent in H. 
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The Eisenstein series G2 


Since the series 


b> lez + d|~? 


(c,d) A(0,0) 


does not converge, we must be very cautious when using rearrangements of 
G2. Such rearrangements have been used for the proof of 


The above formula is false for k = 2, and we will need a correction term! 
Doing this, we are working with an interesting convergent series, which is not 
absolutely convergent. All involved rearrangements must be done carefully! 


We have 


c=—co d=—0oo 
dA0 if c=0 
co co 
=z? Ce Ly (—c+ aay} 
c=—oo d=—oo 
dA0 if c=0 


Now, we can substitute in the inner sum the index d by —d, and obtain 


-*\ = ; z+ce)7?h. 
Go ( ~) ~~ =! +c) 


We now exchange the symbols ¢ and d to obtain 


where 


Ge SX > cea}. 


d=—oo c=—co 
c#0 if d=0 


This series is formally obtained from G2(z), by exchanging the order of sum- 
mation. The series Gz and G5 are different (there is no absolute convergence 
to allow rearrangements), and indeed we have: 
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Proposition VII.1.4 


Consequence. 


The basic idea for the following delicate proof goes back to G. EISENSTEIN, 
[Eis], see also [Hul, Hu2] or [Se], pp. 95/96. Following this idea, we introduce 
the series 


oo oe) 1 
H(z) = 2 by sone} and 


c=—o0o d=—0o 


c2-4d(d—1)40 
co co 1 
H* => oo 7 
@= >> pay (cz + d)(cz +d—1) 
c40 if d€{0,1} 
Then we have: 


oo ies 1 
H(z) = Ga(z) = > Pa ares} 


c=— Co 


—oo 
d0 and d¥1 , if c=0 


The expressions 


es eR 
(cz + d)?(cz +d—1) = (cz + d)3 


are not very different, since for any fixed z one can find an € > 0, such that 
1 
cz+d 


€ 1 
ee oe 
|cz + d|?|cz +d—1| ~ |cz+dl8 


or equivalently ¢< 1 = 


The series >> |cz+d|~? converges, as we already know. This implies 
(c,d)A(0,0) 
first the convergence of H(z). In the formula for the difference H(z) — G2(z) 


we can exchange c and d, so we obtain 
H(z) — Go(z) = H*(z) — Gy(z) 
or: 


Lemma VII.1.5 We have 
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We will now separately sum up the series H(z) and H*(z): 
Lemma VII.1.6 
(a) A (z)=2, and 
(b) H*(z)= _ Qri/z . 


For the summation of both series we use the formula 


1 1 1 
(cz+d)\(cz+d—1) cz+d—-1 cz+d’ 


together with the repeated use of the following simple principle, the so-called 
“telescopic trick”: Let a1, a2,... be a convergent sequence of complex numbers. 
Then 


Co 
(a —@n41) = — Jim Gy, (Telescopic series) . 


Using this see we immediately have 


3 1 i _ jo, eft, 
— cz+d—-1 cz+d) )2, ifc=0, 


c?+d(d—1)40 


and from this, of course, H(z) = 2. 
Somewhat more laboriously, we now sum up H*(z). We have 


H*(z)= 3 3 [—a-s)| 


d=—0oo c=—oo 
c#0, if d€{0,1} 


= 3 1 1 
N00 a cz+td—-1 czt+d 


c=— 
c#0, if d€{0,1} 


= = 1 1 
p> I - | 


l 
5 
M 


=—N+1c=—oo 
N co 
1 1 
c£0 c#0 
= lim : : +2 
N-00 cz-N cz+N 
c=—oo, c4#0 
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The series 


cze—-N cz+N 


c=—o0o, c#0 


can be related to the partial fraction series decomposition of the cotangent by 
a simple step, 


3 1 i 2 > 1 i 
eee Nee ~ 2 4 |e N/e 6+ Nfz 
c#0 


_ 2 t N 4s 
ae T CO ™ v |: 


We have now to take the limit of the above expression for N — oo, 


Qn |. N Qn. ee 2iN/2 4 1 Qri 
= lim cot =i — = —_ lim LS Cg 
Zz Noo z Zz Noo e727iN/z _ 1 Zz 


This proves Lemma VII.1.6. 
A function theoretical characterization of 3" 


The theta series = 
0(z) = s erin?z 
n=—oco 


converges in the upper half-plane, where it represents an analytic function. 
We collect the properties (VI.6) of this theta series, which we will need in the 
following. 


Remark VII.1.7 The theta series 0(z) has the following properties: 


Proof. The transformation formula (a) is a special case of the JACOBI Theta 
Transformation Formula. The property (b) is trivial, and (c) follows using the 
transformation formula 


a _ & = miz(n+3)? 
(DF Eo, 


n=—Cco 
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once more a direct consequence of the JACOBI Theta Transformation Formula 
VI.4.2. 


This leads to a function theoretical characterization of V0": 


Proposition VII.1.8 Let r € Z, and let f :H — C be an analytic function 
with the properties: 


@ sernqare@, #(-2)= 2 to, 


(b) lim f(z) exists , 
yoo 


_ 1). .ies 
(c) lim 2 s(1 - =) e 4 exists . 
i z 


Then 
f(z) = constant: J(z)" . 


(The constant is of course lim f(z) .) 
yoo 


For the proof, we consider the auxiliary function 


We know (and will see once more) that the theta function J(z) has no zeros in 
the upper half-plane. The function hf is thus analytic in the upper half-plane. 
Now Proposition VI.1.7 follows immediately from VI.1.6 and the following 


Proposition VII.1.9 Let there be given an analytic function h : H — C with 
the property 
h(z+2)=h(z), h(—1/z)=h(z). 


We also assume that both limits 


a:= lim h(z) and b:= lim h(1 —1/z) 
yoo 


yoo 


exist. Then h is a constant function. 


Proof of VI.1.8 and VI.1.7. The conditions (a), (b) and (c) express the fact, 


that h is an entire modular form of weight 0 with respect to the theta group, 
so it is a constant. 


Because of the beautiful number theoretical applications of this Proposition, 
it may be of interest to also have an alternative direct proof of it, and of the 
non-vanishing of the theta series in the upper half-plane. 


We denote by 
12 0-1 
re=( (01) Go)? 
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0-1 

1 0 
In Appendix A we have introduced this subgroup, and also remarked, that 
this group is exactly the group of all matrices in SL(2, Z), whose entries satisfy 
a+b+c+d=0 mod 2. We will not use this last characterization, so we 
can take as a definition of the theta group the definition using the above two 
generators. 


the subgroup of SL(2,Z) generated by the two matrices € and 


In Appendix A we have also introduced the region 


11 11\ /0-1 
Bae e TG ae 


and in a few lines we could prove: 

For any point z € H there exists a matrit M € Ig with Mz € Fy . 
These are all ingredients needed to prove Proposition VI.1.8: 

We consider the function 


H(z) = (h(z) —a)(h(z) —6) - 


It is an analytic function, which is invariant under both substitutions z > z+2 
and z+ —1/z. From our assumption, 


lim H(z)=0, lim H(z) =0. 


yoo 
Zz€Fy 


In particular, |H(z)| takes its maximum in Fy. On the other side, H(z) is 
invariant under the action of the theta group I’y. This implies, that |H(z)| 
has a maximum in the entire half-plane H. By the Maximum Principle, H(z) 
is a constant function. This constant is of course zero, so h can take only 
the values a and b. But A is continuous, and its domain of definition H is 
connected, hence h is constant. 


We also insert a direct proof of the fact that J has no zero in the upper half- 
plane H. Because of the transformation formulas it is enough to prove this in 
Fy, and this means that the three functions 


Hz), O(z+1), and a(1-2) 


z 


have no zero in F. 


We extract from the theta series 7 the constant term 1 which belongs to n = 1 
and estimate the rest by the series of the absolute values: 


eye 9 Se eh <0) ae 


n=1 


joe 
— Qe FV3 
cS ek eee oe 


nA 
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(The lowest points of the modular figure F are +4 + iv3 .) 

For the second series, the same argument works. For the third series we observe 
—1 

that \/z/i V(1—1/z) up to a trivial factor equals 


>» emiz(n? +n) _ ay etiz(n? +n) —92. (1 +4 e2niz 4. a : 


n=—00 n=0 

and use the same type of argument. 

Representations of a natural number as the sum of eight squares 
By means of the EISENSTEIN series G4, we will construct now a function 


f(z), which is analytic in the upper half-plane, which has the characteristic 
transformation properties of J°(z), namely 


F(z+2)=flz), fez) =24f(2), 


and which admits the (finite) limits 


(a) pum f(z) and 
(b) lim 2-* f(1 — 1/2) e-?™* . 
yoo 


One might think that G', already satisfies this full list of properties. Anyway, 
the transformation formulas are true, and the existence of the limit 


can be extracted from its FOURIER expansion. What about the limit in (b)? 
We have 


hence 


This expression has no limit for y — oo, because on the one side G4 has a 
non-zero limit, and on the other side 


leo = e27Y 


is unbounded for y — oo. So we have to search for something else. We next 
observe the following fact: 
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Lemma VII.1.10 The function 


1 
gu(2) =a,(4 ) , b>2, 


satisfies the transformation formulas 


gu(z+ 2) = ge(z), ge(—1/z) = 2*ge(z) - 
(We are interested in the case k = 4.) 


Proof. The periodicity is clear, since the EISENSTEIN series has period one. 
Let us look closer to the second formula. Obviously, 


—lay = 
ee (=) with Ars € *1) é8 (2,2). 


2 2 a=], 


From this we deduce 


(This trick is due to J. ELSTRODT, personal communication.) 


Can it be, that g4(z) has the characteristic properties of J8(z)? The transfor- 
mation formulas are satisfied, and we moreover have 


lim_ga(z) = 2¢(4) 


yoo 


But once more, the condition (b) is false, since 


and the same argument as for the first candidate G4 shows that the limit in 
(b) does not exist. Now the idea is to take a linear combination of the two 


candidates, 
1 
Fe) = aGi(2) +06,(3 ) , obec. 
The transformation formulas 
1 
fe+2=s0), s(-2)=#10. 


are satisfied, and the limit 
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exists. The idea is now to find suitable constants a and 6 such that the limit 
(b) exists. The above computations already give 


1 3 ; 
ae | (1 - ~) e 2miz — e-2m2 . ( a Ga(z) + 16bGa(2z) ) . 


All we still need is to know that G4 is a power series in q = e?7'*: 
Ga(z) = ap +aigt arg? +-- . 
This implies 
ae | (1 - =) e 2miz q*| ag(a + 16b) + higher q-powers | . 
We impose on a and b the condition 


at+16b=0, 


obtaining the power series expansion 
—4 1 —2riz 
z of ae e€ =Cotcgt:::, 


since the factor q~! has been absorbed by the higher g-powers. Because of the 
relation 


y — q — 0, 
we get the existence of the needed limit in (b). 
This means that 


a =—16b f(z) = constant 0° (z) . 


We would like to have the constant equal to 1, and consider for this once more 
the limit for y — oo. Since lim,_... 0(z) = 1, we would like to have 


2(a+ b)¢(4)=1. 
Connecting this with a + 16b = 0, and solving the linear system, we get 
1 16 


ey = Ow 


Using these numbers, we have proven the identity of analytic functions 


1 
(2) = aGale) +064 (3 ) 
Recall 


= on 
(By the way: This value also follows from our above identity by comparing 
the first coefficient in the g-expansions of both sides.) 


We are led to the following result: 
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Theorem VII.1.11 
3 z+1 
Sv: ae 
0 (z) = a ( 16G4(z) Gal 2 ) ) . 


Using now for the EISENSTEIN series its g-expansion VII.1.3, we obtain 


1+ >. Asg(n) ering =1+ 162 y, o3(n) e2ting —16 x. ga(n)(—1)"e""" : 
n=1 n=l 


n=1 


Theorem VII.1.12 (C.G.J. Jacobi, 1829) For n € N the following for- 
mula holds: 


For odd n we have just identified the corresponding coefficients of g”, and for 
even n the identification needs a further short check, which is skipped. 


Representations of a natural number as the sum of four squares 


Using the EISENSTEIN series 


Go(z) = S- x (ez +d)~? 


c d0, if c=0 


we would like to construct a function f having the characteristic properties 
of 04. The main transformation property is 


#(-2) = 2 “fe)=-2 102). 


A linear combination of the form f(z) = aG2(44*) + bG2(z) is hopeless for 
this purpose, it would not work since it would in the best case lead to a 


transformation behavior of the type 


But another approach can be used, namely 
f(z) = aGo(z/2) + bG2(2z) . 
Such an f has period 2, because 
Go(z+1) = Ga(z) => fle+2)= fz). 


We also know the transformation formula from the Consequence in VII.1.4, 
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This gives: 
1 1 1 
i(-2) =0G2(-32) +602(-Zp) 
2 
= a(2z)*Go(2z) — 4riaz +b (=) G2(=) —mibz. 
Now we impose for a and b the condition 
b= —4a 


and obtain the desired formula 
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i(-4) = (saawen + bo.(§) ) =x (a0a(§) +4005) 


= 2? f(z). 
We now have to prove for the function 
f(z) = a(Go(z/2) — 4G2(2z)) 


the existence of both limits 


lim f(z) and lim 74(1 — ~) ee 
yoo 


yoo wh 
The existence of the first limit is trivial, since (VII.1.4, Corollary) 


lim Go(z) = 2¢(2) , 


yo 


which follows from the g-expansion. Normalizing the limit for f to 1, the 


constant a necessarily has the value 


eae 
6¢(2) | 


It remains to study f(1 —1/z), in particular 


) co(2—2) and 


(b) oo(4) 


At our disposal we have only the formulas 
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z 


Go(z+1)=Go(z) and cal =) = 29Ga(2) — Bai. 


Part (a) is simple, since 


er(2- 2) =on(-2) = (5) (3) 


The limit in (b) is more tricky. First, let us observe that the matrix ( =) 


has determinant 1. If z lies in the upper half-plane, then the same is true also 
for (z — 1)(2z —1)~'. A simple computation now gives 


pot a1) des 1 jg 1 
G = Cy = Ori 
(=) (==) o( =) + mu ay-1 


Using 
2z—1 1 
= = 2 
z—1 z—-1 
we obtain 
eteal oe—1\" 1 al 
— SSS eee 2 i 
c(—) (=) cn —)+ eS ed 
2z—1)? 2z—1 
= (22 — 1)?Ga(z—1) — ami BE 4 on 7 
a z 


= (2z-1)?Go(z) —2mi(4z—2). 


In this equation, we replace z by z/2 + 1/2 and obtain 
—1 1 1 
(5) = 2°Go (5 + 5) —Amniz. 
In conclusion, 
a9) 1 —2 2 ae : 2 z : 
z “f({l—-)=2 “a| 2°Go{-+- — dni z— 2°G2(=) +4niz 
z 2° 2 2 
G Zz 4 1 G (2) 
=a _ _- — — . 
ra “\9 

We know that G2(z) can be written as a power series in e?"'*. This implies that 
Go(z/2+1/2) and G2(z/2) can both be written as power series in h := e™!*, 
and both have then the same coefficient in h°, namely 2¢(2). This gives the 


h-expansion 
x *f( —1/z) =a1h+agh? +:-- 


with some (uninteresting)coefficients a1, d2,.... 
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Using 
y— ao eS h— OO, 


we get 
z*f(l—-1/zjh'—a, fory—o. 


This is exactly what we wanted to have. Putting all together, we have finished 
the proof of the formula 


{A= (4G2(22) = G2(=)) = V(z). 


Now, we either know 


or we recover it from the proven identity by comparing the first FOURIER 
coefficients. We can conclude: 


Theorem VII.1.13 


qn? ; 


(2) 


From this, we can derive the number theoretical identities we were interested 
in. 


Theorem VII.1.14 (C.G.J. Jacobi, 24.4.1828) Forn €N we have 


#{ weZ; ai+ahtai+at—nb=syra. 


Afd|n 
1<d<n 


The proof follows directly from VII.1.13 by using the g-expansion VII.1.3 of 
Gp and identifying coefficients. 


Corollary VII.1.15 (J.L. Lagrange, 1770) Any natural number can be 
represented as a sum of four squares of integers. 


Exercises for VII.1 


1. The function f(z) = j’(z) A(z) is an entire modular form (compare with VI.2, 
Exercise 1). Find a representation of it as a polynomial in G4 and G¢. 

2. The function Gi2A — Gi2/A’ is a modular form of weight 26 (V1.2, Exercise 3). 
Express this function as a polynomial in G4 and G6. 

3. Represent G2 as a polynomial in G4 and Gs by using the Structure Theorem 
V1.3.4 and the formulas for the FOURIER coefficients of the EISENSTEIN series. 
Compare the result with the recursion formulas in Exercise 6 from Sect. V.3. 
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How many vectors « with the property (a,x) = 10 exist in the lattice Lg (see 

V1.4)? Compute this number 

(a) directly, 

(b) using the identity Ga(z) = 2¢(4)0(Lg; z) . 

The FOURIER coefficients 7(n) of 
A(z) 
(Qn)? 

are all integral. The same also holds for the FOURIER coefficients c(n) of 

1728 j(z) = 1/q + c() + e(1)q + €(2)q" + --- 
Compute explicitly the first coefficients, and check 
(Qn)? A(z) = q — 24¢? + 252g? — 1472q* + 48309 — 6048q° + --- 
17289 (z) = 1/q + 744 + 196 884g + 21 493 760g" + 864 2999709 + --- 


=r(Na+7(2)a? + 


RAMANUJAN’s Conjecture states: 
|r(n)| < Cn'/?+© for any e > 0 (C =Cl(e)) . 


It was generalized by H. PETERSSON to arbitrary cusp forms. We have already 
mentioned in the Exercises to Sect. VI.4 that this conjecture was proven by 
P. DELIGNE. By the way, the following estimate holds 


|r(n)| <n /? a(n) . 


The DEDEKIND 7-function is defined by 


n(z) = eit II (1 _ gon : 


Prove that this product converges normally in the upper half-plane, where it 
represents an analytic function. Compute its logarithmic derivative, and show 


! , 
TD — Gale) 
From the transformation formula 
Go(-1/z) = z?Go(z) — 2niz 
deduce then that both functions 


n(-t) ana ft) 


have the same logarithmic derivative. Hence, they coincide up to a constant 
factor. This factor is 1, as it can be seen by specializing z = i. This gives: 


On the other side, we trivially have 


mi 


n(z+1) =en(z) . 
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7. Prove the identity 
A(z) = (2m)!?7"*(z) . 


8. For |q| < 1 prove the identity 


co 


+ Ey = te =¢")2 
n=1 


n=—co 


Hint. Use VI.4.6 and the previous Exercise. 


9. A partition of the natural number n is by definition a k-tuple (x1,...2%) (k 
arbitrary) consisting of natural numbers (> 1) with the properties 


N=%1+%2+--'xe, Ty <2<++< In. 


Let A, be the number of all partitions with even k, and 
Let B, be the number of all partitions with odd k. 
(The sum A,, + B, is thus the number of all partitions of n.) Show 


[[G—9") = 32 (4n— Ba) g" - 


From this and the previous Exercise, we deduce the EULER Pentagonal Number 
Theorem (L. EULER, 1754/55) 


2 


An = Bn forn¢ 
24 
An=Bnt+1 forn =" | meven, 
24 
An=B,n-1 forn =" | moda . 


VII.2 Dirichlet Series 


An ordinary DIRICHLET series is a series of the type 


[oe) 
So ann*, a EC, sec. 


n=1 


If we set all coefficients to one, a, = 1, then we obtain the most famous among 
all DIRICHLET series, the RIEMANN ¢-function 


We know that this series converges absolutely for Re (s) > 1. 


400 VII Analytic Number Theory 


Definition VII.2.1 A Dirichlet series 


is called (somewhere absolutely) convergent , iff there exists a complex num- 


ber So, such that the series 
lo) 


D> |aun-™| 


n=1 
converges in the usual sense. 
We use the traditional convention (RIEMANN, LANDAU) for the notation of 
the complex variable s, and set 


s=ortit, $9 = 00 + ito, tae 


We have 


|n-5| = ee as = ee = 


and 
n?<n-° fora >a. 


Hence, if the DIRICHLET series converges absolutely in so, then it converges 
absolutely and uniformly in the half-plane o > oo. 


Definition VII.2.2 A right half-plane 
{seC; o>a} 


is called a convergence half-plane of a Dirichlet series, iff the series con- 
verges absolutely for all s in this half-plane. Here, we also allow the value 


o=-oo, 
where the “convergence half-plane” becomes the whole plane. 


The union of all convergence half-planes for a given DIRICHLET series D(s) 
is also a convergence half-plane of D(s), i.e. is of the form {s € C; o > ao}. 
It is the biggest of all convergence halfplanes for D(s), and it is called the 
convergence half-plane of D(s), or more exactly the half-plane of absolute 
convergence. 


So let { s € C; o > 0 } be the convergence half-plane. Then D(s) converges 
absolutely for all s with o > oo, but not for any s with 0 < og. The behavior of 
D(s) on the vertical line o = o9 cannot be made more specific in this general 
setting. The involved value gp is also called the convergence abscissa of D(s). 
(More precisely, ao is the abscissa of absolute convergence, see Exercise 1.) 
Of course, D(s) represents an analytic function in the convergence half-plane. 
The convergence half-plane of the RIEMANN ¢-function is 


Re (s) >oo9 = 1. 
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Definition VII.2.3 A sequence aj, a2, a3,... of complex numbers has (at 
most) polynomial growth, iff there exist constants C > 0 and N, such that 


lan| < Cn 
for all n. 


Remark VII.2.4 Assume that the sequence ay, a2, a3,... has polynomial 
growth. Then the associated Dirichlet series D(s) converges. (The converse 
is also true). More exactly, with the above notations we have o9 <1+ N. 


Example. In the case of the ¢-function we can take N = 0. 
The Proof of VII.2.4 follows from the estimate 


lann~>| <Cy e™ 


and from the convergence behavior of the RIEMANN ¢-function. 


Similarly to the case of power series, the coefficients of a DIRICHLET series 
are uniquely determined by the corresponding function. 


Proposition VII.2.5 (Uniqueness property) Let 
loc) 
D(s) = So ann ,anE€C,s8EC, 
n=1 


be a Dirichlet series, which vanishes in some convergence half-plane. Then 
ayn =0 foralln. 


Proof. We assume the contrary, and let k be the smallest index, such that a, 
does not vanish. Then 


and thus 
a, = lim D(a) k? =0 


which is a contradiction. 


DIRICHLET series can serve to encode multiplicative properties of a sequence 
of numbers in an analytic form. Let 


D(s) = - Ann * 
n=1 


be a DIRICHLET series. For any non-empty set A C N of natural numbers we 
consider the partial series 


Da(s) = y Ann”. 


neA 
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Lemma VII.2.6 Let A,B CN be two non-empty sets of natural numbers, 
and let (a,) be a sequence of complex numbers. We assume that the following 
conditions are satisfied: 


(1) The multiplication map 
AxB—+N, (a,b)rab, 
is injective. 
(2) GQn.m =@n+Gm forn€e A, me B. 
If C is the image of Ax B by the multiplication map, then 
De(s) = Da(s) - Da(s) 
in the convergence half-plane of D(s). 


By induction on the number N, we obtain then 
Dc(s) = Da,(s) as Day(s) ) 
for subsets Ay,..., Ay CN, such that the multiplication map 


Ay xX-:+x Ay —C, 


(m1,.--,NN) HO Nye RN , 
is bijective, and the coefficients satisfy the multiplicative property 
an, eee nn = Gn, °**** Onn 


for all ny € Aj, ..., nn € An. The Proof of the Lemma is a trivial conse- 
quence of the CAUCHY Product Theorem, 


y App” (= br) - > Oy (py) * = » Ann *. 
ycA vEB (W,v)EAXB nec 


We treat an important special case: 
Let 


pi = 2; po = 3; pg =5;... 


be the sequence of prime numbers. We denote by 
An:={py; v=0,1,2,...} 
the set of all (natural) powers of the n*" prime number. The multiplication 


A, X-:+x Ayn —-N, 


(1,---,2N) HON ON, 
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is injective. Let us then denote by B the set of all natural numbers which do not 
contain in their prime number decomposition any primes among p,...,DN- 
Then the map 


is bijective. For this, we use the theorem of unique factorization into primes. 
Let us now assume that the coefficients of a DIRICHLET series satisfy the 
condition 

an.m = an * Am 
for arbitrary, relatively prime natural n,m, ie. (n,m) = 1. Moreover, we 
require a, = 1. Then, from Lemma VII.2.6 we have 


N ioe) 
D(s) = [I ora”) Dpz(s) . 


n=1 \v=0 
The condition n € B, ie. (n,pi-++-+-+ pn) = 1 then implies either n = 1, or 
n > N. We obtain 
Jim Dp(s) =1 


and hence 
N fore) 
nein f (Suen 
n=1 \v=0 


The following question arises: Is this an absolutely convergent product in the 
sense of VI.1.3? Equivalently, we ask for the convergence of 


co co co co 

<p vs 
> DE expe”? — 1S SOE lene pn”*| 
n=1 |v=0 n=lv=1 


But the series in the R.H.S. is just a rearrangement of a partial series of 


Co 
y lann~*| : 
n=1 


We thus obtain a result, which goes back to L. EULER (1737): 
Proposition VII.2.7 Let 


D(s) = s ann * 
n=1 


be a (somewhere absolutely) convergent Dirichlet series, whose coefficients 
have the multiplicative property 
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a, =1 and dyn.m =Gn'Am for (n,m) =1. 


Then love) 
D(s)= J] Dols) with Dp(s):= S~ apap” . 
n=0 


p prime 


The infinite product is indexed by all prime numbers p, and the convergence 
is normal in the convergence half-plane of D(s). 


We can in particular apply this Proposition for the RIEMANN ¢-function. One 
has: 


~ 1 
¢p(s) = ae Fa (geometric series) 
in the convergence half-plane. This leads to the Euler product expansion of 
the ¢-function in the half-plane a > 1. 
Proposition VII.2.8 (L. Euler, 1737) We have 


i (1 —4 9) (o>1). 


p prime 


In particular, ¢(s) has no zero in the convergence half-plane 


{s=o+it;o,tER,o>1}. 


Exercises for VII.2 


1. We have introduced in this section the half-plane of convergence 0 > go of a 
DIRICHLET series 


D(s) = > Ann °. 
n=1 


More precisely, we dealt with the half-plane of absolute convergence. Show that 
there also exists a maximal right half-plane for the ordinary convergence, 


{seEC; Res>o} (01 > -w) 


if the series D(s) converges (possibly not absolutely) in at least one point. 


Then D(s) converges normally in this half-plane, and represents there an ana- 
lytic function. The series does not converge for any s with 0 < o1. 
Hint. Use ABEL’s partial summation. 
Supplement. If the DIRICHLET series D(s) converges in at least one point, i.e. 
if 71 < oo exists, then it converges absolutely in at least one point, i.e. a9 < co 
exists, and we have 

00 >01>00-1. 


Give an example for the case 09 = 1, o1 = 0. 


2. 
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The FOURIER coefficients of the normalized EISENSTEIN series 


(k — 1)! _ rae 
Wanye eel an , k>4, 
satisfy the equations 
(a) a(n) a(m) = a(nm) , if (n,m) =1, 
(b) a(p’**) = a(p) a(p’) — p**a(p’*) . 


Deduce from this 


1 
- I] =e o=p 5 
=C(s)¢(s+1—k) foro>k. 


Let p be a prime number. For any integer v, 1 < v < p, there exists a uniquely 
determined integer p, 1 < uw < p, such that the matrix 


(05) (40) (04) 


has integral entries, and lies thus in the modular group. The assignment v +> pu 
is a permutation of the numbers 1,...,p—1. 


Hint. By a direct computation, one obtains as a condition on yu the congruence 
vu=—1 modp. 


Make use of the fact that Z/pZ is a field. 


Let f be an elliptic modular form (with respect to the full modular group) of 
weight k. The function 


is for any prime number p again a modular form of weight k. We thus obtain 
for any prime p an operator (a linear map) 


T(p): (2, k] — [Pk] . 


Hint. The periodicity of T(p)f is trivial. For the transformation rule under the 
involution z ++ —1/z make use of Exercise 3. 
The operators T(p) were introduced by E. HECKE (1935). (Compare with 


[He3].) These HECKE operators turned out to be of fundamental importance 
for deeper research in the theory of modular forms. 


406 
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Let a 
fl) = > a(n) on™ 
n=0 


be a modular form of weight k, and let 


be its image under T(p). Additionally we define 
a(n) := 0 for non-integral numbers n . 


Show: 

b(n) = a(pn) + p**a(n/p) . 
From the explicit knowledge of the FOURIER coefficients of all EISENSTEIN se- 
ries, show that the EISENSTEIN series are eigenforms for all HECKE operators 


T(p), ie. 
T(p)Gr =An(p)Gr, An(p) EC. 


Let f € 7k], f(z) = 0&2, a(n) e?"'”* be an eigenform of all operators T(p), 
T(p)f = AP)F - 
Let f be normalized by the condition a(1) = 1. Show that a(p) = A(p). 
Using Exercise 5 show 
a(n) = a(pm) + p**a(n/p) , 


and then derive from this 


Hint. The second relation must be checked only for powers of prime numbers, 
m =p”. For this, use induction on v and the first relation. 

Let f € [Ik] be a normalized eigenform of all T(p). (Recall that “normalized” 
means a(1) = 1.) We consider the DIRICHLET series 


D(s) = es a(n) ; 


Show that these series converge absolutely for 0 > k (respectively for o > 
k/2 +1, if f is a cusp form.) Using the relations from Exercise 7, show: 
1 


D(s) = ee) with D)(s) = ia 

In the next section we will see that the DIRICHLET series D(s) has a mero- 
morphic continuation into the whole plane, where it satisfies a certain simple 
functional equation. 


10. 
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The operators T(p) map cusp forms to cusp forms. Because of this, the dis- 
criminant A(z) is an eigenform of all T(p). As a special case of Exercise 8 we 
obtain (for ¢ > 7) 


= T(n) _ 1 
» ns > II — T(p)p7s + pli—2s . 


Here, T(n) is the RAMANUJAN t-function, i.e. T(n) is the n™ FOURIER co- 
efficient of A/(27)*. The relations for T(n) reflected by the above product 
representation were conjectured by S. RAMANUJAN (1916), and proven by L.J. 
MOoRDELL (1917). 


The RAMANUJAN Conjecture, which was formulated in Exercise 1 of Sect. VII.1, 
is equivalent to the fact that both zeros of the polynomial 


L—r(p)X + px? 


are complex conjugated. 


(1) Let f € [[, k]o be a cusp form, let p be a prime number, and set f= T(p)f. 
The functions 


a2) =| FI y¥/? and 52) = |Fle) 


have maxima m, m in HI (see Exercise 2 in VI.4). 
Show: . 

m <p? '(1+p)m. 
We further assume that f 4 0 is an eigenform of the HECKE operator T(p) 
with eigenvalue A(p). 
Show: r 

|A(p)| <p? (1 +P). 
(2) If, contrarily, f € [I’, k] is not a cusp form, with the property T(p)f = A(p)f, 
then by Exercise 5 

A(p) =1+p°". 

Deduce from this (J. ELSTRODT, 1984, [El]): 


The Eisenstein series Gy, k > 4, k =0 mod 2, is up to a constant factor the 
only non-cusp form, which is the eigenform of at least one Hecke operator T(p). 


408 VII Analytic Number Theory 


VII.3 Dirichlet Series with Functional Equations 


We want to build a bridge between DIRICHLET series with functional equation and 
modular forms. Our exposition closely follows the line of the original paper [He2] 
of E. HECKE (1936) “On the determination of DIRICHLET series by their functional 
equation” (translated title). 


Definition VII.3.1 Let R(s) be a meromorphic function in the complex 
plane. Then R(s) is called decaying (to zero) in a given vertical strip 


a<xa<b 
iff for any e > 0 there exists a number C' > 0 with the property 
|R(s)| <e fora<o<b, |t]>C. 


We are particularly interested in functions that are decaying in any vertical 
strip. The constant C' from the definition may of course depend on a, b. 


We fix now three parameters, namely two positive real numbers 
A>Oandk>0, 


and a sign é, 


eScel. 
We associate to these parameters two spaces of functions, namely 
(a) aspace {A, k, ¢ } of DIRICHLET series, 
(b) and a space [\, k, €] of FOURIER series. 
It will turn out that these spaces are isomorphic. 


Definition VII.3.2 The space 


{A,k,e} (A>0,k>0, ¢=H#1) 


is the set of all Dirichlet series 


D(s) = 2 Ann * 
n=1 


with the following properties: 


(1) The Dirichlet series converges (somewhere). 


(2) The function represented by the Dirichlet series, and defined on its con- 
vergence half-plane, can be meromorphically extended into the whole 
plane. The extension is then analytic outside k, and at s = k it has a 
removable singularity or a simple pole. 


VIL.3 Dirichlet Series with Functional Equations 409 


(3) The following functional equation is satisfied: 


27 


R(s) =eR(k— s) with R(s) := ( 1 


) r1)D6). 


(4) The meromorphic function R(s) is decaying in any vertical strip. 
Observation. The function 
s:(s—k)- R(s) 


is analytic in the right half-plane o > 0. Because of the functional equation 
it is up to a sign invariant under the involution s + k — s. So it is an entire 
function. 


Next, we introduce the corresponding space of FOURIER series. It is a space 
of FOURIER series with period X. 


Definition VII.3.3 The space 
[A,k,€] (A>0,k>0,¢=H1) 


is the set of all Fourier series 


loc) 

2Qrinz 

f(z)'= ) Ane > 
n=0 


with the following properties: 


(1) The sequence (an) has polynomial growth. In particular, f(z) converges 
in the upper half-plane, where it represents an analytic function. 


(2) The following functional equation is satisfied: 


(2) =<(8) 10 


Here, (z/i)* is defined by the principal branch of the logarithm. 
Theorem VII.3.4 (E. Hecke, 1936) The correspondence 


F(2) = Sone Ds) = Sonn 
n=0 n=1 


defines an isomorphism 
[A, k,e] —> fA, ke}. 
The residue of D at s=k is 
Res(D; k) = age (2) FR. 


In particular, D is an entire function, iff ag vanishes. 
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Remark preparing the Proof. On the R.H.S. of the correspondence there ap- 
pear only coefficients a, for positive values of n, on the L.H.S. the coefficient 
do appears in addition. We must have this in mind, when we construct the 
inverse correspondence. In any case, the correspondence is injective, since it 
is a linear map between complex vector spaces, and in its kernel are only 
constant functions, which must vanish to satisfy the functional equation. 


Proof the Theorem. 


First part. Let f € [A,k,e]. For the existence of the analytic continuation, 
and for the functional equation of D(s) we must construct a function theoretic 
bridge from f(z) to D(s), This will be enabled by the I’-integral 


I(s) =| ee ae (Res >0). 
0 
Let us substitute the variable of integration, 
27m 


tro —t, 
m 


(=) I'(s)n-* =| pe a Mk 
r 0 


Multiplying this equation with a,,, and summing over n, we get 


to obtain 


[oe} 


oe (=) “Peps a, [ tele 25% a| 


n=1 


This representation is valid in some right half-plane (namely in the intersection 
of the convergence half-plane of D(s) with the convergence half-plane of the 
I-integral). 

We want now to exchange summation and integration. Because of the polyno- 
mial growth we can estimate |a,,| by a power of n, |an| <n. The modulus of 
t®—! is tRe s-!. We can now apply the Monotone Convergence Theorem of B. 
LEvI for the LEBESGUE integral, and this insures that we can exchange the 
order of summation and integration. To avoid this result from measure the- 
ory, one can proceed alternatively and approximate the improper integral by 
a proper integral in order to be able to exchange summation and integration 
as a consequence of uniform convergence. The details are left to the reader. 
(Let us remark, that an analogous complication appeared in the proof of the 
analyticity of the I’-integral.) 

After performing the exchange of summation and integration, we obtain the 
searched function theoretical bridge from f(z) to D(s): 


Rs) = f° # [469-0] a 


t 
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As in the case of the I’-function, the involved integral is in general improper 
with respect to both integration limits. So we split it in two improper integrals, 


Rao(s) = fe (Fit) a0] and Rols)= f° [ FGt) ~ a0) F 
such that 
RG) = Ril Rasy. 


The integral R..(s) converges in the whole plane and represents an entire 
function. This is because of the fact that f(it) — a9 decays exponentially for 
t — ov, since 5 
2nt : 

e* [ flit) — ao | 
is bounded for t — 00 (since the corresponding g-power series is bounded near 
zero). 
The study of f(it) for t > 0 turns out to be slightly more complicated. The 
functional equation for f(it) is a good help, 


($) =st'0e), 


since the roles of oo and O are exchanged in the above equation. It is then 
natural to substitute t + 1/t in Ro(s), and to use the functional equation. 


The result is 

= —s k : dt 
Ro(s) = t* Let” f(it) —ao] — , 
1 


t 
and we can transform it to obtain 


oO dt 2 dt °c dt 
Ro(s) = ef | f (it) — ao | —+ cay f fe ao f te—. 
1 t 1 t 1 t 


The first integral can be expressed in terms of R,., and the other two integrals 
can be computed. We obtain 


and hence 


R(s) = Roo(s) + €Roo(k — 8) — ag F a -| 


We have already recognized R,,(s) to be an entire function, hence the above 
equation gives the meromorphic continuation of R(s) (and correspondingly of 
D(s)) into the whole plane, and the location of the poles is clear. The func- 
tional equation for R(s) is also obvious from this formula. From the integral 
representation we deduce that R(s) is bounded in vertical strips outside some 
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neighborhood of its poles. By partial integration, u(t) = f(it)—ao, u(t) = t*"?," 
it is easy to show that R.(s), and thus also R(s), is decaying in any vertical 
strip (compare with Lemma VII.6.10). 


Second part. We must construct the inverse map 
{\,k,e} — [,, ke]. 


It is natural to realize this by an inverse of the integral representation formula 
for R(s). The direct integral representation formula was based on the I’- 
integral. So we are searching for an inverse formula for the I’-integral. Such a 
formula is known as the Mellin integral, and we will deduce it in the following. 
Before doing this, we need to remind the asymptotic behavior of I’(s) for 
Im s — oo which can be read from the STIRLING formula. As we know, 
the I’-function is bounded —away from the poles— in any vertical strip. An 
essentially stronger result can be worked out using the STIRLING formula. In 
this formula, the essential term is the function 


g°—2 = e(6—2) Logs (Log s is the principal value) . 

We study this function in a vertical strip a < o < b and we impose the 
supplementary condition |t| > 1 to be away from the poles. Because of the 
law I'(s) = I'(s), it is enough to focus on points in the upper half-plane, i.e. 
for t > 1. We can write 


Log s = log|s|+iArgs , 


and using 
lim Arg s = Z (in the vertical strip) , 
t—-o0o 2 


we immediately understand the asymptotic behavior of 


Paes 


3-3 | = eke [(s—4) Log s| 


) 


since we have 


1 1 
Re I(*- 5) Logs a (<- 5) log|s| —tArgs. 


The I-function is thus exponentially decaying for |t| — oo in any vertical 
strip of finite width. More precisely: 


Lemma VII.3.5 Lete be an arbitrarily small positive number, 0 < ¢ < 1/2. 
In any vertical strip 
a<o<b; |[t{/>1, 


the I’-function satisfies an estimate of the form 


|I'(s)| < Ce7(F/2-=) ltl 


with a suitable positive number C = C(a,b,¢). 
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Now let o be an arbitrary real number, which is not a pole of the I’-function. 
We consider the improper integral 


ia P(o+it) 4, 


gorit 


Here, 
ott = elotit) Log z 


is once more defined by the principal value of the logarithm. Taking into 
account the asymptotic behavior of the I’-function on a vertical strip, and the 
relation 


aes =e? log|z|—t Arg z : 
we obtain the absolute convergence of the integral under the condition 


Tv 
A <s 
|Arg 2| oe 


i.e. in the right half-plane Re z > 0. 


Let us now specialize o to the values 


Using the functional equation and the resulting asymptotic behavior of the 
function I'(z) for Re (z) — —oo we deduce 


; © T(5—k+it) 
jim = 
LE — CO Z2 


—co 


dt = 0 

The Residue Theorem now easily implies for 0 > 0 
af Tea) jg eet" 
if “oe aut dt = 27 ora ( 4 s=-n = 2ni >” 7 a 


n=0 
We finally have obtained the MELLIN Inversion Formula for the I’-Integral. 


Lemma VII.3.6 (R.H. Mellin, 1910) Under the assumption 


ao >0and Rez >0 


the following formula is true: 


The Mellin Inversion Formula 


© D(a +it) 
gotit 


dt . 
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Using this inversion formula, we can realize the promised function theoretical 
bridge from D(s) to f(z). So let us start with a DIRICHLET series D(s). With 
a constant ag, which still has to be defined, we consider the function 


oo 

Qrinz 

= y Qpe Xs 
n=0 


It converges by VII.2.4 in the upper half-plane, and we have 


F (iy) a ae ie, sooo lt 


(2ny)” 


with s =o + it, o sufficiently large. It is now easy to show, using the asymp- 
totic behavior of the I’-function on vertical lines, that the summation and 
integration commute, and we are directly led to the desired formula 


1 co 
f(iy) — a0 = ~ | He) dt, o sufficiently large. 
2m Juco Y* 


Our aim is now to derive the functional equation for f(iy) from the functional 
equation for R(s) (see VII.3.2). Regarding the growth conditions imposed on 
R(s), we know that it decays to zero in any vertical strip of the plane. Because 
of this, we can arbitrarily move the abscissa o in the above formula also into 
the negative region, if we pick up the residues of the involved poles. Actually 
we want to move the abscissa o to k—a. We then pick up the residues of both 
poles at s=k and s=0: 


Fiy)-ao= =f ATR arenes (AS; 50) +e (AY; s=e) 


or a yh s 


We can now give the precise value of ag: 


ag := — Res (8 oe 0) = — Res(R(s);s = 0). 


The functional equation R(k — s) = ¢R(s) gives now immediately 


i (=) = ey" f(iy) , 


and by analytic continuation 


An Example. 
(1) We consider the space 
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Functions in this space have in particular the transformation behavior 


fle#2) = (2) and f(-2) = 2 12). 


For instance, 0(z) is such a function. We claim 


Proposition VII.3.7 


bda)=c-ay 


Proof. We use the results about the determination of modular forms of half- 
integral weight with respect to the theta group (see Appendix A). The sub- 
stitutions of this group are generated by 


zeezg+2 and zgr--. 
Zz 


The vector space [| Iy , 1/2, vy | is 1-dimensional. This follows for instance 
from the general Structure Theorem VI.6.3. We have only to show that any 
f € [2,1/2,1] also lies in this space, i.e. it is regular at all cusps of the theta 
group’. For this, we can use the following information. In the FOURIER series 


oo 
f(z) = S- aneni? 
n=0 


the coefficients have polynomial growth. We will prove in the next two lemmas 
that this is enough to ensure regularity. 


Lemma VII.3.8 The map 


2Qrin 


(Gn)n>0 — f(z) = Ane» * 
n=0 


induces a bijection between 


(1) the set of all sequences (an)n>0 with polynomial growth, and 


(2) the set of all analytic functions f(z) in the upper half-plane with the 
properties 


(a) f(2+A)= fl), 
(b) f(z) is bounded in the region y > 1, 


' The theta group has two cusp classes. 
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(c) and there exist constants A, B with the property 


B 
|f(2)| <4(-) for ally <1. 


(f thus has polynomial growth when approaching the real axis, and 
this growth is uniform with respect to the x-variable.) 


Proof. We have 


Qany 


IF) < So lanl en 35 
n=0 


Since (a,) has by assumption polynomial growth, we can estimate it by n* 
for suitable natural K. The function 


ss 
yonka, lal<t, 
n=0 


is a rational function in qg, as one can see by repeated differentiation of the 
geometric series (induction on kK’). The order of its pole at ¢q= lis b:= K+1. 


Then we have 
co 
S- nk gq” 
n=0 


with a suitable constant C' > 0. We now substitute qt ex , and obtain 


C 
|f(2)| < ——; for0<y<t. 
eo S71 


x 
= b 
lq-1| 


for |¢g-—1) <1 


The expression in the R.H.S. has polynomial growth in 1/y for y > 0. 


Lemma VII.3.9 Let 
f2) = Yoane™ 
n=0 


be a Fourier series, whose coefficients a, have polynomial growth. Assume 
that the function f(z) has the transformation properties of a modular form 
in{ I, r/2, v] with respect to some suitable congruence subgroup, and some 
suitable multiplicator system v. Then f(z) is a modular form, it is thus regular 
at all cusps. 


Proof. We must show that f(z) is regular at all cusps, ie. that 
gz) =(cz +a)" f(Mz) — (M € SL(2,Z)) 


is bounded in y > 1. By assumption, f is regular at the cusp ioo. We can 
thus assume that M/(ioo) is different from ico. We know the periodicity of 
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the function g(z), and can take A as a period. Then there exists a FOURIER 
expansion 


g(z) = 5: bye 8 


The claim is equivalent to 
1 . 
bn» = i gaze" dr=0 for n>O. 
0 


We want to pass to the limit y — oo in this integral. Since the exponential 
term is rapidly decaying, it is enough to show that g(z) grows polynomially. 
This is an immediate consequence of the definition of g(z) in connection with 
Lemma VII.3.8. Observe that the imaginary part of Mz converges to zero for 
Zz — ioo. 


From our main result, we obtain 


1 
di 250= 5 1 pels 
im { \ 


This delivers a characterization of the corresponding DIRICHLET series, 


1+25° ee 2 Se 20s). 
n=1 


n=1 


We now obtain the famous functional equation of the RIEMANN ¢-function, 
and its unique characterization by this functional equation. 


Theorem VII.3.10 (B. Riemann, 1859) The Riemann ¢-function 


G(s)= Sin (o> 1) 


can be meromorphically extended into the whole plane C. This extension is 
analytic in C\ {1}, and there is a simple pole at s = 1 with residue 1. Defining 


(8) = mL (2) ¢(s) , 


the following functional equation 


E(s) =€(1—s) . 


is satisfied. The function €(s) is a meromorphic function, which is decaying 
in any vertical strip. 


The relation €(s) = €(1 — s) is equivalent to the historically first version of 
the functional equation, 
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¢(1—s) = 2! *n-* cos = T(s)C(s), se, 


given by RIEMANN in 1859. One can read off this formula the trivial zeros 
¢(—2k) = 0 (k EN). For the original functional equation of the ¢-function see 
also Exercise 3 in VII.5. 


Conversely to Theorem VII.3.10, we have (E. HECKE, 1936): 


Supplement. Let D(s) be an analytic function in a right half-plane o > oo 
with the following properties: 


(1) D(2s) can be represented as a Dirichlet series in the right half-plane o > 
O0- 

(2) D(s) can be meromorphically extended to the whole C, and it has at s =1 
a simple pole with residue 1. 

(3) D(s) satisfies the functional equation 


R(s) = R(1- s) with R(s) = 1? Pr (=) D(s) . 
(4) R(s) is decaying in any vertical strip. 
Then the function D(s) identically coincides with the Riemann ¢-function. 


The first characterization of the RIEMANN ¢-function by its functional equation and 
growth conditions goes back to H. HAMBURGER (1921, 1922), but he used modified 
assumptions. Especially, he used the stronger assumption, that the function D(s) 
itself can be represented as a DIRICHLET series, and not just D(2s). 


Exercises for VII.3 


1. Let D be a meromorphic function in the whole plane, which can be represented 
as a DIRICHLET series in a suitable right half-plane. We assume that there exists 
a natural number k, such that the following functional equation is satisfied, 


R(s) = (—1)* R(2k — s) with R(s) = (27) ~*I'(s)D(s) . 


We also assume that R(s) is decaying in any vertical strip and that D(s) is 
analytic excepting the point s = 2k, which is either regular, or a simple pole. 


Show: In the case k = 1 the function D vanishes identically. In the cases 
k = 2,3,4 we have 


D(s) = C¢(s)¢(s +1 2k) , CeC. 


2. Let D be a meromorphic function in the whole plane, and which can be rep- 
resented as a DIRICHLET series in a suitable right half-plane. We assume that 
there exists a natural number r, such that the following functional equation is 
satisfied, 

R(s) = R(r/2— 8) with R(s) = 2 *I'(s)D(s) . 
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We also assume that R(s) is decaying in any vertical strip and that D(s) is 
analytic excepting the point s = r/2, which is either a removable singularity 
or a simple pole. 

Show in the cases r < 8, that this DIRICHLET series is up to a constant factor 
of the form 


D,(s) =} Ar(n)n-* , 


where A,(n) is the number of representations of n as a sum of r squares. 


In the case r = 1 we have Di(s) = 2¢(2s). The DIRICHLET series D2(s) can 
also be written in the form 


Cx(s) = Da(s)= So jal . 


aeZt+iZ 


(This is the ¢-function associated to the GAUSS number field K = Q(/—1).) 


Let D be a meromorphic function in the whole plane, which can be represented 
as a DIRICHLET series in a suitable right half-plane, D(s) = S7°°_, ann” *. We 
assume 

a,=1 and lim 


and that D satisfies the functional equation 
R(s)= R12—s), with R(s) = (27) -*I(s)D(s). 


We also assume that R(s) is decaying in any vertical strip. Show that the 
function n — ay is exactly the RAMANUJAN T-function, i.e. an = T(n) for all 
n> 1. (See also Exercise 5 in VII.1.) 


Verify the identities 


co 5 S . ; 
f(z) = > (—1)"(n 4 Ler” =? So (-1)"(n +4 Ler) 
M09 n=0 
= 1 09(42,w) 
=A 1/4 Amiz(n+1/4)? ee ; 
he +1/A)e pe 


and deduce from the JACoBI Theta Transformation Formula VI.4.2 the identity 


(2) =) 
So we have f€[8, 3/2, 1]. 


Let 
0 if nis even , 


x(n) = 1 ifnm=1 mod4, 
-1 ifn=3 mod4. 


Deduce from the previous Exercise, that the DIRICHLET series 


L(s)=S x(n) n° (0 > 1) 


n=1 
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can be analytically extended to the whole plane, where it satisfies the functional 
equation 


R(s)=R(1—s) with Rs) = (9) “7 (S54) 20). 


Using Exercises 2 and 5, prove the identity 


We have the following number theoretical applications of this identity: 


(a) The number of representations of a natural number n as a sum of two 
squares of integers is given by 


Ao(n):=4) > x(d)=4 So 1-4 Soo. 
d|n d| 


d\n n 
d=1 mod4 d=3 mod 4 


One can write this also as an identity of power series as follows: 


eMi(2n+1)z 


2 co 
min2z _ n 
( =. 7 eye [—e7iGntDe * 
(b) The following formula holds: 


L(s)= |] (1-2). 


p prime 


Deduce from Exercise 6 that the function L(s) has no zero at s = 1, and 
from this: 


There exist infinitely many prime numbers p with the property p = 1 
mod 4, and respectively with the property p= 3 mod 4. 


This is a special case of the DIRICHLET Prime Number Theorem, which 
affirms that any arithmetic progression { a+kb; k € N } contains infinitely 
many prime numbers when a and 0 are relatively prime. One can prove 
our special case also directly by elementary methods. The use of function 
theory for this special case shows the direction of the general proof, which 
is based on showing that a DIRICHLET series of the form 


L(s) = So x(n) n™* 


does not vanish at s = 1. Here, yx is an arbitrary DIRICHLET character. 
The formula in Exercise 6 also possesses a generalization. Instead of the 
Gaussian number field, one can take an arbitrary imaginary quadratic 
number field. 
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VII.4 The Riemann ¢-function and Prime Numbers 


The theory of the prime number distribution is based on the RIEMANN ¢- 
function 


C(s) = Yon (n° := exp(slogn)) . 


As we know, this series converges normally in the half-plane Re s > 1, where 
it represents an analytic function. The bridge to prime numbers is given by 
the Euler product formula for the ¢-function (L. EULER, 1737): For Re (s) > 1 
we have (see also VII.2.8) 


¢(s)= |] @-2)~ G I (1 -p;*)*) 


where P := {pj, p2, p3,-.--} is the set of all prime numbers in their natural 
ordering, pi = 2, pe = 3, p3 = 5, ... 


For the sake of completeness, we sketch one more direct proof. Using the 
geometric series 
co 
(1 _ py? = as 
v=0 


one can show (CAUCHY product of series): 


m 1 m co 1 CO 
le) =D = 2, Gere”: 
k=1 k=1 v=0 Pr V1,.--;Um=0 


From the fact, that any natural number can be uniquely decomposed into 
prime factors (Fundamental Theorem of Elementary Number Theory), we 
have 


where A(m) is the set of all natural numbers that have only the primes 
Pi;--+;Pm in their prime factor decomposition. 


For any natural number N, there exists a natural number m, such that 
{ 1,...,N } is contained in A,,. From this, 


m [oe} 
: —s\—-1 _ —s 
lim [[G-p°) 7 = Son. 
k=1 n=1 
Finally, the estimate 


Yo h-a-p*)y "<0 ip ™| < Do ln 
pm n=1 


Pp 
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implies the normal convergence of the EULER product for Re (s) > 1. 


The ¢-function has in the convergence half-plane Re (s) > 1 no zero, since 
none of the factors vanishes there. 


We once more (see also VII.2.8) formulate the fundamental convergence prop- 
erties of the ¢-function, and its representability as an EULER product: 


Proposition VII.4.1 The series 


¢(s) = x n* 


n=1 


converges in the half-plane { s € C; Re (s) > 1 } normally, where it 
represents an analytic function, the Riemann ¢-function. It has in this 
half-plane a representation as a (normally convergent) Euler product, 


¢(s)=][[Q-p’)™ . 


peP 


In particular, we have 


¢(s) £0 for Re(s)>1. 


The logarithmic derivative of the Riemann ¢-function 


The derivative of s+ 1—p~§ is (logp)p~* , the logarithmic derivative being 
thus 


This implies 


The double series converges absolutely, because of |p~’*| = p~’R°() . Re- 
ordering the terms with respect to pure prime powers n = p”, we obtain: 


Lemma VII.4.2 In the convergence half-plane, we have the formula: 


logp, ifn=p”, p prime, 
0, else . 
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Our aim is to understand the asymptotic behaviour of the summatoric func- 


tion 
v(x) = SY) A(n) 


n<ux 


by function theoretical methods. The function A() is also called the Mangoldt 
function, and w is the T'schebyscheff function. During the following estimates 
it is convenient to use the LANDAU symbols “O” and “o”. 


Let f,g : [xo,oo[ > C be two functions. The notation 


has the following meaning: 


There exist a constant K > 0, and a value x, > Xo, such that 


|f(x)| < K |g(a)| forall a2>a,. 


In particular, 
f(x) = O(1) => f is bounded for x > x , x, suitable. 


The notation 
f(x) = o(g(«)) 
has the following meaning: 


For any ¢ > 0 there exists a number x(€) > xo, such that 


IF(z)| <elg(@)| for x>a(¢). 


In particular, 
f(z) = o(1) => lim f(z) =0. 


Finally, if h(x), x > xo, is a third function, then we write 


f(x) = h(x) + O(g(2)) instead of f(x) — h(x) = O(g(2)) , 
f(a) = h(x) + o(g(x)) instead of f(a) — h(a) = o(9(x)) 
Lemma VII.4.3 Let O be the function 
O(a) := S > logp : 
pEeP 


Then we have 


W(x) = O(x) + O((logz) Vz) . 
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The function O(x) is called the Tschebyscheff theta function. 
Proof. Any term log p can be estimated by log z, so it is enough to show 


#{(v,p); 2<v, 0’ <2} =O(V2) . 


Since 


p’<a>ps< Yeandv< = ; 
logp ~ log2 


the above number can be estimated by 


So Ve=ve+ Yo ve. 


loge loge 
25VS oes 3SVS TER 


The sum in the R.H.S. can be further estimated by 


logz ,— 
mo 


Here, we have used that 


loga = O(a*) forany «>0. 


The aim of the following sections is to prove the Prime Number Theorem: 


Theorem VII.4.4 (Prime Number Theorem) We have: 


Remark VII.4.4; Because of loga-./x = o(x), using Lemma VIL4.3 we 
see that Theorem VII.4.4 is equivalent to 


W(2) = 32 A(n) = 2 + (2) « 
n<u 
The Prime Number Theorem is traditionally formulated in an other way: 


Theorem VII.4.5 Let r(x) := #{peEP; p<a} . Then the following 
holds: 
Prime Number Theorem 


(o/s) = 


Even if there is no function theoretical relevance for this reformulation of the 
Prime Number Theorem, we show for the sake of completeness how to deduce 
it from VII.4.4. 


We thus show: Theorem VII.4.4 = Theorem VII.4.5 . 
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Let us define r(x) by 


S- log p =2(1+r(z)), 


pSex 


so we have r(x) +0 for «— oo by VIL44. 


Trivially, the following holds: 


So logp < x(x )logz , 


pox 


and hence 


(x) > a (1+r(« )) : 
Slightly more complicated is the 
Estimate of 7(x) from above. 


Let us choose a number q, 0 < q < 1. From the trivial estimate (x7) < x7, we 
obtain for any x > 1 


2, oer 2 S> logp > log(a")-#{p; 21<p<x} 


= fisate (x(x) = n(x*)) > qlog(z) (x(x) _ oe) : 


This gives 
(1+r(z))q +2? 


This inequality can now be specified for a suitable value of gq, namely for gq = 1 — 
1/Vlog x (a > 2). Then we have 


< 
mx) S ie 


(1+ R(x)) 


with 


R(x) = -1+4 (14+ r(z)) (1 - =) 7 + (log x)a7/ V8 | 


One easily derives R(x) — 0 for x — oo. 
Appendix : Error estimates 


One can naturally ask the question, whether it is possible to find besides the qualita- 
tive information r(x) = o(1) explicit error estimates. Indeed, our function theoretical 
method will give the following 


Proposition VII.4.6 (Error estimates) There exists a natural number N, such 
that 
O(x) = “(1 + r(a)) : r(z) = O(1/ Vlog z) ; 
r) = i ——(1+ R(x)) , R(x) = O(1/ V/logz) . 
(We will explicitly find N = 128.) 


a 
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Using other methods, one can even prove that N = 1 also works. One has even 


C2 
log x 


R(x) < ( C1, C2 being suitable constants) . 


Better asymptotic formulas for 7(x) can be obtained by replacing x/log ax by the 


integral logarithm 
eee : a, 
9 logt 


By partial integration, it is easy to show 


Li(z) = — 


~ Joga (1+ s(x) , s(x) = O(1/log a) . 


In the Theorem VII.4.5 and in VII.4.6 it is thus possible to replace x/ log x by Li(z). 
It turns out that one can better approximate a(x) by Li(x), namely we have (see 
also [Pr] or [Sch]) 


n(x) = Li(x) + O(z exp(—Cy/log z)) 
with a positive constant C. 
A stronger error estimate is conjectured: 


Conjecture. For any ¢ > 0 the relative error of the asymptotic m(x) ~ Li(x) is of 
order 
O (x ?**) : 


Equivalent to this conjecture is the famous RIEMANN Conjecture: 


The Riemann Conjecture 


¢(s) £0 for Re (s) > = 


This conjecture, stated in 1859 by B. RIEMANN, could not be decided despite the 
huge effort of the mathematical community. It is known, that there are infinitely 
many zeros on the critical line o = 1/2. 


The following figure gives the analytic landscape of the absolute value of ¢(s)~+, the 
zeros of € appear as poles. 


The figure figures the first six non-trivial zeros 0, = 4 +itn of the ¢-function with 
tn > 0: The imaginary parts are 


t; = 14.134725... tz = 21.022040...  , 
tz = 25.010856...  , ta = 30.424878...  , 
ts = 32.935057... te = 37.586176... 


The pole of the ¢-function at s = 1 appears in the figures as the only global minimum 
of |1/¢(s)|. The “thick tower” on the left side of the figure illustrates the trivial zero 
of the ¢-function at s = —2. 
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It may be that B. RIEMANN’s initial intention was to prove the Prime Number 
Theorem through a proof of his conjecture. But the Prime Number Theorem was 
proven, independently, by J. HADAMARD and C. DE LA VALLEE-POUSSIN in 1896. 
Both proofs are based on a weaker form of the RIEMANN Conjecture. 


In the next section we will prove this. Using a so-called TAUBER theorem, one can 
then deduce from this the Prime Number Theorem. In the last section, we will prove 
a TAUBER Theorem, which also delivers a weak form for the error term in the Prime 
Number Theorem. 

In his famous work [Ri2], B. RIEMANN made six conjectures concerning the ¢- 
function, one of them —now called the RIEMANN conjecture— is still open. In 1900 
D. HILBERT included the RIEMANN Conjecture as problem number 8 in his famous 
list of 23 unsolved problems. For further remarks on the history of the Prime Num- 
ber Theorem and the RIEMANN Conjecture see also the short exposition at the end 


of this chapter, page 444. 


Exercises for VII.4 


1. The Mostus p-function is defined by the equation 


1 Tae) = _ 


G(s) * = 
Show: 
1 ifn=1, 
u(n) = 4 (-1)* ifn =pi--- px is a product of k different primes pi,..., pk 


0 else . 
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Let a: N — C be an arbitrary sequence of complex numbers, and let 


A(a@) = os a(n) (A(0) = 0) 


n<ax 


be the associated summatoric function. Then for any continuously differentiable 
function f : [x,y] > C,0<y <2, we have 


Abel’s Identity 


Ae) f(0) - Aly) fw) — f " A(t) f/(B) at. 


If one of the following limits exists, then the other two also exist and have the 
same value: 


lim ola) ; lim ae ; lim ut] 


For Re s > 2 we have: 


Here we use the notation 
p(n) = #(Z/nZ)° . 


y(n) is thus equal to the number of all cosets modulo n, which are relatively 
prime to n. The function y : N — N defined by the above formula is the EULER 
(indicator) y-function. 


Show that the series i 
p prime 
diverges. 


Hint. Assume the contrary, and deduce from this that the series 


> log (1 —p*) 


converges uniformly for 1 < o < 2. This would imply that ¢(c), o > 1, is 
bounded for 0 — 1. 


Show ¢(0) <0 for0O<o0 <1. 
Let pn be the n™” prime number with respect to the natural ordering. Then the 


Prime Number Theorem VII.4.5 is equivalent to 


lim 2? =1 
noo nlogn 
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VII.5 The Analytic Continuation of the ¢-function 
In the next Proposition we formulate the properties of the RIEMANN ¢- 
function needed for the proof of the Prime Number Theorem. 


Proposition VII.5.1 


I. The function s > (s—1)¢(s) can be analytically extended to an open set, 
which contains the closed half-plane {sEC; Re(s)>1}. It has the 
value 1 at s=1, t.e. ¢ has a simple pole with residue 1 at s = 1. 


II. Estimates in the half-plane {s €C; Re(s) >1} 


(1) Estimate from above. For any m € No there exists a constant Cm, 
such that the m*‘ derivative of the ¢-function satisfies the estimate 


lc™(s) < Cn |tl for |t]}>1ando>1 (s =o +it). 


(2) Estimate from below. There exists a constant 6 > 0 with the property 
IC(s)| > 5 |t|7* for |t}>lando>1. 


The ¢-function has in particular no zeros on the vertical line Re (s) = 1. (We 
already know that ¢ has no zeros in the open half-plane Re (s) > 1. 


—™~ Ww 


The proof of VII.5.1 will follow after a series of intermediate results (Lemmas 


VIL.5.2 to VIL.5.5). 

I. We have proven at an other place (VII.3.10) much more: The function 
s + (s —1)¢(s) has an analytic continuation to the whole C, and satisfies a 
functional equation. For the Prime Number Theorem this result is not really 
necessary, and since we can show the analytic continuation of ¢ slightly beyond 
the vertical line Re (s) = 1 much simpler, we include the simple proof. 


Lemma VII.5.2 Fort € R we define 
a(t) = t —[é) 1/2 (td = max{néZ,n< t}) 


Then we have 3(t + 1) = A(t) and |A(t)| < 5. 
The integral 
F(s) = eB) at 
(i= fae) 


converges absolutely for Re (s) > 0, and represents in this right half-plane an 
analytic function F. For Re(s) > 1 it holds: 


((s) = 5+ 7 - Fs) (0) 
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Remark. If one uses the R.H.S. in (*) to define ¢(s) for Re (s) > 0, then this 
is the meromorphic continuation of ¢ in the right half-plane Re (s) > 0. The 
only singularity is a simple pole at s = 1, and we obtain a new proof for 


lim (s — 1)¢(s) = Res(¢;1) =1. 


sa 


Proof of Lemma VIT.5.2. From the estimate 
jt *BO\<r*" (o=Re(s)) 


we infer the convergence of the integral for Re (s) > 0, and the analyticity of 
F’. (Compare this with the corresponding argumentation for the I’-function.) 


Using partial integration, one proves for any natural number n € N the for- 
mula 


lia d n+1 
/ BT (9) dt = 5 (n+ etn) — | pene 


Summing these expressions for n from 1 to N —1, N > 2, we obtain after a 
small computation 


N 1 1 N N 
Sin *%=s+5N° +f id= | i? 0G) at 
n=1 2 2 1 1 
i eee | Nite o 
==+=N 4 ~ t~*-1B(t) dt 
a) = | Bte) 
| ee | Ni i 
a heon—eg ~ t~*-1(t) dt 
2° 3 tog go ef Bte) 


Passing to the limit N — oo, and observing that 
N-*, N'-* = 0 for N— 00 (foro>1), 


we obtain the identity claimed in Lemma VII.5.2. 
II. (1) The estimate from above. 
In the region o > 2 the ¢-function is bounded: 
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IC(s)| = Doe ay ie 2G) 


The same argument shows that also the derivatives of ¢ are bounded in this 
region, since one can differentiate the ¢-series termwise. So we can restrict to 
the vertical strip 1 < o < 2. Then it is enough to show that 


lco™(s) 


For this, we use the integral representation in Lemma VII.5.2. (It is also 
possible to use the integral representation from Sect. VII.3.) 


<Cm|s]| (<a <2, |t}>1). 


By the product formula, the higher derivatives of sF(s) are a linear combina- 
tion of F)(s) and sF“)(s). So it is enough to show that each of the higher 
derivatives of F' is bounded in the vertical strip 1 < 0 < 2. We have 


F(™)(s) = / (=legt)"t- 1B) di. 
il, 
Using an estimate of the kind 


llog(t)| < C12" (\¢] > 1) with a suitable constant C’, , 


in connection with |G(t)| < 1, we obtain 
|ro™(s)| as cr, f t-2dt <oo. 
1 


Observation. This proof also shows that F‘”)(s) is bounded in half-planes 
of the form o > 6 > 0. Using the integral representation from Sect. VII.3, 
one can also remove the condition “d > 0”. Of course, one can also replace 
“lIt) > 1” by “|t] >e >0”. 

II. (2) The estimate from below. 

We need a simple inequality. 


Lemma VII.5.3 Let a be a complex number of modulus 1. Then 
Re (a*) + 4Re (a?) +3>0. 
Proof. From the binomial formula 
(a+a@)* =a'+a'+4(a? +47) +6 


it follows 


Re (a*) + 4Re (a?) +3 =8(Rea)* (for aa@=1). 
—it/2 


We apply the inequality VII.5.3 toa=n , and obtain 


Re (n~7*) + 4Re (n~"*) +3>0. 


After multiplication on both sides with n~°, and with a non-negative real 


number b,, followed by summation over n, we obtain: 
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Lemma VII.5.4 Let bj, bz, b3,... be a sequence of non-negative numbers, 
such that the series 


= s ban * (og > 1) 
n=1 


converges. Then we have 
Re D(a + 2it) + 4Re D(a + it) + 3D(o) > 0. 


Corollary. Let 
Z(s) = eP) , 


then we have 
|Z(o + it)|* |Z(o + 2it)| |Z(o)|P > 1. 


We want to show that this Lemma can be applied to ¢(s) = Z(s). For this we 
consider 

— 1/v ifn=p”’ , pprime , 

nyo else . 


Then one has 
== Dest 24), 
p Vy 


and because of this 


PO) = [Ta —p yt = Gs) . 
We obtain after a trivial transformation 
Lemma VII.5.5 Foro > 1 we have 


¢(a + it) |* 
et | 


IC(o + 2it)|[C(o)(o — 1) PP = (e-1). 


From this estimate we directly deduce that ¢ has no zero on the vertical line 
Re (s) = 1: 

If otherwise ¢(1+it) = 0 for some ¢t 4 0, then the L.H.S. of the above inequality 
would converge for g — 1, to a finite value 


lo’ + it)|* |C(1 + 2it)| , 


while the R.H.S. goes to co. 

The following investigation of |¢(s)| will give finally the estimate from below 
claimed in part IT. (2) of Proposition VIL.5.1. 

We can once more restrict to the vertical strip 1 < o < 2, since for 0 > 2 the 
function |¢(s)| is already bounded from below by a positive constant, 
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i6(s)| = 1—|¢(s)- 2 1—- Son d0. 


To obtain an estimate from below of |¢(s)|, 1 < o < 2, we rewrite the inequal- 
ity VIL5.5: 


3/4 


Ie(s)| = (o — 1)*/4 \¢(o + 214) |"™* [C(o)(o — 1)] 


The function 0 ++ ¢(a)(o — 1) is continuous on the interval 1 < o < 2, and it 
has no zeros on it. The modulus of this function is thus bounded from below 
by a positive constant. Using the already proven estimate 


IK(o +it)| < Colt] (|| 2 1) 

we get 

Ie(s)| > Alo —*4 4 A <o <2, [el 1) (*) 
with a suitable constant A. 
Let ¢, 0 <¢ <1, be a suitably small number, that we will chosen below. We 
define 

o(t):=1+e|t/?  (€]0,1[ for |t}>1). 

We prove now the claimed inequality |¢(s)| > 6|t|~* separately for ¢ > o(t) 
and for o < a(t). 
First case. o > o(t). From the definition of o(t) and the estimate (*), we 
obtain directly 


IG(o + it)| > Ale |eP)9/4 fe[ 8 = Ae*/4 Ie 
Second case. o < o(t). Then one has 
a(t) 
(rryeteo hg | Ce pape. 


oO 


and hence 


a(t) 
eo +i] > Ie(o(e) +i -| | O(a + it) de 


Using the already proven estimate from above of |¢’(s)|, we deduce the exis- 
tence of a further constant B, which does not depend on ¢, such that 


¢(o + it)| > [C(o(t) + it)| — B(o(t) — 1) [t 
> A(o(t) — 1)9/4 |e" /* — Bolt) — 1) [e| 
= (Ac3/4 — Be) |e|~* . 


We can choose ¢ such that 5 := Ae?/4 — Be > 0 . Now the claimed estimate 


is proven. 
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Exercises for VII.5 


1. Show that the RIEMANN ¢-function has in the punctured plane C \ {1} the 
LAURENT expansion 


ba ale — 1) mee —1) 4.22 


Here, y is the EULER-MASCHERONI constant. (See also IV.1.9 or Exercise 3 in 
IV.1.) 


2. A further elementary method for the meromorphic continuation of the ¢- 
function in the half-plane o > 0 is to consider the functions 


1 ifn#0 mod 3, 


Q(s) = (1-3'*)¢(s)= 0 ann*, mnt ifn =0 mod 3. 


n=1 


Show that P(s) and Q(s) converge in the half-plane o > 0, and deduce from 
this that the ¢-function can be extended meromorphically into the half-plane 
oa > 0, with exactly one singularity at s = 1, which is a simple pole with residue 
1. 

3. The functional equation of the ¢-function can also be written in the following 
form: 


¢(1 — s) = 2(2m)~°I'(s) cos (=) ¢(s) . 
Deduce from this: 


In the half-plane o < 0, the function ¢(s) has exactly the zeros s = —2k,k EN. 
All other zeros of the ¢-function are located in the vertical strip 0 < Res <1. 


4. The function 


@(s) := s(s —1)n*/?I'(s/2)C(s) 


has the following properties: 


a) @ is an entire function. 


( 

(b) &(s) = &(1— 8). 

(c) @ is real on the lines t = 0 and o = 1/2. 

(d) #(0) = @(1) = 1. 

(e) The zeros of @ are located in the critical strip 0 < o < 1. Moreover, the 


zeros are placed symmetrically with respect to the real line and the critical 
line o = 1/2 as symmetry axis. 
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The following special case of the HECKE Theorem was already known to B. 
RIEMANN (1859): 


coee*r(ge Sf emundt 


n=—oo 


=1/ (o(it) — 1) (8/2 440-97) #H_E_ 


2 t s i1-s° 
Deduce directly this special case, and use it to prove the meromorphic contin- 
uation and the functional equation. 
For o > 1 the following integral representation holds (B. RIEMANN, 1859), 


co ts—te-t 


(s)-¢(s) = f —— _ dt. 


1—e-? 


We also owe to B. RIEMANN (1859) another proof for the analytic continuation 
of the ¢-function, and for its functional equation. 


Let us consider the path y sketched in the figure, y = y1 © y2 © y3: 


(RIEMANN considered instead this path reflected along the imaginary axis.) 
Both curves 7; and 3 are contained in the real axis. We say that 71 is at the 
lower bank and 73 is at the upper bank. For the integration along the “upper 
bank” 3 we define 2*~' using the principal branch of the logarithm of z. For 
the integration along the other two pieces yi and 2 we define it such that 
7(t)*~* remains continuous. This means in particular that on the lower bank 
z°—! is defined not by the principal value Log z, but by Log z — 2zi instead. 
(The integral over 7 is thus strictly speaking a sum of three integrals.) 


Show that the integral 


1 g°-te* 
I(s)= aS dz 
defines an entire function of s. The identity 
¢(s) = r(1—s) I(s) 


first holds for o > 1. Since the integral converges in the whole plane it can be 
used for the meromorphic continuation. of ¢(s) into the whole plane. 
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VII.6 A Tauberian Theorem 


Theorem VII.6.1 Let there be given a sequence a1, a2, a3,... of non-negative 
real numbers, such that the Dirichlet series 


D(s):= > Ann * 
n=1 


converges for Re (s) > 1. Assume the following: 


I. The function s + (s —1)D(s) can be analytically extended to an open 
set containing the closed half-plane{s<¢C; Re(s) >1}, such that the 
extension D has at s =1 a simple pole with the residue 


o = Res(D;1) . 


II. The following estimates hold: 


There exist constants C, « with the property 
|D(s)|<C|t|* and |D'(s)|<Clt\" fora>1, |t}>1. 


Then the following holds: 


San = ga(1 + r(x) , where 
n<u 
r(z) =O (1/ V log z) ; N = N(k) EN suttably chosen . 


(For instance one can take N(«) = 2'"!+2,) 


Remark VII.6.2 The Dirichlet series 


D(s) = —¢'(s)/¢(s) = S>Aln) n-* , with 
n=1 
AG logp ifn=p” , p prime , 
0 else , 


satisfies the hypothesis of Theorem VII.6.1, 


since the coefficients A(n) are non-negative real numbers, and the series con- 
verges for Re (s) > 1. The function s +> (s — 1)D(s) can be analytically 
extended to an open neighborhood of the half-plane { s € C ; Re s > 1 }, 
since this is true for the RIEMANN ¢-function, and since ¢ has no zero in the 
region Re (s) > 1 (including the line Re (s) = 1). 

The estimates for D(s) and D’(s) follow directly from the estimates in VII.5.1 
for the RIEMANN ¢-function. (One can take « = 5, which gives rise to N(K) = 
27 = 128.) 
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So we get: 


From the Tauberian Theorem VII.6.1 in connection with the results VII.2.1 
for the Riemann ¢-function, the Prime Number Theorem theorem follows. 


For the Proof of the TAUBERian Theorem VII.6.1, it is useful to consider 
“higher” summatory functions, which are defined by 


Ad(2) = 3 Yia@=n)*  (6=0,1,2,...). 


Then we have 
i OnA@, Bales | Ag(t) dt, 
1 


and 


Ao(x) = A(z) = San . 


n<u 


We will now determine the asymptotic behavior of A,(x) for all k (and not 
only for k = 0). For this, we will prove the following Lemmas: 


We define rz,(a) by 


k4+1 


A;,(x) = Gait +rp(x)) 


Lemma VII.6.3 Let k > 0. Then 
Pei (Z) =O (1/ Viog=) 
implies 
re(a) =O (1/ Vlog) 
Lemma VII.6.4 In case of kk > K +1 we have 
rp(x) = O(1/loga) . 


The above two Lemmas together imply 
r(x) =O (1/ N¢/log x) with 


Ne = 1 fork >K+1, 
= gis]+2—-k fork<«K+1. 


In case of k = 0, this the TAUBERian Theorem VII.6.1. 
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Proof of Lemma VII.6.3. Since the function «++ A;(«) is an increasing func- 
tion’, we have 


ate 
cA,(a) < ; A;(t) dt for anyc>0. 


We will apply this inequality for c = hz, x > 1, with a suitable number 
h=h(a),0<h <1, that we will choose later. The R.H.S. is equal to 


Axpi(e + ha) — Appi (x) = 4D! [ (w+ ha)**?(1 + regi (e + he)) 


— o**?2(1 + rei (x) | ; 


This implies 


(1+ h)*t? (1+ reyi( + ha)) — (1+ rey1(2)) 
1+ rp(L) S ————— — io ~~ : 
Setting 
e(a) := sup |rp4i(% + €2)| 
O<€<1 
we obtain 
te (pay te@))—U€e@) _ ‘ 
ees h(k +2) 
— [(GQ+h)yet t+ ije(e) (1+ A)**? - [14+ (K+ 2)h] 
= h(k + 2) h(k + 2) 


Now we choose for h the special value h = h(a) = \/e(«). For sufficiently large 
values of x we have h(x) < 1. Together with h, the expression (1 + h)**? +1 
is bounded from above. The first term in the estimate for rz, can be thus 
estimated from above by ée(a)/h = ./e(x) up to some constant factor. The 
second term is a polynomial in h, whose free coefficient vanishes. It can be 
thus estimated by h = \/e(x) up to some constant factor. Obviously, we have 


E(x) =O (1/ Viog) . 
We obtain an estimate of the form 


re(a) < KVe(2) , 


where K is a constant depending on k. For an O-estimate of r,(a) we need 
also an estimate of the absolute value, i.e. an estimate of r;, from below. Using 
the estimate 


? When one wants to deduce from the growth behavior of a function the growth 
behavior of its derivative, it is necessary to know something about the oscillatory 
character of the derivative, e.g. that it is monotone. 


VII.6 A Tauberian Theorem 439 
xr 
cA; (x) > / A;(t) dt = Apsi(x) — Apqi(x — ©) for0<c<a 
z—e 


one obtains in the same way 


rp(x) > —K V(x) (after we possibly enlarge K) . 


This implies 
rp(x) = O(/e(z)) and hence r.(x) =O (1/ X/log x) ' 
The rest of this section is devoted to the 


Proof of Lemma VII.6.4.(This lemma completes the proof of the TAUBER 
Theorem VII.6.1, and hence also of the Prime Number Theorem.) Let us first 
notice: 


Remark VII.6.5 Let k > 1 be an integer, and let x > 0, anda > 1. Then 
the following integral converges: 


a+ioco er 
/ ge sy, 
etee. le 1) (e+e) 
Here, the improper integral over the line Re (s) = a is in general defined by 
a+ioco co 
/ f(s) ds =a f(o +it) dt. 


The proof of VII.6.5 is trivial, since the integrand can be estimated by 1/0? 
up to some constant factor. 


On the vertical line Re s = a, the series D(s) is dominated by the following 
series, which is independent of ft, 


co 


Dd lanl a“? 


n=1 
From VII.6.5, and from the LEBESGUE Limit Theorem, we obtain: 


Corollary VII.6.6 The integral 


a+t+ioo D(s)ast* 
2 ee eee ; 
[.. s(s+1)---(s+k) S (heEN, #>0) 


is absolutely convergent for o > 1. Integration and summation can be ex- 
changed. The integral is thus equal to 


love) 2 a+ioo (x/n)> 
2 ana! [. GepaGEn ds . 
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Exercise. Prove that summation and integral can be exchanged without us- 
ing the LEBESGUE Limit Theorem by approximating the integral by proper 
integrals. 

Let us now compute the integral in Corollary VII.6.6. 


Lemma VII.6.7 For any k € N, and any o > 0 (we need only o > 1) we 


have 
1 i a’ d 0 for0<a<l1, 
ear SSe—eaeSaSsaSaSaSsSsS=S—0 s = 
OT J gta (8 Fl) (s+ h) a(1—1/a)* fora>1. 
Proof. Let 
ae 


KOS SGD CFB | 


(1) (0<a<1). The integral of f(s) along the path y := 71 © y2 


ImA 


vanishes by the CAUCHY Integral Theorem. Because of the condition 
“0 <a< 1” the function a* is bounded uniformly in R on the integration 
contour. Passing to the limit R — oo, we obtain 


[osnw-o 


(2) (a> 1). In this case we use the path 7 = 41 @ 42, 


since on this integration contour a® (a > 1) is bounded uniformly in R. 
The Residue Theorem then implies 
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k 


1. for —1)"a-"” 1 
mal. = SoResl “=> am ne 


—100 


From VII.6.6 and viL67 we infer now a “function theoretical formula” for 
the generalized summatory function in case of k > 1. 


Lemma VII.6.8 Jn case of k > 1, we have for allo > 1 


a+ioo D stk 
= / eg 


ion S(S+1)---(8 +4) 


We apply the Lemma for a fixed value of o, for instance 0 = 2. The estimate 
ID(s) <Cll" (| =1, 1<0 <2) 
then holds by continuity also for g = 1. This implies for a fixed value of z, 


D(s)a8+* 
s(s+1)---(s +k) 


K—k-1 


< Constant |¢| jt] >1,1l<0<2, 


< Constant |t|~ , ifk>K+1. 
Using the CAUCHY Integral Theorem, we can then move the integration con- 
tour (Re (s) = 2) to Re (s) = 1, if we avoid the singularity s = 1 by a small 
detour. 
So let L be the following path. 


Im L Serer rer 


We obtain: 
Lemma VII.6.9 Jn case ofk > K +1, we have 


1 D(s \a stk 
Ax (x) = CES Cee h 
(2) Imi J ee +h) — 


f- [+f +f fs —_ 


Next, we estimate both improper integrals from 1—ioo to 1—i, and respectively 
from 1 +i to 1+ ico. For this, we use 
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Lemma VII.6.10 (B. Riemann, H. Lebesgue) Let 
IT=ja,bl, -coo<a<b<ow, 


be a (not necessarily finite) interval, and let f : I > C be a function with the 
following properties: 


(a)  f is bounded. 
(b)  f is continuously differentiable. 
(c)  f and f’ are absolutely integrable (from a to b). 


Then the function t ++ f(t)x* (x > 0) is also absolutely integrable, and we 
have 


b 
7 f(t)x"* dt = O(1/logz) . 
Proof. We choose sequences 
Qn 274, by > b, A<dn<byn <b. 


Then 


b bn ; 
| f(t)a dt = lim f(t)x" dt 


an 


~ ao — ([r0="] a | , (tat «) 


By assumption, f(t) is bounded, and ae | = |f’(t)| is integrable. This 


implies 
b 
/ f(t)x"* dt 


From Lemma VII.6.10, we directly obtain 


< Constant 


log x 


1 1-+ico D(s)x8t* 


acoae ds = k+1 log 
oni a ae Dies h) S O(a /log x) , 


and also the same for the integral from 1 —ioo to 1—i. Both improper integrals 
contribute in Lemma VII.6.4 only to the error rz(x)! 


Let us now focus on the integral along the vertical line segment from ¢ — i to 
a +i. (At this point we still have a > 1). 


By Lemma VII.6.10, 


o+i stk ol 
a ‘ ele | 
Qmi Jg_; s(s+1)---(s+k) log x 


Observe that 27~'/logz is not of the order O(1/logx) for ¢ > 1. But we 
have: 
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1 
a—1 — js). < ; 
x? */loga o( =) , foro <1 


It is thus a natural idea to move the integration contour to the left! 


We know that s +» (s —1) D(s) can be analytically extended to an open 
neighborhood of the closed half-plane { s€C , Re(s) >1}. 

There exists a number a, 0 < o < 1, such that the closed rectangle with 
vertices in 0 — i, 2—i, 2+iand o +i is contained in this neighborhood. 


By the Residue Theorem, we have 


fo [i + Res (PG a1). 


Here, F and respectively F' are the following integration paths: 


Im E Im F 


Since D(s) has a pole of order one with residue 9 at s = 1, the residue in the 
above formula is 
Q k+1 


(k+ 1)! 


This is exactly the main term in the asymptotic formula for A;(x) in the 
Lemma VII.6.4, that we are proving. All other terms “must be absorbed” by 
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the error term. For the integral from o —i to a +i we have already seen it 
(using o < 1). It remains to consider the integrals over the horizontal line 
segments from o +i to 1 +i, and respectively from o —i to 1 —i. Let us for 
instance show 


ree D(s)ast# 
ds = O(a **/1 
i s(s+1)---(s+k) s = O(x""" / log z) 


This integral can be estimated by 
1 
O(a* - z* dt) = O(2**1 / log) . 


This finishes the proof of the TAUBER Theorem, and also concludes at the 
same time the proof of Prime Number Theorem. 


A short history of the Prime Number Theorem 


EUCLID (circa 300 before our era) already observed that there are infinitely 
many prime numbers, and that they are the multiplicative atoms of the natural 
numbers. In his Elements, (Volume IX, §20) one can find the following Propo- 
sition: “There exist more prime numbers than any given number of primes.” 
The proof of EUCLID is as simple as ingenious, so that it can be found in most 
monographs on the elementary number theory. 


After EUCLID there is a huge gap in the mathematical literature. There cannot 
be found investigations about the distribution of the primes. First in 1737, 
as EULER gave new proofs for the infinity of the set of prime numbers, this 
problem obtained an impulse to start the study of the quantitative distribution 
of primes. EULER could show that the series S> 1/p (sum over the inverses of 
all primes) diverges. One of his proofs uses the EULER identity VII.2.8, 


S = = II (1 <p for all reals >1. 
nm 
n=1 


peP 


EULER was thus the first one who used methods of analysis to obtain arith- 
metical results! This mixture of methods from different branches of mathemat- 
ics discomfited many mathematicians. 100 years later these methods have been 
accepted, after P.G.L. DIRICHLET could prove his Prime Number Theorem 
about prime numbers in arithmetic progressions (in 1837), using real-analytic 
methods as EULER before. In the meantime, C.F. Gauss (1792/1793, being 
fifteen years old!) and A.M. LEGENDRE (1798, 1808) were searching for a 
“simple” function f(a), which approximates the prime number function 


mar) :=#{ pEP;p<a}, 
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in the sense that the relative error for x — oo tends to zero, i.e. 


lim 


aco f(z) 


Using tables of prime numbers from logarithm tables, they were led to con- 
jectures, which are equivalent to the fact that 


ax 


“dt 
f(x) =Lia = | and respectively f(z) 
2 


logt ’ ~ log x 


are such functions, but they could not prove this. However they were able to 
recover the result of EULER, that there are “infinitely fewer” prime numbers 
than natural numbers, or in a rigorous statement 


. x 
lim ——_=0. 
Loo 6 


A remarkable progress in the theory of the distribution of prime number was 
marked by the work of P.L. TSCHEBYSCHEFF around 1850. For sufficiently 
large values of x he could show: 


x 


0.92129... = < n(x) < 1.10555... - 


og x log 


i.e. 7(x) grows similar as x/ log x. His proof uses methods of elementary num- 
ber theory. Moreover, using the ¢-function (only for real values of the argument 
s), he could show: If the limit 

7(x) 


i= h 
e900 x/ log x 


exists, then it is 7 = 1. 


The Prime Number Theorem was proven first in 1896, independently and 
almost simultaneously by J. HADAMARD and C. DE LA VALLEE-POUSSIN. 
In the proofs, they both used essentially (besides HADAMARD’s methods for 
transcendental functions) the fact that the function ¢ has no zeros in certain 
regions including the closed half-plane Re s > 1. The ¢-function for complex 
arguments had been introduced almost three decades earlier, in 1859, by B. 
RIEMANN in his famous paper “On the number of primes smaller than a given 
bound” .3 

RIEMANN could not prove the Prime Number Theorem, but he realized the 
connection between z(x) resp. w(x), and the non-trivial zeros of the ¢- 
function. He found “explicit formulae” for w(a). One of these formulas is 
equivalent to 


3 Original German title: “Uber die Anzahl der Primzahlen unter einer gegebenen 
Grosse”. 
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where g runs through the set of all non-trivial zeros of the ¢-function. From this 
formula it becomes plausible, that one can find the Prime Number Theorem 
written in the form w(x) ~ x with an explicit error estimate, if one can find 
a number oo < 1, such that all zeros lie in the region 0 < oo. Unfortunately, 
the existence of such a bound is still open! The famous RIEMANN Conjecture 
states more, namely that one can choose op = 1/2. Because of the functional 
equation, this means that all non-trivial zeros of the ¢-function are located on 
the critical line og = 1/2. A bound which is better then 79 = 1/2 cannot exist, 
since we know (G.H. Harpy, 1914) that there are infinitely many zeros on 
the critical line. A. SELBERG could prove in 1942, that the number M/(T) of 
all zeros g on the critical line with O<Imo< T,T > 7p, fulfill the estimate 


M(T) > AT logT 


with a positive constant A. Already in 1905, H. VON MANGOLDT proved an 
asymptotic formula conjectured by RIEMANN for the number N(T) of all zeros 
o of the ¢-function in the critical strip 0 < a0 <1 withO<Imo<T: 

T T T 
= — log — — — + O(logT) . 

27 a 27 Qn sleet) 
From this and from SELBERG’s result it follows that a non-zero percentage 
of all non-trivial zeros lie on the critical strip. J.B. CONREY proved in 1989, 
that at least 40% of all non-trivial zeros lie on the critical line. 
We also mention, that A. SELBERG and P. ERDOs succeeded in 1948 (pub- 
lished in 1949) to give “elementary” proofs of the Prime Number Theorem, 
i.e. such proofs that do not use methods of complex analysis. 
In 1903 only the first 15 zeros were located (J. P. GRAM). Using modern 
computers one could verify the RIEMANN conjecture for the first 101° zeros. 
All computed zeros have been simple zeros. 
These numerical investigations and many theoretical results are signs of evi- 
dence and support for the truth of RIEMANN’s Hypothesis. Despite of a mil- 
lion dollar prize and extreme efforts of the mathematical community, a general 
proof of the RIEMANN Hypothesis (or a disproof) is still missing. 


Exercises for VII.6 


1. Let p(n) be the MOstus pi-function. Show: 


S> p(n) = o(e) . 


n<x 


N(T) 


Hint. Apply the TAUBERian Theorem to 


C7*(s) +6(8) = So ((u(m) +1) 
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Show 


"ds = 
— 2 ds= 


1 f2Ftee.g? 0, if0<y<1, 
27 Ss 


2—i00 log y j ify > I>; 
For all x > 1 and c> 1 one has 
1 ct+ioco ana ¢'(s) 


“Oni Jo ino 8(8 +1) C(s) ee 


= A(n)(@-n) = 


n<ax 


Prove the following generalization of the HECKE Theorem: 
Let f :H — C be an analytic function. We assume that both f(z), and 


can be expanded into FOURIER series, where the involved coefficients have poly- 
nomial growth, 


f(z) -_ > ae a g(z) _ > ioe ; 
n=0 n=0 


Show, that both DIRICHLET series 


Dy(s) = > ann *, Dg(s) = > ban * 
n=1 n=1 


can be meromorphically extended to the whole plane, where the following re- 
lation is satisfied 


Ri akk= 38 ae) = (=) ~ P(s)Dj(s) 


and analogously for R,. The functions (s—k)Dy(s) and (s—k)D,(s) are entire, 
and one has: 


Res(Df;k) = ao (A)' ray ; Res(Dg;k) = bo (2) ra 


Examples are modular forms for arbitrary congruence subgroups. 


Let S=S™ bea symmetric, rational, positive definite matrix. The EPSTEIN 
¢-function 
Cs(s):= Sig * (o> r/2) 
geZ"\ {0} 
can be analytically extended to the whole plane with the exception of a simple 
pole at s = r/2. The following functional equation holds: 


R(S:8) = (VdeB) “R(S SF —s) with R(S39) =x“ (s)6s(9). 


The residue in the pole is 


ar /2 
Res(¢s; 7/2) = Vaet ST(r/2) a 
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VII Analytic Number Theory 


Hint. Apply the theta transformation formula from Exercise 4. The number 
has to be determined such that 2\S and 2\S~' are integral matrices. 


Remark. The EPSTEIN ¢-function can also be defined for arbitrary real S > 0, 
but in general the resulting series is not an ordinary DIRICHLET series. However 
the statements about analytic continuation, functional equation, and residue 
are still valid. Once more the proof can be given by HECKE’s method. 


Show that the Prime Number Theorem, e.g. in the version 


p(@) =2+o(z) , 


implies that ¢(1+ it) 4 0 for all t € R*. The Prime Number Theorem, and the 
proposition “¢(1 + it) 4 0 for all t € R°” are thus equivalent. 


At the end, a curiosity: 


A rather trivial asymptotic behavior can be obtained for the summatoric func- 
tion 
A,r(1) + Ap(2) +++» + Ap(n) ~ Ven"? , 


where V, is the volume of the r-dimensional unit ball. If we put a compact 
unit cube (of volume 1) centered at any lattice point g inside the r-dimensional 
ball of radius \/7, then we obtain a covering of the r-dimensional ball by unit 
cubes. It looks like a plastering of the ball, which is slightly deformed at the 
boundary. 

Deduce now from the Theorems of HECKE and 'TAUBER the well known formula 
for the volume of the unit ball, 


VIII 


Solutions to the Exercises 


VIII.1 Solutions to the Exercises of Chapter I 
Exercises in Sect. I.1 


1. If a complex number z is given in the normal form z = a+ ib, a,b € R, then 
a= Re z is the real part, and b = Im z the imaginary part of z. If it does not 
have this “explicit” form, one frequently has to bring it into this form: 


i-1 i-1 -i+1_ 2i 
itl itl -i+1 2 


i.e. explicitly 


R =0, 1 =e 
Sieg Po ae 
Similarly, 
344i 
Sth i 
i—2i ae 


Because of i* = 1, the values of i” for integer n lie among 1, i, —1, —i, depending 
whether n is of the form 4k, 4k + 1,4k + 2,44 + 3, k € Z. Because of 


1+i wT 1. 
= =cos—-+1sin—, 


Oe 4 q 


it is an eighth (primitive) root of 1. The values of 9” thus depend only on n 
modulo 8. Computing the powers @” for n from 0 to 7, we obtain the real parts 


i, 2/2, O-—+/2/2, —1, V/2/2, 4/2/2: 


We recognize (1 + iV3)/2 as a sixth unit root, and proceed in the same way. 


The number (1 — i)/V2 is also an eighth unit root. The sum of all unit roots 
of order 8 is zero. 


The value of the last expression is 2. 
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VIII Solutions to the Exercises 


The modulus is always easy to compute, using e.g. |z| = /zz. The argument 
is often harder to isolate, since inverse trigonometric functions are involved. A 
general closed formula will be given in Exercise 21, Sect. [.2. For instance, for 
real positive values of a, we have 


1+i 1-a@ 
Arg Zs = arccos . 


i ia 5 = 2arctana. 
—ia a 


A simple proof using |Re z| < |2| is: 


|z+ wl? = (2+ w)(Z+B) = |2|? + 2Re (zw) + |v? 
< |z|? + 2|2| [wl + wl? = (l2| + [wl)? - 
The equality holds, iff zw is real and non-negative. 


All claims follow by direct computations. For instance, 


(z,w)? + (iz, w)? = (Re (2%))” + (-Im (z7))? = | 20 : 


=|2) lvl” , 
where we used (iz, w) = —Im (2). 
The formula 
(z,w) , .(iz,w) Zw 
lz||w| —— Jalfw] fa} fe 


shows, that w(z,w) is exactly the principal value of the argument of w/z. 
Start with the double sum 


n n 


nm n 
. s. |2v0 yp — ZW |" — cy Re — 2Wv)(ZvWp — Frwy) ; 


v=lp=1 v=lp=1 
and split it into 4 double sums, which can then be written as products of simpler 
sums. 

(a) Go is a line, G; and G_ are the half-planes having Go as boundary. 

(b) K is a circle. 

(c) JL is a lemniscate looking like oo. 


We search for solutions x+iy, x,y € R. The substitution into the equation gives 
c=a+ib=z? = (xr +iy)’, ie. the two equations x? — y? = a and 2ry = 8, in 
two unknowns x and y. Together with «? + y? = |c| we get 2a? = |c| +a and 
2y” = |c| — a. This determines x and y up to sign. There are thus in principle 
4 possibilities, the two correct ones are singled out by the condition 2xry = b, 
i.e. ey has the same sign as b. The solutions are 


/Eel+ ) tie «f A((e| — a) - ee 
Z>=m Se a 1€é SG) =a. F eE= 
2 2 =1 ifb<0. 


One solves the quadratic equation z* + az + = 0 by the Babylonian identity 


Ptartp=(2+2) + Bo" | 


See Proposition I.1.7. 


10. 


12. 
13. 


14. 


15. 
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(=z 27 
The solutions are z, = eilt+y) , v=0,1,2. 


If the coefficients are all real, then P(Z) = P(z). 


(a) Wele ia ow 
2 “a Dl 
(b) Use |w|? = w@ to check the equations. 


After squaring the inequalities become trivial. 


If z= a+ iy € C then we must have y(z) = «+ y(i)y = x + jy, where j isa 
imaginary unit in C, and in fact this formula indeed defines an isomorphism. 
In the special case C = C we obtain the two automorphisms z +> z and z+ Z, 
which leave R elementwise invariant. 


If ~ is an automorphism of the field of real numbers, then y(1) is the neutral 
element with respect to the multiplication, i.e. y(1) = 1. This gives p(x) = x 
for all rational «. An automorphism of R maps squares to squares, and thus 
positive numbers into positive numbers. For an arbitrary real x, and for arbi- 
trary rational a,b with a < x < b we then deduce a = y(a) < v(x) < y(b) = b. 
This shows v(x) = x. 


The intersection point of the line through —1 and z = x+iy with the imaginary 
axis is computed as ; 

ly 
l+a- 
Conversely, intersecting the line through iA and —1 with the unit circle we 
obtain the intersection point 


iA= 


(a) Write z in polar coordinates, z = re'”, then 


The point 1/Z lies on the line through 0 and z, and has the absolute 
value 1/r. From this we derive the following geometric construction. Let 
0 < |z| < 1. We take the line through z which is perpendicular to the line 
through 0 and z. and intersect it with the unit circle. The tangents in the 
intersection points then intersect in 1/Z (see also the right figure at page 
16). 

(b) Construct 1/Z, and reflect it with respect to the real axis. 

(a) For a,b € W(n) we trivially have ab € W(n) and a~* € W(n). 


(b) One can take ¢ = exp(2mi/n). The map n + ¢” is then a surjective 
homomorphism Z — W(n) with kernel nZ. 


An element ¢@ is a primitive root of unity of order n, iff n and d are 
relatively prime. The number of all primitive unit roots of order n is thus 


p(n) = #{d; 1l<d<n, ged(d,n)=1}. 
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17. 


18. 


19% 


20. 


VIII Solutions to the Exercises 


Check first that C is stable with respect to addition and multiplication of ma- 
trices. So C is a ring. The map 


C—C, atibr> Ge 
boa 


is an isomorphism. 


One can independently of the knowledge of C compute, that C satisfies the 
axioms for ”‘the’’ complex number field. 

The factor ring K := R[X]/(X? +1) is a field, since R is a field and X° + 1 is 
a prime prime element in R[X]. This must be proved. Let us denote by 1x the 
image of 1, and by ix the image of X in K. Then kK = R1« +Rix. The axioms 
for a “field of complex numbers” are now easily checked, e.g. i?- = —1k. 


As in Exercise 17, a direct computation shows that 1 is a ring. The unit element 
is the unit matrix. The formula 


z —w\* 1 Zw 
a tz) ~DPuwl_o 
|z|" + |w] es 


shows that H is a skew field. 


The bilinearity is clear. We only have to show that there are no zero divisors. 
For this, use the conjugation (z,w) := (Z,—w) on C. A straightforward compu- 
tation gives T(uv) = pu(w)v, where p(w) is the sum of the squares of the eight 
components involved in u with respect an obvious R-basis. Form uv = 0 we 
then have either v = 0 or p(u) = 0. In the last case then u = 0. 


Exercises in Sect. I.2 


Assuming convergence, and passing to the limit on both sides of the defining 
recursive relation we obtain only +1 as possible limits. If zo lies in the right 
half-plane xo > 0, then inductively all z,, also lie in the right half-plane. Corre- 
spondingly if zo lies in the left half-plane. A special case occurs when Zo lies on 
the imaginary axis. Then the recursive values z, are either purely imaginary, or 
undefined (if z, = 0 then zn+1 is undefined). Hence the sequence cannot con- 
verge to +1. Without loss of generality we can assume that the initial value zo 
lies in the right half-plane. The auxiliary sequence (w,) then satisfies the recur- 
sion Wn+1 = Wa, and has |w|, < 1. So it is a null sequence. From |zn + 1| > 1 
we obtain that +1 is the limit. 


Reduction to the case a = 1 (Exercise 1). 


If (zn) is a CAUCHY sequence, then the sequences (x7) and (yn) are also CAUCHY 
sequences, and conversely. 


(a) Simple estimates lead to 


lexp(z) — 1| 5 


10. 


11. 


12. 
13. 
14. 
15. 


16. 
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(b) Estimate the remainder term by means of the geometric series. 


We solve exemplarily the equation cos z = a. This becomes a quadratic equation 
for q := exp(iz), namely q? — 2aq+1=0. The solutions are 


z= —ilog (a+ a@—1) mod 27 . 


For concrete values of a the square root can also be made explicit by Exercise 
7, Sect. 1.1. 


Part (a) is trivial. The remaining claims follow from (a) and the corresponding 
properties of cos and sin. 


Part (a) is valid, since the coefficients involved in the defining power series are 
real. Part (b) follows from Exercise 6 (a), and the Addition Theorem. 


The inequality |sin z| < 1 is equivalent with |y| < Arcsinh|cos x]. Then take n 
to be for instance [log 20000] +1. 


Express sin and cos in terms of the exponential function. 


The inverse map is given by 
ao = So ’ an = Sn — Sn—1 (n > 1) : 


One has 


n 
ae = bo — bn4i . 
v=0 


The convergence is ensured e.g. by the quotient criterion. The required func- 
tional equation is equivalent to 


ZC) (22) Ca"), 


Use induction on n for this. 

Use termwise differentiation of the geometric series, applied k times. 
Substitute the defining sum for A, in the R.H.S. and look for cancellations. 
Use ABEL’s partial summation (Exercise 13). 


We use ABEL’s partial summation once more, and we use the notations of 
Exercise 13. From the assumptions, (A,,) and (bn) converge. Apply now Exercise 
14 (b). 


We want now to show directly even more, namely the absolute convergence. 
The sequence (A,) is bounded, so it is enough to show the convergence of 
> |bn — bn+i]. But since (bn) is monotone we can remove the modulus. The 
claim follows from the convergence of (bn). 


Assume )> an converges absolutely. For 


n n n 


Ay, ie Bn i=) be; Cie = Ck 


k=0 k=0 k=0 


we then have 
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18. 
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20. 
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Ch = aoBn + ai Bn-1 fet She aie an Bo = aj Bn—3 . 
j=0 
With B= lim B, we get 


|AnB— Cal < So lajl |B — Bu—s| 


j=0 


Let ¢ > 0 be arbitrary. Since the series (An) converges absolutely, there exists 
an N with the property >7,. |aj| < ¢. Since (Bn) converges, the sequence 
(B — Bn) is bounded, |B — B,| < M. For n > N we then have 


N 
|AnB-Cn| < S> |aj||B- Bn-3|+Ce 
j=0 


Setting M’ = M + >), |a;| we get for sufficiently large n 


|AnB—Cn| <M’e. 


Without loss of generality we can assume S = 0. Let ¢ > 0 be arbitrary. Then 
there exists a natural number N with the property |Sn| < ¢ for n > N. Then 


the formula 
— Sot-::+Sn , Sngit:::+Sn 
—— n+1 n+1 
implies Sol IS 
Gi xed. wav 
PS gap ae 
and the claim follows. 


Replace in the geometric sum formula 


the value of g by exp(iy), and split into real and imaginary parts. 
We have 


yt = 


1 n—-1 ; 


Passing to the limit z — 1, we obtain 


n—1 


J[a-“y=n. 


v=1 


This is the needed formula, after expressing the sine in terms of the exponential 
function, sin z = (exp(iz) — exp(—iz)) /2i. 


We consider only (b): 
(i(i = 1)’ = 37/4 pi log ve: H(i _ 1 = et /4 pi log v2 ; 


The absolute values of the two numbers are different. 


VIII.1 Solutions to the Exercises of Chapter I 455 


21. It is enough to restrict to the case |z| = 1. Then |x| < 1, and there exists an 
a € [0,7] with cosa = @, i.e. a = arccosx. This implies sina = +y. In case of 
z = —1 we have a = 7, and Argz = 7. In case of z  —1 we distinguish the 
cases of z being in the upper closed or in the lower half-plane. Then we have 
Arg z =a, and respectively Arg z = —a. 

22. The number k(z,w) must be determined such that the R.H.S. is a complex 
number in the vertical strip —t < y < 7. 


23. The argumentation uses the “formula” (e*)* = el?) (for z = 1+ 27min), but 
this “formula” is in general false. 


Exercises in Sect. 1.3 


The Exercises 1 to 5, 7 and 8 have the purpose to recall facts from real analysis. 
These are very basic facts, so in case of open questions we refer to introductory text 
books. 


6. For the first part of the exercise use the identity 


z\n exp(z/n) — 1 — n—l-v z\y 
ee ees mero 
as ( Le = ( z/n 1) Sew a 
which immediately gives the estimate 


exp(z/n) —1 


—1 
z/n 


jexpz—(1+= =)") < lel 


exp |z| . 


The involved quotient converges to the derivative of exp at 0, which is 1. The 
whole expression then converges to 0. 


The same proof also works in general. 


9. We assume the existence of a function f with properties (a) and (b). Then we 
have 


1= f(1)? = f(D) FQ) = f(l-) =f) - 


Because of 


1= f(-1)? = f(-)FCD = f((-Y(-)) = FQ), 
we get —1 = 1, which is a contradiction. 
10. It is enough to prove (a). Let a € C, a £0, be fixed. The function 


fla) fz 
o(2) = HOT) 40) 
takes only the values +1. By continuity, g is constant. The value of this constant 
is g(1) = f(1) = +1. After replacing f by +f we can can assume f(1) = 1. 
This implies f(a) f(z) = f(az), and we apply the previous exercise. 
11. Apply Exercise 10 for the function f(z) = \/]z] exp( ig(z)/2 ). 
12. Apply Exercise 10 for the function f(z) = exp(I(z)/2). 


13. One argues as in Exercise 9. 


14. Compare with Exercise 10. 
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Exercises in Sect. 1.4 


1. We will exemplarily prove the LEIBNIZ product formula. By assumption, 


f(z) = fla) + e(2Z)(z-4@),  g(z) = g(a) + ¥(2)(z 4) , 


where the functions y, w are continuous at a, taking respectively the values 


(a) = f(a), Ya) = g'(a). Taking the product f(z)g(z) = f(a)g(a) + x(z)(2— 
a), we are lead to the function y with 


x(z) = v(z) g(a) + Fla) v2) + elz)¥(2) (2-4) - 


The function y is also continuous at a, where it takes the value 


(f9)'(a) = x(a) = 9(a)g(a) + flayw(a) = f'(a)g(a) + Fla)g'(@) - 


2. All listed functions are continuous. The function f(z) = zRe z is complex dif- 
ferentiable only at the origin, where the derivative is 0. The function f(z) = 7 is 
nowhere complex differentiable. This can be seen by considering the difference 
quotient on parallels to the axes. The function f(z) = zZ is complex differen- 
tiable only at the origin, where the derivative is 0. The last function in (a) is 
nowhere differentiable. 


The complex differentiability of the exponential function can be reduced by 
means of the functional equation to the differentiability at the origin. The 
claim is reduced to the case of the real exponential function by means of the 
estimate: 


expz—1_ < explal=1 


1. 


z I2| 
This follows immediately by from the power series. 
3. We assume that f takes only real values. Then the difference quotient 
fla+h) — f(@) 
h 


is real for areal h, and purely imaginary for a purely imaginary h. The derivative 
f’(a) is thus both real and purely imaginary, i.e. it is zero. Then the partial 
derivatives of f vanish everywhere, so f is constant. 

This follows using the difference quotient. 


Let z,a € D be different, z 4 a. We set b= f(a), and w = f(z). Then 


f(z) = f(a) w=d 1 
za g(w) — g(d) g(w) — g(b) 
w—b 
Now we pass to the limit with z — a. Since f is continuous, this implies w — 8, 


and the claim is proven. 


6. The logarithm is the inverse function of the exponential function. Now apply 
Exercises 2(b) and 5. 
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Exercises in Sect. I.5 


1. The CAucHy-RIEMANN differential equations are satisfied for f(z) = zRe z 
only in the origin, for f(z) = Z nowhere, for f(z) = zZ only in the origin, for 
f(z) = z/|z| ( 4 0) nowhere, and finally for f(z) = expz in the complex 
plane. 

2. The CAUCHY-RIEMANN differential equations are satisfied only on the coordi- 
nate axes. In particular, there is no open set where these equations are valid. 


Use the formulas from the Exercises to Sect. 1.2. 


The function f is obviously analytic on the complement of {0} in C. It is 
unbounded in a neighborhood of the origin, as we can see by considering z = 
é(1 +i). So it cannot be analytic in the whole plane. We remark also that the 
two partial derivatives exist in 0, they are both zero, so the CAUCHY-RIEMANN 
equations are satisfied in the entire C. This is because the restriction of f to 
both axes is rapidly decaying, when one approaches 0. 


5. We consider among the 10 roots of unity each second one, 
aj = exp(27i(27 + 1)/10) , O<j<5. 


Then we slit the plane along the half-lines ta; (t{ > 1,0 <j <5). 


6. The parts (a) and (b) follow from the CAuCHY-RIEMANN differential equations 
in connection with Remark I[.5.5. Finally, let f = u-+ iv be analytic satisfying 
(c). Then | f|? = u? + v? is constant. We can assume that this constant is non- 
zero. Differentiating this expression with respect to x and y, and making use 
the CAUCHY-RIEMANN differential equations, we obtain the system 


UU, — UUy =O, Uy +UUce =0. 


This gives uz = Uy = 0. 
The searched functions are z? + 1, 1/z, zexpz and \/Z (principal value). 


From the chain rule, 


ou — ou cosy + a sin 
Or dn © Oy - 
A repeated application of the chain rule gives 
oU = Ou cos y + Ou sin cos y + Ou cosy + Ou sin sin 
Or \Og2  anay” OPP | Snody YY Gye PP ee 


A double application of the chain rule, assisted by the product formula, gives 


o°U ; eu 5 Ou 
ap =-—rsing ot rsing + 7 ie ¢| — 3," cos Y 
+r cos p Ze rsing + Fe rcoss| - Tati : 
OxOy Oy? Oy 


The claimed formula now follows by putting all these facts together. 


9. Using the previous exercise one can show that the formula u(x, y) = alogr +b 
with real constants a,b is the general solution. 
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11. 
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14. 


15. 


16. 
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As in Exercise 8, make repeated use of the chain rule. 
Differentiate f(z) exp(—Cz). 


If the function y is differentiable, then we easily deduce 
y'(2) = Cy(x) with C = y'(0) . 


By the previous exercise, we then have x(a) = Aexp(C'x). This expression has 
modulus 1 for all x, and satisfies the functional equation. This is possible, iff 
A= 1 and C is purely imaginary. 

The differentiability of . follows from the main theorem of differential and 
integral calculus, because of 


xa) [x ae= [xe t ae= fp ae [re at, 


where a has to be suitably chosen, such that the integral in the L.H.5. does not 
vanish. 


The image is the slit annulus 
f(D)={weEeC; 1<|w|<expb, -7™<Argu<7}. 


Using the notation z = rexp(iy), f = u+iv, we have 


1 1 1 1). 
u=5(r+=) cosy, v=5(r—-)sing. 
2 r 2 a 


Because of this, the image of the circle C, for r 4 1 is an ellipse with focal 


points +1, and half-axes $(r + +) and respectively $|r _ +|. In case of r = 1, 


the ellipse degenerates to the interval [—1, 1]. 


Analogously, the image of the half-line is computed to be a branch of the 


hyperbola 


wu v 
CAa2 tA a 1. 
cos*p sin“ p 


The function f maps both D,; and D2 bijectively, in fact even conformally, onto 

the slit plane C \ [—1, 1]. 

(a) We know that sin is surjective. Because of the periodicity, the sine is also 
surjective after restricting it to the vertical strip —7/2 < Re z < m/2. 
The boundary lines are mapped onto ]—oo, —1] and [1, co[. A simple com- 
putation shows that the only real values of sine corresponding to interior 
points —7/2 < Re z < 1/2 of the vertical strip lie in ] — 1, 1[. 


(b) Use the representation 


1 — exp(2iz) 


tan z = i———~P 
ane = “T+ exp(2iz) 


The tangent is thus a composition of the four maps 


l-z 


tas? 1Z 


Zr+2iz, expz, 


Successively computing images, we then obtain the four domains: 


17: 


18. 


19. 


20. 


21. 
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—n<Imz<7,C_,C\{teER, jt) >1},C\{it, tER, |t}>1}. 


All four maps are conformal. 


The inverse map of f is obtained by taking the inverse of each of the four 
intermediate maps. 


If z is a point in the upper half-plane, then z is closer to i than to —i. In 
particular, we see that f(z) € E. Analogously, one can show that for w € E we 
have g(w) := i¢+* € H. The maps f and g are inverse maps. 

Let us assume the property (b). After composing T with a suitable similarity 
substitution, we can assume T(1) = 1. The triangle with vertices in 0, 1, iis then 
mapped by T also in a triangle, which has the same angles. This implies that 
T(i) is purely imaginary, since the 90°-angle is preserved. We have T(i) = +i 
since the 45°-angles are also preserved. Because of orientation reasons, the plus 
sign is the correct one. So T’ is the identity. 


We tacitly use the fact that any real polynomial u : R x R — R, uniquely 
extends to a complex polynomial C x C — C. This extension will also denoted 
by u. In this sense , f is well defined. It is clear that f is analytic. We only have 
to show that Re f(a +iy) = u(x, y). For the proof we can make use of the fact, 
that any harmonic function wu in C is the real part of an analytic function. The 
proof of this fact shows that this function is a polynomial z if u is a polynomial 
in x and y. Hence one can restrict to the case 


u(x, y) = Re (a + iy)” = .? (-1)” (") avy. 


v+2u=n 


Now the claim follows from an elementary identity for binomial coefficients. 


This is just a reformulation of the CAUCHY-RIEMANN differential equations, 
1.5.3. 


The CAUCHY-RIEMANN differential equations are satisfied only in +1. 


VIII.2 Solutions to the Exercises of Chapter II 


Exercises in Sect. II.1 


I. 


A possible parametrization defined on the interval [0, 4] is 


a(t)=i* + (it? -i*)\Q—-k), k<t<k+1, k=0,1,2,3. 


The line integral is then computed as 


= prt it ; 2 


k=0 


The image of a is a half-circle from the point z = 1 to the point z = —1 inside 
the upper half-plane, the whole circle being centered at 0. The path ( is a 
piecewise linear path, its image consists of the segments from 1 to —i, and from 
—ito —1. The line integrals have the values zi and respectively —7i. 
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VIII Solutions to the Exercises 


The substitution law gives y(a) = c, y(b) = d, 


/ tin) ay = | f((aoy)(t)) (@oy)'(®) at 


The image of a is a lying “figure eight”. 

The integrand has the primitive F(z) = 4 exp(z”). The common value of both 
line integrals is thus F'(1+ i) — F(0). 

A primitive is — cos z. The value of the integral is 1 — cos(—1 +i). 


Such an affine map is 


+ 2 _R2 a: Xs 
We have |e’ | =e FP sin2t and use then the estimate 


sin(2t) > 


a, for O<t< 
T 


al 


Splitting the real and imaginary parts, we can reduce the claim to the corre- 
sponding standard approximation of real integrals by RIEMANN sums. 


The given formula immediately follows by splitting the integrand into real and 
imaginary parts. 
The oriented angle between two “vectors” z,w € C® is nothing else but the 
argument Arg(w/z). Let now z = a‘(0), w = 6'(0). The chain rule gives (f o 
a)'(0) = f"(a)a’(0), (f © 8)'(0) = f'(a)8"(0), which implies 
/ 
Arg FIO). — peg ZO 


(foay'(0) "8 al)” 


Exercises in Sect. II.2 


The subsets in (b), (c), (e) and (f) are domains. 


If any two points of D can be joined by a polygonal path in D, then it is arcwise 
connected, and thus connected by II.2.2. For the proof of the converse, we fix a 
point a € D and consider the set U C D of all points, which can be connected 
inside D by a polygonal path with a. The function f : D — C, which has the 
value 1 on U, and 0 on the complement D\U, is constant in any disk contained 
in D. So it is in particular locally constant. Since D is connected, we deduce 
U=D. 
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Any two points in the punctured disk can be joined by a polygonal path inside 
the disk. (For this, at most two segments are needed.) 

If f : D' > C is a locally constant function, then using the first part we can 
extend it to a locally constant function on D. 

After composition with a translation and a contraction, we can assume that the 
closed unit disk is contained in D. Then computing the integral of f along the 
segment from —1 to +1, and respectively along a half-circle of the unit disk, 
we obtain a real value, and respectively an imaginary value. 

The integrals in (a) and (b) are zero. The estimate (c) follows from the standard 
estimate II.1.5, (2), because of |4 + 3z| > 4— 3]|z| > 1. In fact, the integral is 
0. 

The value of the integral is 277. 


One can split the curve a, and correspondingly (3, into the pieces in the upper 
and lower half-plane, a = at @a, at = al[0,1/2], a = alf1/2,1]. The 
Caucuy Integral Theorem can be used to show that the integrals along the 
two pieces are correspondingly equal. For this, slit the plane along the positive, 
and respectively the negative imaginary axis. 

The formula in (b) is obtained from (a) and II.1.7. 

The statements are evident. 


Only the region (b) is star-shaped. All three domains are “sickle-shaped do- 
mains”. We can decide as follows whether a sickle-shaped domain is star- 
shaped. We draw the tangents from the two vertices to the concave boundary 
circle. We have a star domain, if they intersect inside the sickle-shaped domain. 
The possible star centers lie in the convex region which is bounded by pieces 
of the concave boundary circle and pieces of the two tangents. 
The sickle-shaped domain is mapped by the conformal map z+ 1/(1—z) =w 
onto the (convex) vertical strip 1/2 < Rew <1. 
We express the line integral of f using the given parameter representation, and 
use 
R+re® |x R?—y? 
In ————— ie = ———_——_,. 
(R — reit) ett R? —2Rrcost+r? 

The value of the integral is obtained by the partial fraction decomposition. For 
the second integral, use instead of f the function 1/(R — z). 


Let Q(z) = P(z) — anz”. The triangle inequality implies for |z| > @ 


n—1 
n— an n 
Qe) < (= a jaint < Melia 
v=0 
Once more applying the triangle inequality, we get 


lan||2|" — |Q(z)| < |P(z)| < lanl 2" + Q(z) . 
Together, the inequalities imply the claim. 


The standard estimate for line integrals and the above polynomial growth 


lemma lead to 
2 |ao| 


Rian| R” ° 
But this inequality is false for large values of R. 


27 <27R 
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VIII Solutions to the Exercises 


The absolute value of f(z) rapidly decays to zero on a2 and ay for |R| — oo. 
The (arc) length of the two vertical edges is constant equal to a. The standard 
estimate then gives the needed limit behavior. 


Taking the real part of I(a), we deduce the Corollary. 
Use the parameter representation of the line integral, and 
gilt) = ae and f( eiftt™) ) = f( et ) ; 


(a) The function l(z) —I(z) takes values in 27iZ. Continuity and connectivity 
considerations show that it is a constant. 


(b) This is a local property, so we can assume that there is an analytic branch 
of the logarithm in D, which has the derivative 1/z. Use now for instance 
the Implicit Function Theorem, or Exercise 5 in Sect. 1.4. By (a), the 
function / differs from this analytic function by an additive constant. 


(c) In (b) we have already seen one direction. Now let | be a primitive of 
1/z. After changing | by an additive constant we can assume that | is 
in some suitable small open set a branch of the logarithm. The equation 
exp(I(z)) = z then holds in the entire D. 


(d) The principal value of the logarithm is defined by taking the inverse func- 
tion of the restriction of the exponential function on the strip —7 < y < 7. 
Restricting instead on 0 < y < 2m we obtain an analytic branch of the 
logarithm, which is analytic in the plane which is slit along the positive 
real half-axis. This branch and the principal branch coincide in the upper 
half-plane. In the lower half-plane they differ by 277i. 


Using the CAucuy Integral Theorem and the cited estimate it is easy to show 
that the integral of exp(iz”) along the positive real axis is equal to the integral 
along the half-line texp(mi/4), t > 0, and thus the latter integral is up to the 
constant factor (1 + i)/V/2 equal to the integral of the real function exp(—t?). 


Exercises in Sect. II.3 


The values of the integrals (a) to (d) are respectively 0, wi/V/2, e?i, and 0. 
The computation of the integrals in (b) and (d) is best done by partial fraction 
decomposition. The integral in (e) is 0 in case of |b] > r, and 27isinb in case 
of |b] <r. 


The values are: 


25 
2° 2° 2 2° * 
The values of the integrals are 
‘ ‘ m(n+m—2 1 
27rin F 2ri(—1) ( ars | ) (6 aytmt F 
The value of the integral is obtained by splitting ame] = x (4 - =). For 


the estimate, use the standard method I1.1.5, (2). 


The value of the integral is —27i. 
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The function g is by assumption bounded, hence constant. From 0 = g’ = 
f' exp(f) we deduce that f is also constant, since C is connected. 


By periodicity we deduce that the image of f coincides with the image of its 
restriction to the compact parallelogram {tw + t’w’; 0 < t,t’ < 1}. This 
restriction is continuous. Hence f is bounded, and by LIOUVILLE’s Theorem it 
is constant. 
We write P in the form P(z) = C]]|(z— ¢_) and use the product formula for 
the logarithmic derivative. 
For the proof of GAuss-Lucas’ Theorem we can assume that the zero ¢ of P’ 
is not a zero of P. Let 
1 “1 
My = ——s and m= —. 
* 1e=GP dm 


v=1 


From the formula for P’/P follows 


My 


C=S0XG with A= a 
v=1 


After canceling all common linear factors, we can assume that P and Q have 
no common root. Let s be a zero of order n of Q. We subtract from R the 
“partial fraction” C(z—s)~" with a suitable constant C € C determined such 
that the numerator of 

P C P(z) -C : 

ee Ea, ak OG) = 

Q(z) (z—-s)" Q(z) 
vanishes at s. This is possible, since the polynomial Q; does not vanish at s. 
After subtraction, we can simplify numerator and denominator by the factor 
(z — s). A simple induction leads to the desired result. 


Q(z) 


(@—s)" 


In case of real polynomials P,Q, using 2R(z) = R(z)+.R(Z) we can write Rasa 
linear combination of polynomials with real coefficients and “partial fractions” 
of the form (z — a)~" + (z —@)~”, which are real for real values of z. 


A simple algebraic transformation gives for m = 1 


A@)-A@) 1 f_y@ ,_ 2-4 v0) 
2—4 al eo enemies 


This expression goes to zero for z — a. The general case is obtained by induc- 
tion on m via the identity 


1 = 1 + z-a 
(C= 2)" ~ C= 2a) | C= 2"(C= a) 

By MorerA’s Theorem it is enough to show that the integral of f along any 
triangle path is zero, when the corresponding triangle is contained in D. By 
taking subdivisions we can assume that the considered triangles are contained 
either in the closed upper half-plane, or in the closed lower half-plane. By a 
simple approximation argument, and using the continuity of f we can assume 
that the considered triangles are contained in the open upper or lower half- 
plane. Now we can apply the CAucuy Integral Theorem for triangles. 
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VIII Solutions to the Exercises 


The function fis continuous, and its restrictions to D, and to D_ are analytic. 
Now we can apply Exercise 11. 

The exercise is a simple consequence of the LEIBNIZ rule. 

The continuity of y is problematic only in diagonal points (a, a). We can choose 


an r > 0, such that the closed disk centered at a is contained in D. If z and 
¢ (z #€¢) lie in the inner part of this disk, then we have the CAUCHY Integral 


Formula 
HO=f) _ 1 f(n) dn 
C=% 2mi Jin—aj=r (9 — S)(N = 2) 
We take the limits ¢ — a, z — a, and notice that they commute with the 
integral. By the Generalized CAucuy Integral Formula we obtain in the R.H.S. 
the value f’(a). 


For the proof of the second part we can assume that D is a disk. Using the 
first part and I1.2.71, the function f(¢) := y(¢, z) admits a primitive. Applying 
II.3.4 the derivative of this primitive is analytic. 

From the factorization f? + g? = (f + ig)(f — ig) we see that f + ig has no 
zero in C. Then there exists an entire function h such that f + ig =e”. Asa 
consequence, f — ig = e'". We obtain two equations for the functions f and 
g, which can be solved. 


If the image of f is not dense, then we can find a disk U;-(a) in the complement. 
Then consider 1/(f(z) — a). 


VIII.3 Solutions to the Exercises of Chapter III 


Exercises in Sect. III.1 


Continuity is a local property, so we can assume that the series converges 
uniformly. Now use the standard method from real analysis. 

The claim follows from III.1.3 by induction on k. 

By the HEINE-BOREL Theorem it is enough to construct for any point a € D 
an e-neighborhood, where the derivatives are (simultaneously) bounded. Fix 
an a € D. We choose € > 0 small enough, such that the closed disk of radius 
2e centered at a is contained in D. For z € U-(a) we obtain by means of the 
Generalized CAucHy Integral Formula the estimate 


inl ac| 1 Ma) 
a (¢ — 2)? s ae 


1 


~ On 


| fn(z)| 


In the region |z| < r < 1 the general term of the series is dominated by 
(1—r)71r?”, 
In z = 0 the series does not converge absolutely (harmonic series). 


The general term converges to 0, so it is allowed for convergence purposes 
to group pairs of successive terms. Grouping the first plus second term, then 
the third plus fourth term, and so on, we obtain a new series which can be 
majorized on any compact set K C C\N by a series with general term of the 
form C(K)n~?. 
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The series is a telescopic series (see also Exercise 10, Sect. [.2). Its limit is 
1/(1 — z). 

If the given series is convergent, then the sequence sin(nz) /2” must be bounded. 
If z is for instance in the upper half-plane this means that exp(ny)/2” is 
bounded, i.e. y < log 2. 


The additional question must be negatively answered for the same reason. The 
series converges only for real values of z. 


The integral of f, vanishes by the CAucHy Integral Theorem. Specializing 
r = 1—1/n we obtain a sequence which converges uniformly to f. 


Exercises in Sect. III.2 


The radii of convergence are respectively 0, e, e and 1/b. 

We have to show that the sequence (ncng’”) is bounded for any o’ with the 
property 0 < @’ < @, if the sequence (c,e”) is bounded. But the sequence 
n(o’/@)" is bounded, since %/n — 1 for n — oo, hence /no'/o < 1 for all but 
finitely many n. 

In the second part we have to show the continuity of the series S> cnyn(z). 
Using the first part we obtain its normal convergence, because in the region 
|z| <@<r we can dominate it by }> n|en| Q”. 

We can consider the following series, all of them having the radius of conver- 
gence equal to 1. 


‘ no 22”. 
oe: 


The series St n~'z?" converges for z = +i, and diverges for z = +1. 


The examples (a) and (b) in Exercise 3 also work here. 


We restrict to (c). One obtains the TAYLOR series by means of the partial 
fraction decomposition 


ee ee ee 
z—5z+6 2-3 2-2 


using the geometric series (and not by taking derivatives). 


We only treat one direction in (a). If the mentioned limit exists, then for any 
real a > 1/R we have, excepting finitely many n, the inequality |an| < |ao| a”. 
Then for any @ with 0 < @ < 1/a the sequence (anp”) is bounded, more than 
this, it is a null sequence. The radius of convergence of the given series is thus 
at least 1/a, and since 1/a < R was arbitrary, it is at least R. 


By general results about power series, the convergence radius is at least r, and 
of course, it cannot be strictly larger. 


As an example for (b) one can take the principal value of the logarithm. Let 
the point a be located in the second quadrant (Im a > 0, Re a < 0). The radius 
of convergence is easily seen to be r = |a|. The convergence disk contains a 
piece of the lower half-plane. 


This is a trivial consequence of the Identity Theorem III.3.2. 
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VIII Solutions to the Exercises 


Starting with a power series, one computes the solution 


22/2 : 5e?* — 22-1 


e and respectively z 


The radius of convergence is equal to the minimal modulus of a zero of cos, i.e. 
m/2. The coefficients can be recursively computed. We have Eo = 1 and 


fan = — 1” a Ew (n>1). 


v=0 
The integrality inductively follows from this recursion. 


The convergence radius is 7/2. The first six coefficients are0, 1, 0, 1/3, 0, 2/15. 


(a) Assume that each boundary point is regular. Using the HEINE-BOREL 
covering theorem, we can find an ¢ > O and for any boundary point @ 
an analytic function g- on U-(@), which coincides on U-(@)M D with P. 
Two functions gp, gi coincide in the intersection U-(@) M U-(o") Hence 
there exists an analytic extension of P into the domain D U U, U-(@). 
This domain contains an open disk of radius R > r, so the convergence 
radius of P would be at least R. 


(b) A comparison with the geometric series shows that the radius of conver- 
gence is at least 1. Of course it cannot be bigger. Concerning the singular 
points on the unit circle, we consider for any natural k, a unit root ¢ of 
order 2” (ie. cal = 1). Then the power series is unbounded on the seg- 
ment t¢, 0 < t < 1, hence ¢ is a singular point. The set of all these roots 
of unity is a dense subset of the unit circle, hence all boundary points are 
singular. 

The mentioned series has the convergence radius oo, as a comparison with the 

exponential series shows. The differential equation is easily checked for this 

series. Observe that the differential equation gives a recursion formula for the 

TAYLOR coefficients. 


Comparison with the exponential series. 


One integrates termwise the double series 


=f (2 = Lamm Zz” 


along the circle of radius 9. The terms corresponding to m # n vanish. A trivial 
estimate of the integral gives the required result. The weaker CAUCHY inequality 
is obtained by forgetting all terms but one in the GUTZMER inequality. 


In case of m = 0, the claim reduces to LIOUVILLE’s Theorem, II.3.7. The proof of 
the general case follows analogously. One can prove by means of the Generalized 
Caucny Integral Formula that the (n + 1) derivative of f vanishes. Or one 
uses Exercise 15. 


Use the bijectivity of f to show lim),)_... |f(z)| = 00. Then the auxiliary ana- 
lytic function g : C® > C°, g(w) := 1/f(1/w) can be continuously, and hence 
analytically, extended into w = 0. From this we get that f is of polynomial 
growth for |z| — oo. Exercise 16 shows that f is a polynomial of degree m. 


18. 
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Then f(f(z)) is a polynomial of degree m? = 1. We obtain as only solutions 
f(z) =z and f(z) = —z. (The proof can be drastically simplified, if we assume 
the knowledge of Aut(C). See also the Exercises 5, 6, 7 in the Appendix A to 
the Sections IHI.4 and III.5.) 


Use the quotient criterion. 


Exercises in Sect. III.3 


10. 


12. 


13. 


The power series P of sin = has in the convergence disk |z| < 1 infinitely 
many zeros. It thus coincides at infinitely many points with Q = 0. 


(a) The zero set of fi(z) — 2z has the accumulation point 0, hence we deduce 
fi(z) = 2z, but this function has not the required properties. Hence there 
is no fi. 


(b) We necessarily have f(z) = z?. 


(c) The n™ Tay.or coefficient would be n! . But the power series )>n! 2” 
converges only in 0. 


(d) The series fi(z) = >> 2"/n? has the required property. 
All higher derivatives in zero are real. 


This exercise should once more make clear that being “discrete in” is in our 
terminology a relative notion. The set { 1/n ; n € N } is discrete in C*, but not 
in C. The property (b) can also be reformulated as follows: A subset M Cc D 
is discrete in D, iff it is closed in D and the topology inherited from D is the 
discrete topology on M. 


It is enough to show that there exists a sequence of compact sets Kn, which 
exhausts D, ie. D = U,, K,. It is easy to show that D is the union of all 
compact disks kK C D, which have rational radius and which are centered at 
points with rational components. The system of all these discs is countable. 


The zero set is discrete. Use now Exercise 5. 
The function f vanishes on the image of g, which is open for a non-constant g. 


The Maximum Principle implies | f(z)/g(z)| < 1 and |g(z)/f(z)| < 1 and thus 
| f(z)/g(z)| = 1. The Open Mapping Theorem implies then that f/g is constant. 


Apply Lemma III.3.8 for the function fo gt. 


The maximal values are respectively e, 2, 5, 3. The function in (d) is not 
analytic. 


It can be assumed that D is a disk. Then wu is the real part of an analytic 
function. By the open mapping theorem its image is an open set. The projection 
of this open set onto the real axis is an open interval. 


Since the closure is compact, there exists a maximum. This maximal value 
cannot be taken at an interior point, unless f is constant. 

Because of Proposition III.3.9 it can be assumed that one of the two fixed points 
is 0, ie. f(0) = 0. The SCHWARZ Lemma implies |f(z)/z| < 1. The function 
g(z) = f(z)/z has a maximal modulus if f has a fixed point different from 0. 
By the Maximum Principle g is constant. 
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If b € Cis a boundary point of the image of the polynomial P, then there exists 
a sequence (an), such that P(an) — b. By the Lemma on polynomial growth 
(Exercise 12 in Sect. II.2, page 90) the sequence (an) is bounded. Passing to a 
subsequence, we can assume that it converges, an — a. Then P(a) = b, so b 
lies in the image of P. As a conclusion, the image of P is closed. By the Open 
Mapping Theorem, this image is also open. Since it is connected it is the whole 
C. 

We give an indirect proof and consider g = 1/f. By assumption, we have 
|g(a)| > |g(z)| for all z at the boundary of the disk. Using the maximum 
principle we get a contradiction. 

If f is a non-constant function on a domain D D> U,(a), then there exists an 
€ > 0 with |f(z) — f(a)| > 2e for |z —a| = r. Then, using the first part of the 
exercise it is easy to see that U-(f(a)) is contained in the image of f. 

One verifies (a) by direct computation. Applying the SCHWARZ lemma to fa) 
f °a one obtains (b). 

Let f : C — C be entire, and |f(z)| < C. For arbitrary a € C and r > 0 we 
apply the SCHWARZ lemma to the function =4(f(rz +a) — f(z)). Dividing by 


2C 
r and taking the limit r — oo we obtain f’(a) = 0. 


Exercises in Sect. III.4 


ile 


10. 


(a) From (a) we deduce (3) by the Removability Condition (III.4.2), and then 
trivially also (y). If (y) is satisfied, then by RIEMANN Removability once 
more we see that g(z) := (z—a)f(z) has a removable singularity. Then in 
the power series of g we can factorize (z — a). 

(b) If the limit exists, then the function g from part (a) has a removable 
singularity, and we can use the Supplement of III.4.4. 

Use the Supplement of III.4.4. 

As in both previous exercises, use the characterization of the order from the 

supplement in III.4.4. 

The functions (b), (c) and (d) have removable singularities at the origin. 

The pole orders are respectively 2, 7 and 3. 

Let U be an arbitrarily small neighborhood of a. If a is an essential singularity 

of f, then f(U) is dense in C. This implies that the closure of exp(f(U)) is equal 

to the closure of exp(C), i.e. it is the whole C. If f has a pole, then there exists 

(Open Mapping Theorem) an r > 0, such that the region B = { z; |z| >r } 

is contained in f(U). The exponential function takes each of its values already 

in B. 

Write f in the form f(z) = (z — a)" fo(z). From the TayLor formula we have 

fo(a) = f‘(a)/k! . The same considerations also apply for g. 

The singularities are located in 1+4Z. Excepting z = 1 and z = —3, which are 

removable singularities, all other singularities are simple poles. 


Apply partial integration for the functions u = sin?(x) and v = —1/zx. Be- 
cause of u’ = sin(2xz), we are leaded to the well-known DIRICHLET integral 
ha sin x de=Z. 

0) x 2 


Using the formula sin? 27 = A(sin? x — sin* x), we proceed as in the previous 
exercise. 
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Exercises in Sect. III.5 


Using the formula for the geometric series, we have 
z 11 — n(z—i)” 
—~ = =~ — += —1)"——.. 
1+ 2? Bai tad ) (2i)"+1 


The point z =i is a simple pole. 


Using the partial fraction decomposition f(z) = 1/(1—z)—1/(2— 2) we obtain 


1 Se ae for0<|z|<1, 
GoDGLD = )T eet" — Lele mr forl<|2l <2, 
yea Sie for 2<|z|<oo. 


The LAURENT series for the centers a = 1 and a = 2 are obtained analogously. 


Make use of the partial fraction decomposition 


1 _ i, <4 1 
Az ile—D) 7 Be eo eB) 
The identity is valid only for |z| < 1 and |1/z| < 1, ie. for the empty set. 
The rational function P(z) = 1/(1 — z — 2”) can be expanded into a power 
series around the center a = 0 in a suitable neighborhood. From the relation 
(1—2z—2°)P(z) = 1 we see that the TAYLOR coefficients of P satisfy the same 
recursion as the FIBONACCI numbers. 


The explicit formula for f, is obtained from the partial fraction decomposition 


1 =( 1 1 ) -14v5 


l-z-22 V5 


by means of the geometric series. 


with wyj2 = 
Z— Wwe Z-wW1 a 


The claim is clear for the polynomial P(z) = z™, and follows then in general. 

Apply III.4.6. 

(a) The function f is invariant under z ++ —1/z and z +> —z on the one side, 
and wt> —w on the other side. 

(b) The formula is obtained from the integral representation of the LAURENT 
coefficients (Supplement of III.5.2), using the explicit parameter form of 
the involved line integral. 

(c) The substitution of the integration variable ¢ in the integral giving the 
LAURENT coefficients by 2¢/w, followed by integration along the unit circle 
gives rise to 


In(w) = = ( 5) 6c ‘exp (¢- -) dc . 


Using the exponential series we derive from this 


1S E™ pwyrm ef 
I) =o sag a) fore & 


m= 


The integral has the value 27i/(n + m)!. This can be seen by using the 
power series expansion of e$, followed by termwise integration. 
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(d) To check the given differential equation use termwise differentiation of the 
series. 

8. The function z ++ 1/z maps the open disk (centered at 0) of radius r onto 
the complement of the closed disk of radius 1/r. This complement contains 
horizontal strips of height 27. The exponential function has the same image 
when restricted to such strips. 


9. Else, the integral of the function 1/z along a circle around the origin would be 
0. 


10. In the upper half-plane, using the notation q = e?"!*, Im z > 0, we have: 


cos 1 QT = 
Tcot Tz = 17 — mer =i ut Ti ani So q”. 
sin 1z q-1 l-@q 4 


Exercises in Appendix A to Sects. ITI.4 and ITI.5 


1. First, the essential point is to define in a strict sense the sum f +g and the 
product fg of two meromorphic functions f, g. This was done for finite domains 
D CC. If & lies in the domain of definition D, then we best define (f + g)(co) 
and (f-+g)(co) by using the substitution z+ 1/z = w to reduce the case z = co 
to the known case w = 0. 


2. By the way, this was tacitly used in the proof of A.2 (inversion of a meromorphic 
function). First, observe that D remains connected after eliminating a discrete 
set (the set of poles) from it. As a consequence of the Identity Theorem, the 
zero set has no accumulation point in the complement of the pole set. And a 
pole cannot be an accumulation point of the zero set, since the absolute values 
of a meromorphic function tend to oo near a pole. 


3. Removability means that f(z) is bounded for |z| > C, where C is sufficiently 
large. A pole arises in the case of lim),)_,.. | f(z)| = 00. An essential singularity 
is characterized by the fact that the regions |z| > C (z 4 oo) are mapped onto 
dense subsets of C. 


One verifies the formula by direct computation. 


5. Eis mapped (Open Mapping Theorem) onto an open subset of the plane. The 
complement of E is mapped by injectivity into the complement of this open set. 
Hence oo is not an essential singularity of f. This implies that f is a polynomial. 
The injectivity shows that its degree is 1. 


6. The only solutions are f(z) = z and f(z) = —z +b with a suitable constant b. 
The functional equation implies that f is injective. By the previous exercise f 
is a linear polynomial. 


7. Any meromorphic function on C is rational (Proposition A.6). If a rational 
function is bijective, then it has exactly one zero and exactly one pole. In a 
reduced representation as a quotient of two polynomials the numerator and 
the denominator both have degree at most one. Now, (a) and (b) follow from 
Proposition A.9. 


8. The fixed point equation is a quadratic equation az + b = (cz + d)z. 


9. If a,b,c are not equal to co then the cross ratio works. Else extend the cross 
ratio by an obvious limiting process. 


10. 


11. 


12. 


13. 
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The claim is clear for translations and rotation-dilations, i.e. for upper trian- 
gular matrices. The claim also follows for the substitution z +> 1/z, as can be 
seen by writing a circle equation in the form (z — a)(z—a) = r’, and a line 
equation in the form az + bz = c. An arbitrary matrix M can be written as a 
product of matrices of the above type. If M is not an upper triangular matrix, 
then a := Moo is not oo, and the matrix N = (4 7) (94) also has the property 
Noo =a. We then have M = NP with a suitable upper triangular matrix P. 


This is a consequence of Exercise 9, since any three different points uniquely 
determine a generalized circle through them. 


There are two cases depending on the fact that M has one or two fixed points. 
In the first case choose A such that the fixed point is mapped to co. Then the 
matrix AMA7! has oo as a fixed point, so its action is z + az +b. Since oo 
is the only fixed point, a must be 1. The corresponding matrix is a triangular 
matrix with equal diagonal entries. In the second case, the two fixed points can 
be mapped by a suitable matrix A to 0 and oo. The transformed matrix is a 
diagonal matrix. 


A triangular matrix with equal diagonal entries which is not diagonal, cannot 
have finite order. Then by Exercise 12 we can assume that M is a diagonal 
matrix. 


Exercises in Sect. III.6 


We exemplary consider part (e). At z = 1 there is a pole of second order. The 
residue is the first TAYLOR coefficient of exp(z) at z = 1, namely e. 


The derivative of F’ is 0. Hence F' is constant, in particular F'(1) = F'(0). This 
implies that G(1) is an integral multiple of 271. The winding number is exactly 
G(1)/27i. 

(a) The function x(a, z) is continuous, and takes only integral values. 

(b) The formulas are direct consequences of the definition of the line integral. 
( 


c) The function 


(2) = xtait/2)= 55 f a ac 


is first analytic on the set of all z 4 0, such that 1/z does not lie in the 
image of a. It can be analytically extended into the zero point with the 
value 0. Since it is locally constant, it vanishes in a neighborhood of the 
zero point. 

(d) This was already proven in (c). 

(e) We deduce that there are two possibly different logarithms 1; and lz of 
a(0) = a(1), such that 27iy(a;a) = 1) = le. 

(a) Substitute ¢ +> 1/¢ in the integral representation. 

(b) The function f(z) = z has a removable singularity at the origin, even 
more, it is a zero of f. 


Choose R in Exercise 4 (a) large enough, such that all poles of f have modulus 
< R. The claim follows now from the Residue Theorem and 4(a). 
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The integrals can be computed by means of the Residue Theorem, combined 
with the relation in Exercise 5. For (a), the residue at oo is 0, and at z = 3 it is 
(3'3 —1)~'. The mentioned relation implies the value —27i(3'3 — 1)~ for the 
integral. 


Since fg has at most a simple pole we can apply III.5.4 (1). 
A LAURENT series with vanishing coefficient a_; can be integrated termwise. 


Termwise differentiation of a LAURENT series delivers a LAURENT series with 
vanishing coefficient a_1. 


The transformation formula is obtained by using the parameter definition of the 
line integral, and the usual substitution rule. The residue formula is a special 
case. 


Exercises in Sect. III.7 


1. In the first example there is a zero in the interior of the unit circle, and no 
zero is located on its boundary. All other three zeros are in the complement. 
This can be shown by applying RoUCHE’s Theorem III.7.7 to f(z) = —5z and 
g(z) = 2z* +2. For the second equation there are 3 solutions with |z| > 1. The 
third equation has 4 solutions in the annulus. 

The numeric locations of the solutions relative to the circles of radius one, resp. 
two are as follows: 
A A A 
Be. 2 
224 -—5z+2=0 2” — 524 +i2z? -2=0 2 +izk-4z+i=0 

a ~ —0.7971+1-1.1914, z1 © —0.8625 +1- 1.4997 , zy © —1.3939 +1-0.1131 , 

zg ~% —0.7971 —1-1.1914, zq &% —0.7865 — i- 1.4681 , zq &% —0.1994 +i- 1.3329 , 

z3 © +0.4114 , 23 &% —0.6438 — i- 0.6019 , z3 © +0.0039 + 1- 0.2500 , 

za © +1.1827. za © —0.5328 +1- 0.5187 , za © +0.1650 —i- 1.4598 , 

Zs © +0.5082 —i- 0.5190 , 25 & +1.4244 —i- 0.2362 . 


z6 & +0.5808 + 1- 0.6053 , 
27 © +1.7367 —i- 0.0346 . 


14. 
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Example (2) on page 174 may serve as an orientation. 

Apply Roucue’s Theorem III.7.7 with f(z) = z— A and g(z) = exp(—z). As 
path of integration choose the rectangle with vertices in —iR, R—iR, R+ik, 
iR for a sufficiently large R, such that the estimate |g(z)| < |f(z)| holds on this 
path. 

The function Jexp(z)| has on a given closed disk |z| < R a positive minimum 
m. Since the exponential series converges uniformly on any compact set, there 
exists a natural number no with 


Jen(z) — exp(z)| <m < |exp(z)| for n > no and |z|< R. 


In particular, en (z) is not zero for n > no and |z| < R. 
Apply RoucuE&’s Theorem III.7.7 and reduce the claim to the trivial case f = 0. 


The only singularity of the integrand in U,(a) is in ¢ = f~*(w). The residue is 


oe (ee ey SFO = FAW F HW) aay, 
oman SF OF 9-FG wy PG) TO) 


The proof of the partial fraction decomposition of the cotangent III.7.13 may 
serve as an orientation. Consider the integral of g and respectively h along the 
contour Qy. The limit of this integral vanishes for N — oo. The claim follows 
from the Residue Theorem. The singularities of g and h are located at integers 
n € Z. The residues are f(n) and respectively (—1)”"f(n). 


Apply Exercise 7 to the function f(z) = 1/2?. 
For the first integral one must compute the residues of the rational function 
241 
23(2z — 1)(z — 2) 
in the unit disk, Proposition II.7.9. There is a pole of third order at the origin, 


which has the residue 21/8. The point 1/2 is a simple pole with residue —65/24. 
The pole at z = 2 is in the exterior of the unit circle. We obtain 


Qn 
i cos 3t dat. 
9 2—4cost 12 


By the same method we compute 


Poteet foe 
o (a+cost)? = 2 Jy (atcost)? ~~ (a2 —1)Va? —1 | 


In the Exercises 10 to 13 one can use standard methods to verify the claimed 
results. 


Let ¢ = exp(27i/5). In the circle sector delimited by the half-lines { t ; t > 0 } 
and { t¢; t > 0 } and the arc from r to r¢, r > 1, the integrand (1+ z°)~* has 
exactly one singularity located at 1 = exp(mi/5). We have ¢ = 7”. The residue 
of (1+ 2°)71 at z = 7 is (5n*)7* = —n/5. Since the integral along the arc 
converges to zero for r — oo, the Residue Theorem implies that the difference 
of the integrals along the two half-lines is 277i times this residue. We thus obtain 
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16. 


17. 


18. 


19. 
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[ dx cf" dx ami 
9 L+x5 9 l+n5 5 


The above formula remains valid if we replace 5 by an arbitrary odd number 
> i. 


The integrals are improper at both limits. To apply the Residue Theorem we 
have to specify a branch of the logarithm. We choose the value log z = log |z|+iy 
with —1/2 < y < 37/2. This branch is analytic in the plane slit along the 
negative imaginary axis, and we define an integration path in this domain. Let 
€ be arbitrary with 0 < ¢ < r. The path is a composition of the segment from 
—r to —é¢, the half-circle in the upper half-plane from —e to €, and the segment 
from € to r. From the Residue Theorem we derive using standard estimates 


Now we make use of the formula log(—x) = log x + mi for x > 0. Passing to the 
limit ¢ — 0, we obtain 


fore] 2 fore) foe) 3 
2 | Cet de + 2ni ew dex? f esi 
9 1l+2? 9 14+2? 9 +2? 4 


The well-known value of the third above integral is 7/2. 


The integrand is an even function of x, so we can consider the integral from 
—oo to oo instead. Then take the imaginary part of the formula in Proposition 
II.7.1. 


The function f(z) has a simple pole at z = a/2, and no other singularities in 
the interior of the integration path. The residue is hiVT. The value of the line 
integral of f is 27i times this residue, i.e. \/7. The sum of the integrals along 
both horizontal lines gives fos exp(—t*) dt. Both integrals from a to R +a, 
and from —R to —R+a tend to zero for R — oo. 

exp( 27iz?/n ) 
exp( 2miz)—-—1 
to f and a gives the GAUSS sum up to a trivial factor. We compute the integral 
in a different way taking the limit R — oo. The integrals along the horizontal 
segments converge to 0 for R — ov, since the integrand is rapidly decaying. 
The integral along the non-horizontal part can be reduced to one integral using 


Let us set f(z) := . In both cases the residue theorem applied 


(ein Fy = ep (=) [exp(2miz) +1] . 


Since the integrand has no singularity, one can integrate along the line at, 
—oo < t < oo (ie. one can take ¢ = 0) in the first case. In the second case one 
can replace the half circle by a straight segment. If one writes down explicitly 
the integrals in their parameter for, one is lead to the GAUSS integral from 
Exercise 17. 


In the limit, the integral of f along the piecewise linear contour from r to r+ir 
to r+ir to —r converges to zero as can be seen by standard estimates. Then 
using the Residue Theorem it is enough to understand the integrals of f along 
the half-circles of radius e > 0 around the simple poles p of f, 
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de: [0,1] + C, 6-(t) :-=p+e-exp(mi(1 — #)). 


For this one writes 


f(z) = —, +h); c:= Res(f;p), 


z= 


where fh is analytic near p. Now we obtain: 


Cc 


lim (z) dz = lim dz+lim | h(z)dz=—-mic+0. 
e—0 be e>0 be Z—p e—0 aS 


VIII.4 Solutions to the Exercises of Chapter IV 


Exercises in Sect. IV.1 


The product in (a) diverges. The product in (b) converges. Its value is 1/2, as 
it can be extracted from the partial products 


Lm) Waa 


The product in (c) converges, too. The N* partial product is (1 + =). The 
value of the product is thus 1/3. The last product also converges, its value is 
2/3. The N‘™ partial product is (1 + WWE): 
The corresponding series is a part of the geometric series, and thus it converges 
for |z| < 1. The value is obtained by the formula 


a=-ait (1+27") Sie 


v=0 


The monotonicity follows from the trivial inequality log(1+1/n) >1/(1 +n). 
To show that 0 is a lower bound one uses the integral ie 4. (The sum over 
1/v can be interpreted as the integral of a step function.) 


The proof of [V.1.9 may serve as an orientation, use the formula for G, given 
there. 
From the STIRLING formula, the limit is equal to 
zt+n—1/2,—(z+n) n 
im 2+) <——— =e? lim (1+=)"=1. 
n 


n—00 n2znr-1/2e-n n—00 


From (a) we first deduce that g = f/I is an entire function, which is periodic 
with the period 1. Because of (b) and Exercise 5, we have 


gz) _ glz+n) _ glen) 


g(1) g(n) noe g(n) 


The formula is a consequence of the LEGENDRE Doubling Formula IV.1.12, 
combined with the Completion Formula IV.1.11 specialized for z = 1/3. 


alle 
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VIII Solutions to the Exercises 


Both formulas follow from the Completion Formula IV.1.11 
Diy) PL — iy) = —iyP Gy) P(—iy) , 


I(-iy) = (iy) , 
Pa/2+y) Of iy) =P0/2+iy) fF — (1/2 +iy)) « 


The fact that g is a polynomial of degree at most two, follows e.g. from the 
product formula IV.1.10 applied to ['(z), ’(z+1/2) and I’(2z). The involved 
coefficients are determined by specializing z = 1 and z = 1/2. 
Apply the auxiliary result to g := f/I’. For the proof of this auxiliary re- 
sult show the vanishing of the derivative of the logarithmic derivative h(z) = 
(g'/g)'(z). It satisfies the functional equation 4h(2z) = h(z) + h(z + 1/2). Its 
maximum M > 0 on the whole R exists for periodicity reasons, and satisfies 
the inequality 2M < M. This gives M =0,ie.h =0. 
The functional equation and the boundedness in the vertical strip are evident. 
The normalizing constant can be determined by means of the STIRLING formula 
or by Exercise 19 in [.2. 
(a) The integral is improper at both limits, so we need to show convergence 

and continuity. First, the proper integral 

1-1/n 


Bn(z,w) = / rey at 
1/n 

is continuous. Then proceed parallel to the investigation of the [’-function 
at the lower integration point, and show that B, converges in the specified 
region locally uniformly to B. 

(b) Use the argumentation from (a). 

(c) The functional equation is obtained by partial integration. In case of z = 1 
the integrand admits a simple primitive. 

(d) The boundedness in a suitable vertical strip is evident. The normalization 
and the functional equation follow from (c). 

(e) Make use of the substitution s = ¢/(1—t). 

(f) Make use of the substitution t = sin? y. 

Let pn(r) be slightly more general the volume of the n-dimensional ball of 

radius r. A simple linear integral transformation gives pin(r) = r”fin(1). From 

FUBINI’s Theorem for (iterated) integrals we obtain 


1 
bn (1) -/ Un—1(V1-#?7) dt. 
-1 
This gives the recursion formula. The involved integral reduces after the sub- 
stitution t = \/z to a beta integral, and thus to a Gamma integral. 

(a) The singularities of 7) are the zeros and the poles of the J’-function. Then 

use the computation rule III.6.4 (3). 

It is now convenient to prove directly (e). For this, use the supplement of IV.1.7. 
The claims in (c), (f), (g) are then direct consequences. For (c) use the partial 
fraction decomposition of the cotangent. The last property (g) is clear since 
log I'(x)' = (a). For positive values of x the function value I'(x) is positive 
too, and we can take the logarithm. 
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15. We can assume f(1) = 1. Because of the functional equation it is sufficient to 
prove the identity f(z) = I(x) for 0 < « < 1. A double application of the 
logarithmic convexity leads to the estimate 


ni(n+2)*~' <f(nta)<nln*. 


Making use of the functional equation, this shows 


x Bi 


ee (+2) st@s eg (1+ 2). 


The claim now follows by passing to the limit n — oo. It is easy to verify that 
I’ is indeed logarithmically convex (cf. Exercise 14(g)). 


16. The identity is obtained by an iterated application of the functional equation 
needed to express ['(n — a) in terms of [’(—a). The asymptotic formula is 
delivered by Exercise 5. 


17. First, we once more recall and emphasize that w~* := exp(—z log w) is defined 
by the principal value of the logarithm. The integrand is continuous on the 
whole integration path. Moreover, our chosen logarithmic branch leads to 


|w-*e"| < en |w|~* ere we 


The integrand is rapidly decaying for Re w — —ov, and the absolute conver- 
gence of the integral is then clear. An approximation of the integral, as in the 
case of the EULERian Gamma integral, by using proper integrals shows that it 


gives rise to an entire function. A particular case is z = —n, n € N. In this case 
the integrand is an entire function in w, and the CAUCHY Integral Theorem 
leads to the value zero for the HANKEL integral at z = —n, n € No. Using the 


Residue Theorem we obtain the value 27i at z = 1. 


It is convenient to prove a variant of the HANKEL formula, namely 


T(z) = =! we tev dw. 
2isin rz ie 


s€ 


The R.H.S. is analytic in x > 0, since the zeros of the sine are compensated by 
the zeros of the integral. 


The two integral representations are equivalent. Now one proves the character- 
izing properties of the Gamma function for the second HANKEL integral: 


The functional equation can be proved by partial integration. The boundedness 
in the strip 1 < x < 2 follows from the mentioned estimate of the integrand 
correlated with standard estimates for the sine. The normalization is obtained 
from the first integral representation. 


Exercises in Sect. IV.2 


1. The formula (a) for the derivative is obtained by applying the product formula. 
The derivative of the exponent is (z* —1)/(z—1) by the geometric sum formula. 
From the formula for the derivative Ej, we see that its power series expansion 
consists of coefficients < 0. The factor z* implies that the first k coefficients 
vanish. The statement (b) for E;, follows by termwise integration. 
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For the proof of (c) we consider the entire function 


1— Ex(z . 
f(z) = rs => CnZ with c,>0. 


We estimate this series by the sum over the moduli. Since c, > 0 we get 
Lf < fC) = 1 for |z| <1. 

Specialize in the product expansion of the sine to z = 1/2, and consider the 
multiplicative inverse. 


(a) Use the product expansion of the sine correlated with the equation 


2cosmzsinaz = sin2rz . 


(b) Use (a) and the Addition Theorem 


T T _ 7 T T 
cos — (cos —z—sin “2) = cos (42 + *) : 
4 4 4 4 4 

First construct an entire function a, which has the zeros and respectively poles 

located exactly in the poles of f, depending on the fact whether the residues are 

positive and respectively negative. The multiplicities are given by the residues. 

Such a function can by obtained as a quotient of two WEIERSTRASS products. 

The function f —a’/a is entire. If we could bring it into the form 6’/3, then we 

would be done because of the representation f = (a@3)'/(aB). We have reduced 

the exercise to the case of an entire function f. In this case f admits a primitive 

F and exp F solves the problem. 

(a) Indirect proof. We assume the contrary, namely the existence of finitely 
many functions fi,..., fn generating the ideal. Then there exists a natural 
number m, such that all f; vanish in mZ. Hence any function in the ideal 
vanishes in mZ. But we can easily construct functions having zeros exactly 
in the set 2mZ. 


(b) The functions with exactly one zero, which is moreover of first order are 
prime and irreducible. 


(c) The functions without zeros are invertible. 


(d) Only the functions with finitely many zeros are products of finitely many 
prime elements. The entire function sin 7z cannot be written as a product 
of finitely many prime elements. 

(e) By induction on the number of generators we can reduce the claim to the 
case of an ideal, which is generated by two elements f,g. By means of the 
WEIERSTRASS Product Theorem we will construct a function a, whose 
zero set is the union of the zero sets of f and g, and such that the order of 
any zero is the minimum of the orders for f and g at the same point. We 
have to show that f and g on the one side, and a on the other side generate 
the same ideal. Equivalently, f/a € O(C) and g/a € O(C) generate the 
unit ideal. We can thus assume from the beginning that f and g have no 
common zeros. Let us find an entire function h, such that the resulting 
function A has no poles. Then we are done since we get Af + Bg = 1 with 
B= -—h. We have thus to construct h, such that 1+ hg vanishes at the 
zeros s of f with a sufficiently high order depending on s. This involves 
for each s equations for finitely many TAYLOR coefficients of h. Because 
of g(s) 4 0 we can inductively solve these equations. 
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Exercises in Sect. IV.3 


1. Let h be a solution of the given MITTAG-LEFFLER problem. For any natural 
number N we can determine in the disk |z| < N the analytic function gn, such 
that the logarithmic derivative of 


fr =exp(gn(z)) [] (2- sn)" (lel SN) 


sn <N 


is equal to h in the disk. This is a condition for the derivative of gn. We can 
thus change gn by an additive constant, such that all fx coincide in a fixed 
point a, where f; does not vanish. Then, the functions fy+1 and fin coincide 
in the disk |z| < N, so we can glue together the sequence of functions (fy) to 
obtain an entire function. 


2. Use the partial fraction decomposition of the cotangent in the form 
1 a & 
cot 7z = — —— .. 
T TZ S + > Pom 


3. Use the partial fraction decomposition of the tangent and cotangent together 
with the formulas 


T 1 ‘ 1 
cot7mz +tan—z = — F cos7z = sina | ——z 
2 sin z 2 


The formula for 7/4 is obtained by specializing z = 0. 


4. A solution is the partial fraction series 


oo 2 

Shea) 

n=1 

5. Weseek for f = gh with a WEIERSTRASS product g and a partial fraction series 
h. We choose some point s € S$, and assume for the sake of simplicity s = 0. 
We want to construct f, such that the first non-vanishing LAURENT coefficients 
are equal to an, an4i,.--,@m. (All coefficients preceding an are zero.) We 
allow M to be positive. Of course, M > N. The function g is constructed such 
that its order M’ in s = 0 is at least M +1. This is a condition only in the 
case when M is non-negative. The function h is constructed to have a pole of 
order N — M’ in the origin. It is possible to prescribe its LAURENT coefficients 
Cn—m’,---,C-1- Let us denote by byy’, bygr4i,... the TAYLOR coefficients of g. 
Then we impose for the coefficients cy the conditions 


> Cub) =aQn for N<n<M. 
BM+v=n 


In the sum we isolate the term bjg/cn. All other terms involve coefficients cp 
with v <n— M’. So we have a system of linear equations in triangular form, 
which can be solved inductively (since bjg, # 0). 
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Exercises in Sect. IV.4 


1. The function z+>+ 1/z maps D onto a bounded domain. An analytic map from 
C® onto a bounded domain can be extended analytically to the whole C by 
the RIEMANN Removability Theorem and hence is constant by LIOUVILLE’s 
Theorem. There is thus no conformal map with the required properties. 


2. The conformal map is a dilatation z+ rz. 


3. By z+ (1—2z)/(1+ 2) we map the unit disk onto the right half-plane. Then, 
composition with the map w +> w” lands in the slit plane. 


4. The map ¢ can be written as a composition of four conformal maps. The map 


z— w = 2” brings the quarter of the unit disk conformally onto the upper half 
1+2 


of the unit disk. Then, applying z ++ += we conformally switch to the first 


quadrant Re z > 0, Im z > 0. By z & 2? the result is conformally mapped 
onto the upper half-plane, and we finally use z + to land in the unit disk 


Ge 


as 


z—1 


z+i 


5. The domain D is delimited by a branch of the hyperbola with equation ry = 1. 
The image of this hyperbola under the map z + 2? = a2? — y? 4+ 2iry is the 
line Im w = 2. The image of the point 2+ 2i € D is 8i. This implies, that D is 


conformally mapped by f onto the half-plane Re w > 2. 


6. If y: D — D* is some arbitrary conformal map, then y — yyy ' gives an 
isomorphism from Aut D to Aut D*. 


7. If is a second conformal map with the specified property, then wy! is a 


conformal self-map of the unit disk with the origin as a fixed point. So it is a 
multiplication map z — Cz for a suitable complex number ¢ having modulus 
one. But if ¢ is real and positive then ¢ = 1. 

8. The function y is analytic in the domain C \ {1 + V2}, obtained from C by 
removing the two roots of the denominator. It is easy to check y(zo) = 0 and 
vy’ (zo) > 0. Similar to Exercise 4, we realize y as a composition of simple known 
conformal maps, 


23> i 

ok; ai? 

From this representation we see that D is conformally mapped onto the unit 
disk E. The closure of D is then for continuity reasons mapped by y onto 
the closed unit disk. The Maximum Principle now implies that the boundary 
is mapped onto the boundary. It remains to show that y is injective on the 
boundary. Using the above splitting of y we se that OD \ {—i} is mapped 
topologically onto OE \ {—i}. Because of y(—i) = —i the boundary of D is 
bijectively mapped onto the boundary of E. Thus the map ¢ induces a bijective 
continuous map from D onto E. These spaces are compact, so the inverse map 
is also continuous. 


m=iz, z= w=22, y(z)= 


9. Let wr = f(zn). The claim is equivalent to the fact, that any accumulation 
value of the sequence (wy) has modulus one. If this would not be the case, then 
there would exist an accumulation value w € E. Passing to a subsequence, we 
can assume that (w,) converges to w. By continuity, the sequence with general 
term zn = f~'(wn) converges then to z = f~*(w). Contradiction. 

An example is the slit plane D = C_. We consider the function w := (iz + 
i)(iV/z —i)~'. The image of —1 + (—1)"i/n has two accumulation values. 


10. 


11. 
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We consider the chain of transformations 
25. i 


m= iz, t=21, 2=22-1, wmaHVz73, %=izZs, ae 
5 


The conformal maps of D onto the upper half-plane H and onto the unit disk 
E are then given by z+ zs and respectively z +> z6. 


We only have to show that the transformation z + (z— A)(z— A)! is a 
conformal map of the upper half-plane onto the unit disk, since after proving 
this we can proceed as in the proof of III.3.10. The above transformation maps a 
real z into the unit circle. By the Open Mapping Theorem, this transformation 
maps the upper half-plane either onto the interior or onto the exterior of the 
unit circle. The second case is not possible, since A € H is mapped to 0 € E. 


Exercises to the Appendices A,B,C 


Since two partitions have a common refinement, we only have to consider the 
case of adding one more point to a given partition. This point and the two left 
and right neighbors are contained in a disc, which is contained in the domain of 
definition D. The statement follows now from the CAUCHY Integral Theorem 
for triangular paths. 


We can reduce the claim to the following statement. Let (@ : [0,1] — C* bea 
curve with starting point a = 6(0) and end point b = {(1) both on the real 
axis. Assume that the image of the curve @ has no other intersection points with 
the real axis. Then this image is contained either in the upper or in the lower 
half-plane. The value of the integral [ B dz/z is log b — log a, where we have to 
specify more precisely the values of the logarithm. If the curve is contained in 
the upper half-plane, then we take the principal value of the logarithm, since it is 
continuous in the closed upper half-plane. If the curve is contained in the lower 
half-plane, then we consider the continuous function on it which coincides with 
the principal branch on the open lower half-plane. The two logarithms coincide 
on the positive real axis, and differ by 27i on the negative real axis. For the 
value of the integral we can now make a table that controls when ( runs in the 
upper or lower half-plane, and where the corresponding intersection points a, 
b are located on the real or negative real axis. The integral along a is a finite 
sum of integrals of the specified type. 


Let a, @ : [0,1] — D be two not necessarily closed curves with the same starting 
point a and end point b, running in a simply connected domain. The closed 
curve 
a(2t) O0<2t<1, 
y(t) = 
B(2 — 2t) 1<2t<2, 


is then null-homotopic. So there exists a continuous family of curves ys, all of 
them starting and ending in a, which gives a deformation of y = yo into the 
constant curve yi(t) = a inside the domain. We denote by H(t,s) = ys(t) the 
corresponding homotopy. We now map the unit interval continuously onto the 
boundary of the homotopy square [0,1] x [0, 1], 
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vy: [0,1] —> 9((0, 1] x [0,1]) , 


] 

(0, 4s) 0<4s<1, 
p(s) := ¢ (2s — 1/2, 1) 1<4s <3, 

(1,4 — 4s) 3<4s<4, 


and use y to construct a homotopy G, which deforms a into @ (and fixes the 
starting point a and the end point 0): 


G(t,s) = H((1— t)p(s) + ¢(1/2,0)) . 


It is easy to reduce the claim to the case of a single curve by choosing a fixed 
point a in D, connecting it with the starting point of ai, then running through 
ai, then coming back to a on the reversal path, and repeating the same for az 
and so on. 


MORERA’s Theorem is applied only to show the independence of a double inte- 
gral of the order of integration. This argument is structurally simpler then the 
application of LEIBNIZ’ criterion, which involves differentiation. 


The proof steps can be found at different places in the text. 


VIII.5 Solutions to the Exercises of Chapter V 


Exercises in Sect. V.1 


The claim follows directly from the well-known fact that for any real number 
x there exists an integer n withO <x2—-—n< 1. 


The group property is clear. For the proof of the discreteness consider the 
function g(z) = f(z +a) — f(a) for a fixed a, which is not a pole of f. The 
periods are zeros for this function. If there would be an accumulation point for 
this zero set in C, then it is not a pole. The Identity Theorem then implies 
g=0. 

The first part (LM Rw; = Zw) easily follows from the following statement: 

If a,b 0 are two real numbers with |a| < |b|, then there exists an integer n 
with |b— nal < |al. 

In the second part we have to show that an arbitrary element w € L is a 
linear combination with integral coefficients of w; and we. At any rate, we have 
w = t1w1 + tow2 with real ti, to. After subtracting integers from ti, t2 we can 
assume —1/2 < t1,t2 < 1/2. Our proof is indirect. Supposing the converse, we 
can assume that both t1,t2 do not vanish. Then 


1 1 
|u| < [tru] + |towe| S 5 (lwil + wal) S F(lwal + lw2l) = wal , 


a contradiction to the minimality of |we]. 


The number of minimal vectors is always even, since together with a, the op- 
posite —a is also minimal. The problem is invariant with respect to rotation- 
dilations, so we can assume that 1 is a minimal vector. Let w be a non-real 
vector of the given lattice L, which is minimal with this property. We already 


10. 
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know from the solution to Exercise 3, that L is generated by 1 and w. In case 
of |w| > 1 the only minimal vectors are then +1, their number is 2. We further 
consider the case |w| = 1. In the subcase w = +i there are exactly four mini- 
mal vectors, namely +1, +i. So let’s assume that there are strictly more than 4 
minimal vectors. We can choose a minimal w with non-vanishing real part. A 
further minimal vector is of the form n+ mw with non-zero integers n,m. From 
the triangle inequality we have ||n| — |m|| < |n + mw| = 1, and thus |n| = |m|. 
Even more, we must have |n| = |m| = 1. This means that either 1+w or 1—w 
has modulus 1. Since w is of modulus 1, the real part of w is +1/2. But then 
w is a unit root of order six, which is not +1. The minimal vectors are in this 
case the sixth roots of unity. 


Examples for the three types are 


Z+2%Z, Z+iZ, Z+esZ. 


In (a) we consider the difference, and in (b) the quotient of f and g. We obtain 
entire elliptic functions, which have to be constants. 


Assuming L = L’ we obtain linear equations 


/ / / 
WwW, = aw, + bwe Wr = aw, + Bwo 
i and ; : 
Wy = cw + dwe We = yw + dws 


that admit integral solutions. Equivalently, the associated matrices 


,_ {ab _ fap 
ve() »=(3 


are inverse matrices. The product of their determinants is 1, so each deter- 
minant is invertible in Z, i.e. +1. Conversely, if M is an integral matrix with 
determinant +1, then its inverse has integral entries. 


We write w1 = 41 +iy1, w2 = £2 +iy2. The fundamental parallelogram F is the 
image of the unit square under a linear map. The volume of F is then the mod- 
ulus of the determinant of the transformation matrix, namely |a1y2 — rey], in 
concordance to the claimed formula. The invariance follows from Exercise 6. 


A subgroup of R, which is not dense, has no accumulation point. If the lattice 
Z+,/2Z were discrete, then there would exist a number a with Z + /2Z = aZ, 
contradicting the irrationality of /2. 


The degree of P., is independently of w bounded from above, since the lattice 
is finitely generated. A sufficiently high derivative of f is then an entire elliptic 
function, and thus constant. 


The function f’/f is elliptic. Its poles are the zeros of f. The residues are 
the corresponding zero orders, in particular they are positive. From the third 
LIOUVILLE Theorem we deduce that f’/f cannot have any pole, so it is a 
constant. Now we can apply Exercise 11 from I.5. 


Exercises in Sect. V.2 


1. 


Up to a constant factor we are dealing with the derivative of order (n — 2) of 
the g-function. 


484 


VIII Solutions to the Exercises 


If w is a period of gy, then we have in particular o(0) = g(w), and thus w is a 
pole of g. 


This follows from f(w/2) = f(w/2—w) = f(—w/2) = —f(w/2). 
Let 1 be the number of pairwise different poles modulo L of f (disregarding 
multiplicities), then we have n = m+, since differentiation increases each pole 


order by one. The extremal values | = 1 and respectively | = m are realized by 
the o-function and respectively by o’~?. 


The claimed bijectivity follows from Proposition V.2.10. The [T-invariant mero- 
morphic functions are exactly the even elliptic functions. In the next section 
(see V.3.2) we will prove that any such function can be written as a rational 
function of g. Another proof can be given by the specified bijection. The even 
elliptic functions can be transported to C. One can show that these functions 
are then meromorphic. But the meromorphic functions on € are exactly the 
rational functions (A.6). 


By the definition of the quotient topology, the specified bijective map is con- 
tinuous. A continuous bijective map between compact topological spaces is 
topological. 


Let L CC be a lattice. Then 
Iog:={ aw; a€Q,weLl} 


is a 2-dimensional Q-vector space. If L’ C L are two lattices, then the corre- 
sponding generated Q-vector spaces must coincide, since they have the same 
dimension and satisfy an inclusion. Both the condition (a) on the one side, and 
condition (b) on the other side, then imply that the Q-vector spaces generated 
by L and respectively L’ coincide. We conversely show now, that both (a) and 
(b) follow from this condition. For the proof we can assume that L and L’ are 
contained in Q?. But in general, for any rational lattice L C Q? there exists a 
natural number n, such that nZ? C L Cc (1/n)Z?. This can be seen by choosing 
some rational basis, expressing it in terms of the canonical basis, and taking a 
multiple of the involved denominators. Then (a) and (b) become transparent. 


If the two fields have a non-constant elliptic function in common, then L + L’ 
is a lattice . 


After subtracting a constant multiple of g from an elliptic function with the 
properties specified in the Exercise, we can remove a possible pole of second 
order, obtaining an elliptic function of order < 1. Such a function is constant. 


Exercises in Sect. V.3 


a a a a ee 
493 — go — gs’ 493 — go — gs’ (493 — go@ — gs)? 
Make use of Proposition V.3.2. 


Best, we first solve Exercise 5. By differentiation we obtain 


9" (z) = 2( ((z)—e1)(@(z)—e2) +(w(z) —e1) (@(z) -—e3) + (@(z) —€2)(@(z) —ea)) - 


Now we substitute z = w1/2 and use o(w1/2) = e1. 
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We choose a point where f does not have a pole, and where the derivative 
f’ does not vanish. In the image f(U) of a small open neighborhood U of 
this point there exist an inverse function g. There exists a suitable open set 
V, which does not contain any lattice point, such that o(V) is contained in 
f(U). On this V the function z — h(z) = g((z)) is well defined. From the 
equation f(h(z)) = e(z) we deduce f’(h(z))h’(z) = g'(z). Taking squares and 
using the differential equation satisfied by f and g, we are led to h/(z)? = 1. 
The only solutions of this differential equation are h(z) = +z — a. We obtain 
f(+z—a) = e(z). Since ¢ is even, we can replace +z by z (and correspondingly 
a by +a). 


— 


From the algebraic differential equation of the g-function we deduce that the 
polynomial P(X) := 4X° — goX — g3 has the roots e1,€2,e3. This gives the 
factorization P(X) = 4(X — e1)(X — e2)(X — es). 

First differentiate twice termwise the LAURENT series of the g-function. Then 
take the square using the CAUCHY product of series, and make use of the 
equation 20" (z) = 12¢0(z)? — go. 


We have successively: 

(a) > (b) : Use Exercise 6. 

(b) => (c) : The LAURENT coefficients are real. 

(c) = (d) : Together with a pole w, the conjugate @ is also a pole of g, since 
g is real. The lattice points are exactly the poles of go. 


(d) = (a): In the power series expansion of Gn appear only pairs of complex 
conjugated terms. 


Rectangular and rhombic lattices are real by trivial reason. Let us show the 
converse. If w is a lattice point of a real lattice, then w+@ and w —@ are also 
lattice points. Let Lo be the sublattice of L generated by such lattice points. 
Then Lo is generated by a real point w; and a purely imaginary point we. If L 
and Lo coincide we are done. Else, there exists an element w € L— Lo. We can 
assume that w lies in the parallelogram with vertices 0,w1,we2,wi + we. From 
the formula 2w = (w + @) + (w —W) we deduce that 2w lies in Lo. But since w 
is neither real, nor purely imaginary, we deduce 2w = w; +we2. Then the lattice 
L is generated by 


w = (v1 +42) and w w= 5 


In this case L is rhombic. 


If t is a real number, then 


(tw) = p(t@;) = o(-tw;) = o(tw;) . 


Hence the values of g are real on the boundary, where we of course except the 
lattice points. On the middle parallels we can proceed analogously, for instance 
we have for real t 


plui/2+ tn) = p@i/2 + am) = pa 2 ee) 
= O(—w1/2 — tw2) = e(wi/2 4 twe) . 
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The image of the closed fundamental parallelogram is the whole RIEMANN 
sphere. The pre-image of the real line including oo contains (Exercise 9) the 
boundary and the middle parallels of the fundamental parallelogram. Since the 
y-function takes any value exactly twice modulo L, the pre-image of C\R inside 
the fundamental parallelogram F consists of the four open sub-parallelograms 
obtained after removing from F the boundary edges and the middle lines. The 
g-function maps the union of the two left open sub-parallelograms bijectively 
onto C\R. As a bijective, analytic map this restriction is conformal. A connect- 
edness argument shows that the image of each sub-parallelogram is exactly a 
corresponding half-plane. From the LAURENT series of 9 we see that e(t(1 +i)) 
has negative imaginary part for small positive values of t. The left lower sub- 
parallelogram is thus conformally mapped onto the lower half-plane. 

The field of elliptic functions is algebraic over C(). 

If we could express g and g’ rationally in terms of f, then there exists a discrete 
subset S C C, such that from the equation f(z) = f(w) we can deduce z = w 
mod L at least for z,w € C\ S. In the complement of the set f(S) each point 


would have exactly one pre-image, so f would be an elliptic function of order 
ale 


Exercises in Sect. V.4 


As has been explained at the beginning of Section V.4, we must consider the 
even and odd part of the function f(z) = o(z+a) separately. We treat the hard 
case of the even part. (This is the hard case since the odd part is ¢'(a)g'(z).) 
We start with 


oz +4) + pz — 4) 


; [o(2) — pla)? = A+ Bo(z) + Cex)’ , 


and have to determine the constants A,B,C (which may depend on a). For 
this, we compare the LAURENT coefficients of z~*, z~?, z°. (Odd powers do not 
occur.) For the computation we use the power series 


pl)=at 3Gaz7 +... 
sy = + 6Ga ++ 
(2) — o(a) = = - (a) +3642? 4 
(o(2) — olay}? = 5 - 729) + ofa)? + 6G, +-- 
eae ce) 2 ghee aC) ay e@) ay 


Using these first LAURENT coefficients we obtain 
Ma (4) a 
C= (a), B=2O agay?, 4= 2 — payo"(a) + (0). 


Using the formulas for the derivatives of o from Sect. V.3, we get simplified 
representations for these coefficients, 
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C=(a), B=p(a)?—-15Gs, A= —15Gie(a) — 70Ge . 
As final result we expect the representation 


plz+a)+ (za) _ 1 
2 4 


Using the algebraic differential equations we can see the equivalence of the two 
representations. 


2. Substituting in the analytic form V.4.1 of the Addition Theorem the variable 
w by —w, and then z by z+ w, we obtain the relation 


This implies 


e'(z)- ow) _ , -e'(z+v)— »'w) 
(2) — p(w) p(z+w)— p(w)’ 
where the sign + does not depend on z and w. Specializing w = —2z, we see 


that the sign is in fact the + sign. This formula is exactly the Addition Theorem 
in the geometric form V.4.4. 


3. The equation of the tangent is y = 52 — 6. The equation (5a — 6)? = 42° — 8x 
has the solutions 2 (twice) and 9/4. 


4. Develop the determinant from Proposition V.4.4 with respect to the third col- 
umn. 


5. The functions f(z), f(w) lie in the field K = C( 9(z), p(w), 9'(z), p(w) ). 
By the Addition Theorem for the g-function the function (z+ w) also lies in 
this field. This implies that also o’(z+w), and subsequently also f(z + w) are 
elements of K. This field is algebraic over C(g(z), (w)). The three elements 
f(z), f(w) and f(z +w) are thus algebraically dependent. 


Exercises in Sect. V.5 


1. If the zeros are real, then the coefficients are of course real, too. Now let P 
be a real polynomial of degree three. A figure for the real function x > P(x) 
shows that there are exactly three real zeros, iff there exists a zero between 
the two points with corresponding horizontal tangents. So let a, b be the roots 
of the derivative (in our case +,/g2/12), and the above condition becomes 
P(a)P(b) < 0. This leads to the condition A > 0. 


2. First, one must realize that it is possible to lift the curve a with respect to the 
map g to a curve ( with o(G(z)) = a(z). The argument is similar as in the 
case of exp during the proof of Proposition A.8. Let a be the starting point of 
(2, and let 6 be its end point. Since a is closed, we have b = +a+w with a 
suitable lattice element w. From Theorem V.5.4 we deduce the relation 


*_o't) a Bie) — 
| Fey t= Be) - 0 
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first for all x with 0 < x < ¢ for a suitable ¢, and then by the principle of 
analytic continuation for all x. In the case x = 1 we obtain in particular b— a. 
This element lies in the lattice L, if in the equation b = ta+w the sign + is 
the plus sign. This follows from the assumption h(0) = h(1), which up to now 
has not yet been used. 


The formula holds for 0 < « < 1. The analytic nature of the formula allows us 
to restrict for a proof to “small” values of «. For the proof one can e.g. use the 
Remark V.5.2. It is simpler to substitute t = gl? which leads to 


with y = x 


* 4 eo 1 
———— —— 
| V1—-t V4t3 — 4t 


The integral on the R.H.S. is in the normal form (gz = 4 and g3 = 0). The 
claim now follows easily from the Addition Theorems for the g-function. 


We use for the ellipse the parametrization 
a(t) = asint + ibcost , O<t<2z. 


The arc length I(a@) is given by the well-known formula 


Qn Qn n/2 
| a’ (t)| at= | VP cost t+ sin? t dt = 4a | V1—k? sin? t dt. 
0 0 ) 


Here, the parameter 
Jagr =e 
a 
is the so-called eccentricity of the ellipse. Substituting x = sint one obtaines 
the other asserted formula for the integral. 


es 


Exercises in Sect. V.6 


Slightly translate the period parallelogram, such that the origin lies in its inte- 
rior. The integral of ¢(z) along the boundary, considered with the usual orienta- 
tion, is equal to 277i by the Residue Theorem. Compare now the integrals along 
opposite sides to obtain from the formula ¢(z + w;) = ¢(z) +; the claimed 
identity. 

This function was already introduced in IV.1 in connection with WEIERSTRASS 
products. It can also be considered as a MITTAG-LEFFLER partial fraction series 
(IV.2). 

Since there is exactly one zero in the fundamental region with respect to the 
lattice L-, it is enough to show that the theta series vanishes at z = i. This 
can be seen by substituting in the definition of the theta series the summation 
index n by —1—n. 

On both sides we have, for any arbitrary fixed a ¢ L, an elliptic function in 
the variable z with the same zeros (namely +a) and poles. The terms of the 
claimed equality then coincide up to some constant factor. To see that this 
factor is one, we consider the limit limz—o z?(@(z) — e(a)) = 1, and on the 
R.H.S. we obtain the same corresponding limit because of o(a) = —o(—a) and 
limz—o(o(z)/z) = 1. (These properties of o are direct consequences of the 
definition.) 
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5. (a) Since the derivative of ¢ is periodic, we have ¢(z +w) = ¢(z) +7 witha 
suitable number 7, which does not depend on z. 


(b) After subtracting from f a linear combination of derivatives o”) (z — a), 
m > 0, we can reduce the claim to the case where all poles are simple. 
Using the function ¢ from part (a), we can also remove these simple poles 
and obtain an elliptic function without poles, i.e. a constant. 

The solution is f(z) = 2e(z — b1) + ¢(z — b1) — C(z — be). 

(a) Because of the R-bilinearity, A is uniquely determined by the values 
A(1,1), A(1,i), AG, 1), AG, i). Since A is alternating, we have A(1,1) = 
A(i,i) = 0, and A(1,i) = —A(i,1). So A is in fact determined by 
h = A(1,i). 


(b) To determine h we have to express 1 and i in terms of the basis, 


1=t1w1 + tewe , i= 81W, + SqWe. 


A simple computation gives 


1 
Im — =a det f $1 c 
Wy 83+ t5 te so 
(c) In the case of O = ¢ we have seen this in Exercise 1. The general case 
follows analogously. 


Exercises in Sect. V.7 


1. We first consider the case when one of the entries of the integral matrix M 
is 0. After multiplication of M with S from the right or from the left or from 
both sides if necessary, we can assume c = 0. In this case, either M or —M is 
a power of T. Also use the fact that the square of S is the negative of the unit 
matrix. 


Let now M have all entries # 0. We take M such that yw is minimal. We can 
assume that = |c|. Multiplication of M from the left by T” has the effect of 
replacing a by a+ ac. By means of the EUCLIDian algorithm we can find an 
x € Z, such that |a + xc| < p. This contradicts to the choice of yp. 


M =ST-°ST-*ST?. This representation is not unique. 

Only the powers of S (and respectively ST’) commute with S (and respectively 
ST). 

The order is n = 6. 


The lattice L = Z+iZ is invariant with respect to multiplication by i. This 
implies G;(L) = Gx (iL) = iG(L). In particular, Gx (i) = 0 for odd k, and thus 
gs(i) = 0. The lattice L = Z+ e*® Z is invariant with respect to multiplication 


2Qri 


by es. We deduce that Gy (ec) = 0, if k is not divisible by 6. 


6. The last decisive assertion can be transported to the unit disk without any 
computation as follows. For any complex number ¢ with modulus 1 there ex- 
ists exactly one self-map of the unit disk, which fixes the origin and has the 
derivative equal to ¢. This property is transported to (H,i) from (E,0), since 
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there exists a conformal map of H onto E, which maps i to 0. The derivative of 
the map induced by the specified orthogonal matrix is (cos y + isin y)~*. Any 
complex number with modulus 1 is of this form. Since MM and —M define the 
same substitution, we only need to observe that the negative of the unit matrix 
is also orthogonal. 


Exercises in Sect. V.8 


1. The first point is equivalent with i, the second one with 1/2 4 2i. 
Recall that C is connected, in the sense that the only closed and open subsets 
are and C. Moreover, we use the fact that being closed and being sequence 
closed are equivalent properties. (A set A C C is sequence closed, iff the limit 
of any convergent sequence contained in A lies in A.) 

3. The claimed formulas can be directly extracted from the definition (V.8.2) of 
the EISENSTEIN series, and from the transformation formulas V.8.3. In partic- 
ular it one has: 


Gk (iy + 1/2) = Ge(iy — 1/2) = Ge(iy + 1/2) . 


The EISENSTEIN series and j are thus real on Re tr = 0 and Ret = 1/2. Since 
the j-function is also invariant with respect to the substitution 7 +> —1/7, and 
since on the unit circle we have —1/7 = —7, we deduce that j is also real on 
the unit circle. 


4. We have 


: lim A(r)/q=a.. 
Because A(7) and q are real on the imaginary axis, the value of ay is real. If 


a1 is positive, then 


lim j(iy) =+00, lim j(iy+1/2) =—c. 
yoo 


yoo 


The claim follows from the Mean Value Theorem for continuous functions. In 
case of a; < 0 we can proceed analogously. (In fact, the latter case does not 
occur.) 


5. Make use of Exercise 5 from V.7. 


6. The same proof works literally if we replace ’ = SL(2,Z) by the subgroup 
generated by the two specified matrices. 


VIII.6 Solutions to the Exercises of Chapter VI 
Exercises in Sect. VI.1 


1. We have 


Mi=i (ai+b) = i(ci+ d) a=d, b=-c. 


Because of the formula 
M t= ( d a) 
-—c a 


the above property [a =d, b = —c ] is equivalent to M’ = M~?. 
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(a) We can assume w = i, and use the formula 


“(4 OA) 


(b) The given map is well-defined, the injectivity follows from Exercise 1, and 
the surjectivity from 2 (a). 
The map is continuous by the definition of the quotient topology. To obtain 
that it is a homeomorphism, we show that it is open, which is enough. 
The group action is transitive, so it is enough to show that the image of a 
neighborhood U of E € SL(2,R) by the map M +> Mi is a neighborhood 
of i € H. For this, we can even restrict to upper triangular matrices (c = 0) 
in U. 

One direction is trivial, namely, if M is elliptic, then M admits a fixed point, 

which is of course also a fixed point of any power of /. The converse is slightly 

more difficult. First we observe that the eigenvalues of elliptic matrices have 

always the modulus 1. This is so, because the characteristic polynomial 


(a — A)(d— A) — be =0 


has the free coefficient ad — bc = 1, and |a+d| < 2. Now let M' be elliptic, and 
different from +E. We consider an eigenvalue ¢ of M. Then ¢' is an eigenvalue 
of M'. It has modulus 1, and thus ¢ has also modulus 1. Since the eigenvalues 
of the real matrix M come up as pairs of complex conjugated numbers, the 
numbers ¢ and ¢ = ¢~' are the two eigenvalues of M. Because of 


lo(M)| =| +7 | <2, 


¢ is not +1. This implies 
lo(M)| =|C+¢]| <2, 


and M is elliptic. 

We can assume that i is the fixed point. The statement is. Any finite subgroup of 
SO(2,R) is cyclic. But this group is isomorphic to the group S* of all complex 
numbers of modulus 1, an isomorphism is given by 


ee ( cos ip 8) 
—siny cosy 
The group S' is isomorphic to the group R/Z. If G C S' is a finite subgroup, 


then its pre-image in R is a discrete subgroup. The claim now follows from the 
fact that any discrete subgroup of R is cyclic. 


Exercises in Sect. VI.2 


1, 


From f(z) = f(Mz) we get by the chain rule 
f'(2) = f(Mz)M"(z) = f'(Mz)(cz +4)". 
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/ 
We have f’g — gf =—f? (4) 
An analytic function f : D — C is injective in a suitable neighborhood of a 
point a € D, iff its derivative does not vanish at a (III.3). The j-function is 
injective modulo SL(2, Z). It is thus injective in a small neighborhood of a given 


point a € H, iff this point is not a fixed point of the elliptic modular group. 


A bijective map between topological spaces is a homeomorphism, iff it is con- 
tinuous and open. By the definition of the quotient topology, the j-function is 
a continuous map from H/I to C. This map is open by the Open Mapping 
Theorem. 


We call two points of the fundamental region equivalent, iff there exists a mod- 
ular substitution mapping one point into the other. This gives an equivalence 
relation on F. First it is clear that the quotient space of F with respect to this 
relation and H/I’ are topologically equivalent. We already know the equiva- 
lences inside the fundamental region F, so we can map F onto a full square 
without one vertex. Two adjacent vertices of this square have to be identified. 
From the topology it is known that on this way one obtains from a closed square 
a sphere, removing one point we obtain a sphere without a point, i.e. a model 
of the real plane. 


Despite intuitive evidence, it is not easy to convert these arguments into a 
complete rigorous proof. This Exercise may seem unfair from this point of 
view. In the second volume we will develop, in connection with the topological 
classification of surfaces, instruments to attack such questions. 


The most simple argument uses the j-function. Because of j(z) = j(—Z) the 
quotient space is topologically equivalent to the quotient space of C with respect 
to the relation that identifies w and ™. The upper and the lower half-planes are 
thus folded together, and the result is the closed upper half-plane. (In contrast 
with Exercise 5, it is easy to prove it.) 


Exercises in Sect. VI.3 


Induction on the weight. The induction starts with the weight k = 0. The 
inductive step uses the fact that any modular form of positive weight without 
zeros in the upper half-plane is necessarily a cusp form, so we can divide by A. 


We study the linear map [Ik] —> C%, which associates to a modular form 
the tuple of the first d, coefficients in its power series expansion. The Exer- 
cise claims that this map is bijective. Since both vector spaces have the same 
dimension, it is enough to show it is injective. Let f be in the kernel. Then 
f/A% is an entire modular form of weight k — 12d,. From the formula for dx 
we deduce, that in this weight there exists no entire non-zero modular form. 


Since j takes infinitely many values, P has infinitely many zeros. The same 
applies (with the same argument, or as a consequence) for the function G} / Ge 
Let )o40466=k CapGiGe be a non-trivial linear relation. After multiplying with 
a suitable monomial we can assume that k is divisible by 6. We divide this 


relation by Gy . and obtain a linear relation between powers of G4 / Ge. 


Start with G? — CA. 
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5. Since a meromorphic modular form f has only finitely many poles in the fun- 
damental region, there exists by Exercise 4 an entire modular form h, such that 
fh has no poles in the fundamental region, and hence in the whole H. After 
multiplying with a suitable power of the discriminant, we obtain that it is also 
regular at ioo. 


6. We can represent a given modular function f as in Exercise 5 as a quotient f = 
g/h of two entire modular forms g, h of the same weight. We can furthermore 
arrange that the common weight of g and h is divisible by 6, let’s say it is 
6k. Because of the formula g/h = (g/G)(h/Gé)~*+ we can assume h = GG. 
Expressing g as a polynomial in G4 and Ge we see that any modular function 
can be written as a rational function in G?/G@, and hence in j. 


Exercises in Sect. VI.4 


Apply the transformation behavior for the imaginary part, V.7.1. 


2. If f is a cusp form, then exp(—2ziz) f(z) is bounded in domains of the form 
y>o>0. 


3. From the integral representation 


1 * 
Qn = jeer dx 
0 


we deduce concretely 
lan| < Cee nk? | 


4. A simple estimate shows that the R.H.S. in the asserted asymptotic formula 
is greater than én™/2-1 for a suitable 6 > 0. The difference of the two sides 
has by Exercise 3 a smaller asymptotic behavior, namely O(n™ =) Because of 
m > 8 we have m/4 < m/2—1. 


5. If we subtract from a modular form a suitable constant multiple of the EISEN- 
STEIN series, then we obtain a cusp form. Using Exercise 3, we only have to 
prove the claim for the EISENSTEIN series. This follows easily from the formula 
mentioned in Exercise 4. 


6. The rows of orthogonal matrices have the EUCLIDian length 1. If the matrix 
has integral entries, the rows are up to sign the canonical basis vectors. We can 
list all integral orthogonal matrices U, by writing all n canonical basis vectors 
in arbitrary order as rows of a matrix. We can modify the rows by s sign. There 
are 2”n! possibilities. 

7. Make use of the following fact. If A is an integral n x n matrix with non-zero 
determinant, then L = AZ” is a sublattice of Z” of index |det A]. The square 
of this number is the GRAM determinant of the associated quadratic form. 


(a) We consider first LM Z". This is the kernel of the homomorphism 
Z” —+Z/2Z , Le > a1 +++-+a2n mod2, 


and thus a sublattice of index 2 of Z”. For odd n we have Ly, C Z”, the 
determinant of a GRAM matrix is thus 2? = 4. If n is even, then the vector 
e = (1/2, -1/2,...,1/2,-1/2) lies in Ln, and any vector a of Ln is of the 
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form a = b ora =e+b with b € Ln, NZ”. The index of L, NZ" in Ly 
is thus 2, and the determinant of a GRAM matrix is hence 1. The lattice 
Ly is thus of type HU, iff n is even and (a, a) is even for all a € Ln. Setting 
a=e+b, we have (a,a) =n/4 mod 2. The lattice Ly is thus of type II, 
iff n is divisible by 8. 


(b) There are two types of minimal vectors: 


The integral minimal vectors have twice the entry +1, and zeros else, 
the non-integer minimal vectors exist only in case n = 8. They contain 
only +1/2 entries. 


(c) The following argument is simpler as the one given in the hint: Lg, and 
thus also Lg x Lg, is generated by minimal vectors, but this is false for 
Lie. 


Express J,» in terms of the JACOBI theta function (V.6), 
Ba(z) =e 8(z,b + za) , 


and use the knowledge of the zeros (Exercise 3 in Sect. V.6). If the series 
vanishes, then we must have 


pepe oo 


5 + 5% a=GP=1 mod2. 


This is precisely the case which has been excluded. 


If we change 6 modulo 1, then the value of the theta series does not change. 
The substitution at+ a+a, a € Z, changes the summation index asn + n—a. 
Thus the series takes up the factor exp(—2miab). 


As in Exercise 8, express the theta null value in terms of the JACOBI theta 
series, and apply the JACOBI theta transformation formula. 


Let M be the mentioned finite set of pairs (a,b). We first show, that for any 
modular substitution M there exists a bijective self-map (a,b) ++ (a, @) of M 
with the property 


Va»(Mz) = vo(M, a, b)V cz + dda,a(z) , 


which involves a suitable root of unity of order eight v(M,a,b). It is enough 
to show this only for the generators of the modular group. For the involution 
we obtain this property from (both parts of) Exercise 9. Together with (a, b) 
there is also a the coset of (b, —a) mod 2 an element of M. For the translation 
the claim is elementary. A suitable power of A,,(z) is a modular form without 
zeros, and hence by Exercise 1 in Sect. VI.3 it is a constant multiple of a power 
of the discriminant. Because of this a power of f = A?‘ jae? and hence f 
itself, is constant, 
Age —Caay 


To determine the constant C’ we expand both sides as power series in exp (=) 
and compare the lowest coefficients. Here, we use the fact that the coefficient 
of lowest order of a product of two power series is the product of the lowest 


coefficients of the involved power series. We obtain 
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F 24 
Cc. (2m) 1204n? -) = | (1 i os = (2n)?* . 
0<b<2n 
bAn 


11. The evaluation of the square root uses the principal part, as required in the 
theta inversion formula. This means V1 = +1, and 


ee a aga ge. 
4 2 J2 


The result is e?7"/® = 1, iff 8 divides n. 


Exercises in Sect. VI.5 


1. Let Gy be the subgroup generated by the two specified matrices. It is enough 
to show that for any matrix M € SL(2,R) there exists a matrix N € Gy, 
such that the first column of NM is the first column of the standard basis, 
because in this case NM is a translation matrix. We assume the knowledge 
of this fact in the case R = Z (i.e. g = 0). Let a,c € Z be representatives of 
the first column of W/. From the condition on the determinant we deduce that 
(a,c,q) are relatively prime. Using results from elementary number theory we 
can assume after a possible replacement of a,c modulo q that already a,c are 
relatively prime. Then we can extend a,c to a matrix in SL(2, Z), and we take 
for N its inverse. 


Use Exercise 1. 


The ring Z/pZ is a field for prime numbers p. There exist p*—1 non-zero vectors, 
and each such vector appears as the first column of an invertible 2 x 2 matrix. 
Fixing such a column vector v, we can extend it to an invertible matrix by 
choosing any vector w which is linearly independent of v as the second column, 
i.e. avoiding the p possible scalar multiples of it. For each v there are (p? —p) 
possibilities for w. 


The group SL(2, R) is the kernel of the surjective homomorphism 


GL(2,R) — R*, Mr—-+detM . 


4. The kernel of the homomorphism 
Z/p"t'Z—Z/p"Z = (m>1) 


consists of all elements of the form ap”, a € Z/p"*'Z. The assignment ap” +> 
a, where G is the coset of a modulo p, defines an isomorphism of the kernel onto 
Z/pZ. This argumentation also applies to the group GL(2), if we observe that 
a 2x2 matrix with coefficients in Z/p™'*Z is invertible, iff its image in Z/p”Z 
is invertible. Since we can test invertibility by means of the determinant, this 
observation follows from the fact that an element in Z/p™**Z is a unit, iff its 
image in Z/p™Z is a unit. 

The given formula for the order of GL follows now by induction on m, the 
formula for SL then follows using the determinant homomorphism. 
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We have in general GL(n, R1) x GL(n, Re) = GL(n, Ri x Re). 
Decompose q as a product of prime factors, and use Exercises 3 to 5. 
From H = Uy;erp MF we deduce 


h 
H= |) UmMMmF= LU MF. 
MEIp v=1 MEIo 

Then S can be chosen to be the union of the boundaries of MF. 
Let f be a function on the upper half-plane, such that the integral 
dady 

n= f 19S 
H 7] 


exists as a LEBESGUE integral. From the transformation formula for double 
integrals we obtain 


I(f) =1(f™) with f(z) = f(Mz) (M e€SL(2,R)).  («) 


The reason comes the fact that the real JACOBI functional determinant which 
appears in the general transformation formula for M is equal to |cz + d|~*, and 
this factor is compensated by the factor which occurs form the transformation 
of y~”. If f is the characteristic function of a set A C H, then v(A) = v(M(A)). 
In particular, using the notations of Exercise 7 this implies 


u(Fo) = huo(F) = [Lf : Lolu(F) . 


? over the fundamental 


An elementary computation shows that the integral of y~ 
region F has the value 7/3. 

It remains to show the invariance of the integral. For this we need some basics 
of integration theory: 

Let Fo and F% be two fundamental regions for Io. The exceptional sets in the 
sense of Exercise 7(a) are denoted by So and 3%. We want to show the equality 


dady _ e dxdy 
OF = [10 = 


for a certain class of [o-invariant functions f. This class consists of all contin- 
uous [o-invariant functions with the following two properties: 

(a) The support of the restriction of f to Fo \ So is compact. 

(b) The same is valid for (Fj, Sq) instead of (Fo, So). 

Using a suitable partition we can reduce the claim to the situation where the 
support of f is “small”in the following sense. There exists a substitution M € 
Io, such that the image of the support of f under M is contained in (F%, 56). 
In this case we can apply (*). The partition can be constructed using a net of 
squares as in the hint, or better by using a partition of unity. 


First, the full modular group I acts on K (I). Since the normal subgroup I 
acts trivially, there is an induced action of the factor group. From algebra we 
know, that a field is always algebraic over the fixed field with respect to the 
action of a finite group of automorphisms. 


10. 
Pe: 


12. 
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Use the explanations for Exercise 11 in V.3. 


The elements of the considered groups are triangular matrices when considered 
modulo qg. The conjugation can be obtained by means of the involution S. The 
connection with the theta group in case of g = 2 follows from the result A.5 in 
the appendix. 


We first observe that °° [p] has index p+ 1 in the full modular group, 


SL(2,Z) = P°°[p] ¢ =) U Ur (j ") 


All translation matrices correspond to one cusp class. 


Exercises in Sect. VI.6 


We have to consider two cases, depending on the parity of q. If q is even, then 
we can define I'[q,2q] by the conditions a = d = 0 modq andb=c=0 
mod 2q. An easy computation shows that these conditions define a group. If q 
is odd, then I’'[q,2q] = I'[q] N [1,2]. We only have to know that I'[1,2] is a 
group. This is exactly the theta group. 


If we transform the theta functions 0,9, 0 with a modular substitution M € 
SL(2, Z), then this triple is permuted up to some elementary factors. Encoding 
the initial order of the triple by the symbols 1, 2,3 we get a homomorphism 
SL(2, Z) — S3. The involution corresponds to the transposition of 2 and 3. The 
translation corresponds to the transposition of 1 and 2. Since $3 is generated 
by these transpositions, the homomorphism is surjective. The three theta series 
are modular forms with respect to I'{2], and hence the kernel of SL(2, Z) — S3 
contains ["[2]. The induced homomorphism SL(2, Z/2Z) — S3 of groups of same 
order six is surjective, and thus an isomorphism. 


Consider the pre-image of the alternating subgroup A3 of S3 with respect to 
the homomorphism described in Exercise 2. 


The groups I’ with ['[2] C Fc I[1] are in a bijective correspondence with the 
subgroups of SL(2,Z/2Z). The order of SL(2,Z/2Z) is six, so the order of any 
of its subgroups is 1, 2, 3 and 6. There exists exactly one subgroup of order 
1, three conjugated subgroups of order 2, and one normal subgroup of order 
3. There are thus exactly 6 possibilities for a group I’ with '[2] Cc I’ c I[lj, 
namely I"[2] itself, the three conjugates of the theta group, the normal subgroup 
of index 2, and the full modular group. 


The assertion is a direct consequence of Theorem VI.6.3, since we know how 
the three basic theta functions transform under the action of the generators of 
Is. 


Checking the transformation behavior and the constant power series coefficients 
one can verify the identities 


Ga = C(4) (0° + 8 4.8%) , 
Ge = C(6) (84 + 54) (04 + 54) (54 — 34). 
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7. We consider 


K:={ (X,Y)eCxcC; X*+Yy*=1, xy #40} 


and f = 0/9, g= 0/0. It is convenient also to consider the function h := f*g°. 
This function is invariant under the theta group, it has no zero, and hence it 
defines a map 

h:H/P's —C?*. 
One can show that h is bijective in an analogous way to the proof of the 
bijectivity of the j-function by using a substitute of the k/12-formula for the 
theta group. We don’t give details and assume that the bijectivity of h has 
been proved. Consider the commutative diagram 


H/r[4,s) “2+ K > (X,Y) 


| ot | 


H/Iy 3 > xys 


and compute the number of pre-images of points with respect to the vertical 
arrows. The claimed bijectivity is a consequence of this computation. 


VIII.7 Solutions to the Exercises of Chapter VII 
Exercises in Sect. VII.1 


1. The weight is 14. We must thus have j’(z) A(z) = CG4(z)?G6(z) with a suitable 
constant C’. This constant can be determined by comparing the constant coef- 
ficients of the power series. In order to do this, we need the FOURIER expansion 
of the EISENSTEIN series VII.1.3, see also Exercise 5 below. We obtain 


a (27i)"? 
1728 - 8¢(4)?C(6) | 


2. There must be a relation of the form 
Gi2A— Gi2A' = AGiG2 + BGiGs 


with suitable constants A,B, which can be determined using the coefficients 
of the expansion of the EISENSTEIN series. Best, one proceeds as follows. Since 
we are dealing with a cusp form, we expect Gj2A — Gi2A’ = CAG?Ge, and 
determine C’ from the knowledge of the formula for A in terms of G4 and G6. 
A comparison of the first coefficient gives 


2(2mi)”° 


Tr ~ 26(42)(2mi)"* = C (2m)? - 8¢(4)"C(6) . 
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Both the structure theorem in connection with the knowledge of special zeta 
values, and the recursion formula from Exercise 6 in V.3 lead to the formula 


13-11Gip = 2-3°G3 45°C. 


Using the identity with the EISENSTEIN series we obtain the relation 24003(5) = 
30 240. 


The number of solutions of the equation «7 +--- +23 = 10 with « € Lg (see 
VIL4) are 


7168 solutions which contain once +2, six times +1, and once 0, 

6 720 solutions which contain twice +2, twice +1, and four times 0, 

224 solutions which contain once +3, once +1, and six times 0, 

7168 solutions which contain once +5/2, once +3/2, and six times +1/2, 
where one sign is determined by the remaining signs, 

8 960 solutions which contain four times +3/2, and four times +1/2, where 
one sign is determined by the remaining signs. 


We indeed can verify 


30 240 = 7168 + 6720 + 224 + 7168 + 8960 . 


Using the FOURIER expansion of the EISENSTEIN series, and the congruence 
5d°+7d° =0 mod 12 


we obtain the integrality of 7(n). The integrality of c(m) is a consequence. 


The logarithmic derivative of a normally convergent product is equal to the 
sum of the logarithmic derivatives of the factors, 


! : co . 
ni(z) mi : exp 2minz 
271n——————_ 
x . 1 — exp 27inz 


Expanding now (1—exp(27minz)) ~" into a geometric series, we obtain (47)~'Gs 
in the form VII.1.3. 


Both logarithmic derivatives are 7'(z)/n(z) + 1/(2z). 


From Exercise 6 follows that n(z)*4 is a cusp form of weight 12. 


At any rate, the 24"" powers of both sides coincide. The quotient of both sides is 
an analytic function, whose values are roots of unity of order 24. By continuity, 
it is constant. This constant is 1 (q — 0). 


First, we have 


N 


N 
IIa ae q”) - > (—1)hgret tne 
n=1 k 


=0 1<ny<-<np<N 


Sorting summands which correspond to fixed values of n1 +---+-nx, and taking 
the limit N — oo, we obtain the claimed formula. 
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Exercises in Sect. VII.2 


i 


For the proof of the Exercise, we need the estimate 


= Be “ 
n*—m ‘|< |=|ln 7—m- "| , 
a 


which follows directly from the integral representation 


m 
n?e—-m = | t+) ae 
nm 


by estimating the factor s by |s|, the integrand by t-(°+) and evaluating then 
the integral. 


We now assume that the DIRICHLET series converges at a point s;. We must 
show the convergence in the half-plane o > 01. After a translation of variables 
we can assume s; = 0. The series 5> an converges in this case. We would like to 
apply the CAUCHY criterion for series, and in order to do this we must estimate 
for (large) m > n 


m 
S(n,m) = rs ayy 
vr=n 


ABELian partial summation gives 


S(n,m) = = A(n,v) (Vv? — (v+1)-*) + A(n, m) m™ with 


For a given ¢ > 0, using the convergence of 5 an, we can find an N, such that 
|A(n,m)| < ¢ form > n> N. Using the initial estimate we obtain 


|S(n,m)| <e (: + isl >. (v-? —(vt+ ) =€E (1 + lin-e - m-")) 


v=n 


From this we deduce the uniform convergence in regions, where |s|/o is 
bounded from above. 


Supplement. The inequality oo > o1 is trivial. If the series converges in a point 
s, then the sequence (a,n~°) is bounded. Then we have that the DIRICHLET 
series converges absolutely at s+ 1+ e for any positive ¢. From this we deduce 
the second inequality. 


We must prove these relations for the divisor sums a(n) = ox-1(n). The relation 
in (a) follows from that the fact that any divisor of mn can be uniquely written 
as a product of a divisor of m and a divisor of n (m,n are relatively prime). 


For the relation (b) use the fact that the divisors of p” are exactly the p-powers 
Py gj<v. 

Expanding (1 —p-*) ~" and (1 —p*-*-s) ~" into geometric series, and multiply- 
ing them, we obtain a series of the form }> >, b(p”)p “*. A direct computation 
gives b(p”) = ox-1(p”). The remaining part of the Exercise is proven analo- 


gously to the product expansion of the zeta function. 


10. 
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The matrix is after a short computation 


ay vutl 
( f ) 
—p pt 
One checks the transformation behavior with respect to the generators. For the 
translation z +> z+ 1 the function f(pz) remains unchanged, and the terms of 


the sum are permuted. To see the behavior of the involution, we rewrite the 
formula as 


(T()f)(2) =v" Flo) + —F(2) + 1S a) 


Up to some necessary pre-factors, the involution interchanges the first two 
terms, and the terms of the sum are permuted by Exercise 3. 


For the proof, make use of the formula from Exercise 4 and of 


Le 1 ifn=0 modp, 
Pian 0 else. 


The exercise claims that the coefficients of the normalized EISENSTEIN series 
satisfy a relation of the form 


a(pn) + p**a(n/p) = A(p)a(n) . 


By Exercise 2 such a relation occurs indeed, and the involved eigenvalue is 
A(p) = a(p). If p and n are relatively prime, then we use relation (a), else we 
have also to use relation (b). 

Apply Exercise 5 first for n = 1, then for an arbitrary n. 

The convergence follows from the estimate |a(n)| < Cn*—' (Exercise 5 in VI.4). 


From the recursion formula for a(p”) in Exercise 7 we obtain after multiplication 


(1 — a(p)a + p*~*z7) (: + 3 co") =i, 


The involved power series converges for |x| < 1. The product decomposition 
D(s) = [[ Dp(s) follows from the relation a(nm) = a(n)a(m) for relatively 
prime integers n,m > 1 by termwise multiplication. In full analogy to the case 
of the product expansion of the zeta function one has to prove that this formal 
multiplication of an infinite product is allowed. 


Directly from the definition of Tp), and passing to the limit y — oo, we see 
that T(p) transforms cusp forms into cusp forms. 
From the formula for T(p) (Exercise 4) follows 


(=) 


p-1 


< p** |f(p2)| + . ‘Ss 


v=0 


Fe) 


and from this we get 
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p-1 


2s k_ kL 
[G(z)| <p? |g(pz)| +p?" Do 
v=0 


(=) 
g : 
p 

ei. 


This gives |g(z)| < p2~°(1+p)m, and the required estimate. If the eigenform 
f does not vanish identically, then m = A(p)m. This gives the desired estimate 
for A(p). 

If there are given two non-cusp (modular) forms, then a suitable non-trivial 
linear combination delivers a cusp form. If the two non-cusp forms are eigen- 
forms of an operator T(p), then this cusp form is an eigenform with the same 
eigenvalue 1+ p*—'. Hence it must vanish, since for any k > 4, and any p we 
have pz <1+p*"1, 


Exercises in Sect. VII.3 


The series lies in the space {1, 2k, (—1)*}. By Theorem VII.3.4 this space is 
isomorphic to (1, 2k, (—1)*] , which is the space of modular forms of weight 2k. 
In case of k = 1 this space is trivial, in the cases k = 2,3, 4 it is 1-dimensional 
being generated by the EISENSTEIN series. Now one can make use of Exercise 
2 in VII.2. 


The proof follows along the lines in Exercise 1. Besides VII.3.9 one should also 
use a characterization of J*, k < 8, e.g. as it can be obtained from Exercise 5 
in VI.6. 


The discriminant is up to a constant factor the unique modular form of weight 
12, whose coefficients are of the order O(n''). 


In the first series the sub-series from 0 to oo, and from —1 to —oo coincide, as 
can be seen by means of the substitution n — —1—n. The terms with even 
n = 2m of the second series lead to the terms from 0 to oo of the third series. 
Correspondingly, the terms with odd n = 2m-+ 1 lead to the terms of the third 
series from —1 to —oo. The representation of f as a derivative of the JACOBI 
theta function evaluated at w = 1/4 is clear from the third formula for f. Now 
differentiate in the theta transformation formula with respect to w, and then 
specialize w = 1/4. 

We write f as 


i 2ri(2n+41)2 
f(z) => \(-)"Qn+De" 
n=0 
and obtain the associated DIRICHLET series in the form 
D(s) = S°(-1)"(2n + 1)(2n +1)7** = S(-1)"(2n +1)? = L(2s8 — 1) 
n=0 n=0 


The functional equation for D € {8,3/2,1} according to VII.3.2 is identical 
with the desired functional equation for L. 


The functional equation of the RIEMANN zeta function, and the functional 
equation for L(s) from Exercise 5, together with LEGENDRE’s Relation IV.1.12 
for the Gamma function lead to the desired functional equation for ¢(s)L/(s). 
The normalizing factor is obtained by passing to the limit 0 — oo. 
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Exercises in Sect. VII.4 


1. First we define y(n) by the required formulas. The convergence of the DIRICH- 
LET series with coefficients s(n) for o > 1 is clear. Because of the uniqueness 
of the expansion as a DIRICHLET series the claim is equivalent to 


co 1 co 


This means that for C(.N) := ae p(n) we have C(1) = 1, and C(N) = 0 
for N > 1. Because of the obvious relations u(nm) = u(n)u(m) and C(nm) = 
C(n)C(m) for relatively prime m,n we can restrict ourselves to N = p™. In 
case of m > 0 the defining sum for C(N) has only two non-vanishing terms, 1 
and —1. 


2. If we know the formula for two intervals |, y] and |y, z], then we also know it 
for |x, z]. Therefore it is enough to prove the formula for those intervals, which 
do not contain any natural numbers in their interior. Then the function A(t) is 
constant in the interior of such an interval, and the claim is easy to check now. 


3. In Sect. VII.4 we showed that the first two formulas are equivalent, and the 
third one follows from them. If one goes through the proof carefully, one also 
gets the converse. 

4. The convergence of the DIRICHLET series with the coefficients y(n) for o > 2 
follows from the trivial estimate y(n) <n. The claimed identity 


S- nn = S- n* a y(n)n * 
(al n=l n=!) 


is equivalent to the well-known relation 


>> 9(d) =n. 
d|n 
5. <A formal computation, which of course has to be rigorously verified, gives 


S- log(1 —p*)= yo + ¥, x ap" ; 


p v>2 


The double series converges even in the region a > 1/2, as it can be seen by a 
comparison with the zeta function. The first series on the R.H.S. is dominated 
by the series )> p~', which converges by assumption. The whole R.H.S. remains 
thus bounded when we approach 1. Since the L.H.S. is a logarithm of the zeta 
function, we see that the zeta function ¢(s) remains bounded for s — 1, which 
is a contradiction. 


6. In the region o > 1 we have the identity 


i-2')é@)= y_ —— ; 


By LEIBNIZ’ criterion of convergence for alternating series, the R.H.S. is con- 
vergent for any real o > 0. From Exercise 1 of VII.2 we deduce that the R.H.S. 
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is even an analytic function in the region o > 0. From the Principle of Analytic 
Continuation we obtain this identity in the whole half-plane. 


The alternating series is always positive in the interval | 0,1[ and the factor 
preceding the zeta function in the L.H.S. is negative. 
From the Prime Number Theorem we first easily deduce 

lim log (x) 


=1s 
too logax 


Substituting instead of x the nth prime number py we deduce from 7(pn) = n 


lm 2 logn 


n—- Oo Pn 


=1. 


Conversely, let us assume that this relation is satisfied. For any fixed given 
x > 2 we then consider the biggest prime number p, smaller then 2, i.e. pn < 
XZ < Pn+1. From the assumption easily follows 


x x 
cee nlogn wore a(x) log 7(x) (*) 


Taking logarithms this implies 


lim (log (a) + log log x(x) — log) =0. 


We divide by log 7(x) and obtain 


logz 


pee logn(a) 


and also using (*) we get the Prime Number Theorem. 


Exercises in Sect. VII.5 


i 


The LAURENT series exists by the general Proposition III.5.2. It remains to 
1 

show that y := lim ¢(s) — =) is the EULER-MASCHERONI Constant 7 
so 3 — 


(page 199). By Lemma VII.5.2 we have 


1 1 * B(t) 
=.=-F(1l)== —< dt. 
{=a Ss Le 
The claim now follows from the formula 
N N 
1 oe re B(t) 
D7 WEN = 9 + on i pe 


n=1 


after passing to the limit with N — oo. The applied formula can be proven by 
partial integration (compare with the proof of VII.5.2). 
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Both formulas are clear in the convergence domain o > 1. The series 37 (—1)"~*n7° 
converges by LEIBNIZ’ criterion for alternating series first for all real s > 0. By 
Exercise 1 in VII.2 we obtain convergence in the half-plane o > 0, and the 
represented function is analytic in this domain. The function ¢(s) can be thus 
analytically extended into the region o > 0, excepting the zeros of 1 — 2*~*. 
Using Q(s) we analogously can deduce the analytic continuation into the region 
o > 0, excepting the zeros of 1 — 3!~°. The only common zero is s = 1. The 


residue is 
[oe) 


~ e-1 (=1)">* 
fim [aime 2, nm 


The value of the alternating series is known to be log 2, the whole limit is thus 
equal to 1. 


From the functional equation written in symmetric form 


eM r(2s2)cr- <a-Ar (2c, 


and from the Completion Formula for the Gamma function written as 


ae sre ere 


we deduce 


ca-y=r(S)r(t =) go sin (Z +5) c(s). 


The claim now follows from the Doubling Formula IV.1.12. 


(a) The pole of ¢(s) is compensated by the pre-factor s—1, the pole of I'(s/2) 
at 0 by the pre-factor s, and the remaining poles by the zeros of the zeta 
function (Exercise 3). 


(b) This is the functional equation of the zeta function, if we observe that the 
prefactor s(s — 1) satisfies the same functional equation. 


(c) Show &(3) = &(s), and use the functional equation. 

Make use of ¢(0) = —1/2, and of lims_.9 sI’(s/2) = 2. 

None of the factors has a zero in the region 0 > 1, s 4 1. Because of 
(d), the function ® has no zero in the closed half-plane o > 1. From 
the functional equation it follows that there is also no zero in the region 
ao < —1. The symmetries follow from the functional equation and from 
&(3) = Ps). 


The first part of the proof of Theorem VII.3.4 may serve as an orientation. 


oe 
2. 


Since the function t(1 - e*) ~" is bounded from above we obtain the conver- 
gence of the integral from the convergence of the Gamma integral. For the 
proof of the formula we expand (1 — e~‘)~* into a geometric series, and inte- 
grate termwise. The latter easily can be justified. The n‘” term gives exactly 
I'(s)n-°. 

Make use of HANKEL’s Integral Representation of the Gamma function (Exer- 
cise 17 in IV.1), and proceed as in Exercise 6. 
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Exercises in Sect. VII.6 


In Exercise 1 from VII.4 we mentioned the MOBIuSs function, and its connec- 
tion with the inverse of the zeta function. The assumptions of the TAUBERian 
Theorem are satisfied: 

First, the coefficients an := u(n) +1 are indeed non-negative. For (I), we must 
use, besides the analytic continuation of the zeta function, the fact that ¢(s) 
has no zero on the vertical line Re s = 1. Then (II) follows from the estimates 
from above and below VII.5.1 for the zeta function. The residue @ is 1. 

We would like to apply the Residue Theorem. In case of 0 < y < 1 the integrand 
is rapidly decaying for |o| — oo, o > 0. Hence the integral vanishes, because 
the integrand is analytic in this region. In case of y > 1 the integrand is rapidly 
decaying for 0 < 2. The integral is thus equal to the residue of the integrand 
at s = 0. This residue is equal to logy, as it can be seen by using the power 
series y® =1+slogy+:::. 

This is the special case k = 0 of VII.6.7. One can deduce it once again directly 
by means of the previous exercise. 

The proof of VII.3.4 can be transposed without any problems. 


As in Exercise 4, the proof of VII.3.4 may serve as an orientation. The needed 
transformation formula can be found in VI.4.8. 


The proof is based on the formula 
Cs) _ [= ¥@) 
C(s) 1 wert 


which can be obtained from ABEL’s identity in Exercise 2 of VII.4. A simple 
transformation gives 


_ _ Ss) 1 _ [~*~ ¥@)-2 
P(s): t() Fea | Fer ae foro > 1. 


From the Prime Number Theorem written as ~(a) = x + o(a) one can deduce 
from this integral representation for a fixed t 


dx forgo >1, 


lim (o —1)@(o +it)=0. 
If the zeta function would have a zero at s = 1+ it, then would have a simple 
pole at this point, contradicting the value for the limit. 


The summatoric function S;-(n) := A;(1) +---+A,(n) is equal to the number 
of lattice points g € Z", which lie in the (closed) ball of radius \/n. For each of 
these lattice points we consider the unit cube [gi, gi + 1] x --- X [gr, gr + 1]. Let 
V,(n) be the union of all these cubes. The volume of V,(n) is exactly S'.(n). 
Obviously, V,(m) is contained in the ball of radius /n + \/7, and contains the 
ball of radius ./n — ,/r. Asymptotically, the volumes of these balls are of the 
order of the volume of the ball of radius /7, i.e. ViW/n”. 


Now consider the EPSTEIN zeta function for the r x r-unit matrix FE, 


oo 


Cn(s)= So (gi t+ +97) = So Ann. 


n=1 
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The DIRICHLET series D(s) := Cz(s/2) satisfies the conditions of the TAUBERian 
Theorem with (see Exercise 5) 


r/2 r/2 


TT TT 


°* Tr/ar/2 T@/2+h) * 
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Symbolic Notations 


iff 

L.H.S. 

R.HLS. 

N= 41,.2,00.+ 
No = { 0,1,2,...} 


Z 
R 
Cc 
C_ 


c* = C\ {0} 
= CU{o} 


I2| 
Argz (—7 < Argz < 7) 
Logz = log|z| +iArgz 


= C\{rteER;2x<0} 


if and only if 

left hand side 

right hand side 

set of natural numbers 

set of natural numbers including zero 
ring of integers 

field of real numbers, real axis 

field of complex numbers, complex plane 
slit plane along the negative 

real half-line 

punctured plane 

RIEMANN sphere 

n-dimensional projective space 

upper half-plane 

open unit disk 

unit circle 

HAMILTONian quaternions 

real and imaginary part of a number z 
real and imaginary part of a function f 
complex conjugate of z 

modulus, absolute value of z 

principal value of the argument 
principal value of the logarithm 


set of interior points in D 

closure of A 

JACOBI map of f ina 

LAPLACE operator 

Line integral of f along the curve a 
length of the piecewise smooth curve @ 
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agedpB composition of two curves 

a inverse (reciprocal) curve 

(21, 22, 23) triangular path 

U,(a) , U-(a) open resp. closed disk centered at a with radius r 
ff integral along a circle 

O(D) ring of analytic functions on D 

A annular domain 

A(a;r, R) annular domain with center a and radii r, R 
x(a; a) index of the closed curve a around a 

Res(f; a) residue of f in a 

Int(a) interior of the closed curve a 

Ext(a) exterior of the closed curve a 

S? unit sphere in R? 

mM group of MOBIUS transformations 

Aut(D) group of conformal self-maps of D 

M(D) field of meromorphic functions on a domain D 
CR(z, a, b,c) cross ratio 

I'(z), I'(s) gamma function 

B(z,w) beta function 

a) g-function of WEIERSTRASS 

Gr EISENSTEIN series of weight k 

g2, 93 g2 = 60G4a , g3 = 140Ge , 

K(L) field of elliptic function for the lattice L 
K(L) field of elliptic modular functions for 


the modular group I’ 


a(z) WEIERSTRASS’ o-function 

OT, z) , B(z,w) JACOBI theta function 

rica absolute invariant 

A(r) discriminant 

SL(2, R) group of real 2 x 2 matrices with determinant 1 
Tr = SL(2,Z) elliptic modular group 

[L, k] vector space of all modular forms of weight k 
[ko C [Lk] vector space of all cusp forms of weight k 

F fundamental region of the modular group 

Ig theta group 

Fos fundamental region of the theta group 

Iq] principal congruence group of level q 

O(a) , W(x) TSCHEBYSCHEFF functions 


a(x) prime number function 
(x) integral logarithm 
8) RIEMANN zeta function 


Index 


ABEL, N.H. (1802-1829) 34, 251, 292, 
298 
ABEL’s Identity 428 
ABEL’s partial summation 34 
ABEL’s Theorem 338 
absolute invariant 307, 311, 318, 317, 
332, 333, 397 
absolute value 13 
absolutely convergent 26, 400 
accumulation point 40, 252 
accumulation value 40 
action 373 
of the modular group on H 318 
of the modular group on cusps 353 
on cusps 353 
transitive 353 
addition theorem for circular functions 
15 
Addition theorem for the exponential 
function 27 
addition theorems for the hyperbolic 
functions 32 
addition theorems for the trigonometric 
functions 28 
aerodynamics 67 
affine curve 379 
affine space 274 
algebra of modular forms 337 
algebraic differential equation 271, 277 
for g 271,277 
analytic 53 
analytic branch of the logarithm 86 
analytic continuation 125, 429 


analytic landscape 64, 426 
analytic logarithm 244 
analytic mountainscape 64 
analytic number theory 381 
analytic square root 244 
angle 15 
angle-preserving 50, 59, 68, 77 
annulus 83, 142, 149, 232 

sector 144 
Apgiry, R. (1916-1994) 186 
arc length 72 
arcwise connected 77 
argument 15 
Argument Principle 172 
associative law 10 
automorphism 

conformal 225 

of adomain 232 


of H 3038, 308 
automorphism group 
of H 308 


of the complex plane 160 
of the RIEMANN sphere 160 
automorphy factor 355 


Babylonian identity 346 
bank 435 
BERNOULLI, JACOB (1654-1705) 185 
BERNOULLI number 185 
BESSEL, F.W. (1784-1846) 69, 154 
BESSEL differential equation 154 
Big Theorem of PICARD 139 
bilinear form 
standard ~ in C” 348 
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BINET, J.P.M (1786-1856) 154 
binomial formula 16 

binomial series 33 

Bour, H. (1887-1951) 209 
BOLZANO, B.(1781-1848) 40 
BOMBELLI, R. (1526-1573) 1 
BorREL, E. (1871-1956) 39, 105 
branch of the logarithm 86 
bridge 408 


calculation with complex powers 30 
CARATHEODORY, C. (1873-1950) 130 
CARDANO, G. (1501-1576) 1 
CASORATI, F. (1835-1890) 333 
Caucuy, A.L. (1789-1857) 19, 26, 
69, 84, 111, 114, 115, 118, 165, 233 

CAUCHY 

estimate 123 

estimates 147 

sequence 31 
CAUCHY-HADAMARD formula 122 
Caucnuy Integral Formula 

for annuli 144 

generalized 244 

generalized 96 
Caucuy Integral Theorem 81 

for star domains 84 

for triangular paths 81 

generalized 244 

homological version 240 

homotopical version 233, 236 
CAUCHY principal value 177 


CAUCHY-RIEMANN equations 47, 50, 
64 

CaAuCHy’s multiplication theorem for 
series 26 


CAUCHY-SCHWARZ inequality 19 
CAYLEY, A. (1821-1895) 23, 67, 233 
CAYLEY 

map 67, 233 

numbers 23 
chain rule 44 
character 66,355, 374 

principal 355 
character relation 374 
characterization of 0" 389 
Chinese Remainder Theorem 368 
classes 

of cusps 354 


classification of singularities 138 
CLAUSEN, TH. (1801-1885) 36 
clockwise 74 
closed 39, 40 
closure 40 
coincidence set 125, 126 
commensurable 267 
commutative law 10 
commutator group 372 
compact 39 

sequence 40 
compactly convergent 105 
complex 

derivative 42 

differentiable 42 

integral 69 

line integral 69 
complex conjugate 12 
complex cosine 26 
complex derivative 

permanence properties 44 
complex exponential function 26 
complex number field 21, 23 
complex numbers 1, 9, 10, 22 
complex sine 26 
computation of improper integrals 177 
computation of integrals using the 

residue theorem 175 

conform equivalent 224, 232, 244 
conformal 59, 131 

automorphism 225 

globally 59, 224 

locally 59 

map 59, 87 

self map of adomain 131 

group of 131 
self map of the unit disk 131 
fixed points 131 

congruence class of lattices 
congruence subgroup 378 
congruent 

lattices 348 
conjecture 

RAMANUJAN 398 

RAMANUJAN-PETERSSON 349 

RIEMANN 426 
conjugate harmonic function 
conjugated 324 
connected 53, 77 


348, 350 


56, 57 


component 245 

simply 87, 236, 237 
ConreEY, J.B. 446 
constant 


EULER-MASCHERONI 200, 206, 434 


continuity 36 

of the inverse function 38, 39 
continuous 36 

deformation 236 

uniformly 41 


continuous branch of the logarithm 91 


contour integral 72 
convergence 

disk 110 
half-plane 400 
normal 146 
radius 110,114 
convergent 
absolutely 26 
normally 106 
convex 80 

hull 80, 100 


cos 26 
cosine law 19 
cotangent 33, 382 


CRAMER formula 346 
CRELLE’s journal 36 


curve 71 
affine 379 
closed 80 


elliptic 277 
JORDAN 247 
piecewise smooth 71 
plane affine ~ 272,273 
reciprocal 78 
regular 76 
smooth 71 
cusp 353, 416 
classes 353, 354, 370 
equivalence of ~s 353 
of a congruence subgroup 353 
cusp form 334, 335, 359 
of weight 12 335 
cyclic group 22, 325 
cyclotomic equation 18 


decomposition 
partial fraction 158 
DEDEKIND, R. (1831-1916) 398 


Index 


DEDEKIND 7-function 398 
defining relation 378 
deformation 236 
DELIGNE, P. 349, 398 
dense 138 
derivative 
complex 42 
permanence properties 44 
partial 50 
determinant 302 
differentiable 
complex 42 
continuously 51 
totally 47,50 
differential 
total 48 
differential equation 55 
algebraic 271, 277 
BESSEL 154 
for g 251, 271, 277 
LAPLACE 55 
dimension formula 336 
Dinauas, A. 248 
dinosaur 249 
DIRICHLET, G.P.L. (1805-1859) 
444 
DIRICHLET 
integral 139 
prime number theorem 420 
series 399, 408 
discrete 126, 132, 252, 259 
discriminant 
332, 335, 341, 397, 399 
FOURIER expansion 315 
FOURIER series 398 
distribution 
of prime numbers 421 
principal part 220 
vanishing 212 
distributive law 10 
divisor 362 
domain 78, 128 
elementary 85, 86, 162, 224, 232 
of integrity 217 


sector 203 
standard 225 
star 89 


star-shaped 83 
double series 116 
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34, 


286, 306, 307, 309, 311, 


524 Index 


Doubling Formula 

for the lemniscate 288 
doubly periodic 253 
duplication formula 202 


EISENSTEIN, F.G.M. (1823-1853) 
263, 386 
EISENSTEIN 
series 266, 271, 277, 307, 309, 331, 
382, 384 
FOURIER coefficients of 382, 384 
element 
irreducible 217 
prime 217 
elementary domain 162, 232, 237, 244 
elementary factors of WEIERSTRASS 


212 
elliptic 323 
curve 277 


function 251 
integral 251 
matrix 323 
point 323 
order of 323 
liptic function 253, 299 
inverse of ~ 285 
liptic integral 
inverse function 287 
of first kind 284 
liptic modular form 317 
lliptic modular group 301, 304, 308, 
325 
generators 308 
elliptic modular group 
ELSTRODT, J. 392, 407 
entire 
modular form 331 
entire function 97 
entire modular form 331 
EPSTEIN, P. (1871-1939) 447 
EPSTEIN 
¢-function 447 
equation 
differential 55 
Differential ~ of g 251 
equations 
CAUCHY-RIEMANN 47 
equivalence 
of unimodular matrices 346 


ie) 


ie) 


Oo oO 


317, 318 


equivalence class 
of cusps 353 
of lattices 301, 305 
equivalent 
topologically 224, 237 
equivalent lattices 301 
Erp6os, P. (1913-1996) 446 
error estimates 425 
EUCLID (& 300 before our era) 444 
EULER, L. (1707-1783) 1, 186, 192, 
199, 200, 206, 288, 403, 404, 422, 
434, 444 
EULER 
Addition Theorem 251 
beta function 208 
indicator function g 428 
Pentagonal Number Theorem 399 
product 404, 422 
product of the ¢-function 404 
~’s Product Formula 207, 404 
EULER-MASCHERONI’s Constant 200, 
206, 434 
EULER numbers 123 
EULERian integral of the second kind 
192 
exchange 
of differential with limit 106 
of differentiation and summation 
106 
of integral with limit 105 
Existence theorem 
for analytic logarithms 86 
for analytic roots 86 
exp 26,27 
kernel of ~ 28 
exponential function 26-28, 54, 66 
characterization 66 
exponentiation laws 31 
exterior part of a closed curve 163 


factor group 251 
factor ring 23 
factorization 403 
FAGNANO, G.C. (1682-1766) 251, 288 
FERMAT, P. DE (1601-1665) 18 
FERMAT prime 18 
FrBonacci, L.P. (1170°-1250") 153 
field 9 

axioms 10 


extension 270 
of complex numbers 10 
of elliptic functions 267 
of meromorphic functions 
212, 253 
of modular functions 
structure 333 

of rational functions 
quotient 156,212 
skew 23 

finite index 352 

fixed point 
equation 323 
of a conformal map E — E 


333 


334 


156, 160, 


187 


of an elliptic modular substitution 


324 
forced zero 
form 

quadratic 
formula 
BINET 154 
binomial 16 
CAUCHY-HADAMARD 
CRAMER 346 
Doubling Formula 280 


377 


342 


122 


EULER for ¢(2k) 186 
MELLIN’s Inversion ~ 413 
multiplication 

Gauss 208 


number of zeros and poles 
product 
for 1/f 207 
residue 166 
STIRLING 202, 412 
ordinary 206 
the k/12 ~ 327 
valence 317, 327 
Fourier, J.B.J. (1768-1830) 
FOURIER 


analysis 139 
coefficient 152, 361 
expansion 152,326 


of a modular form 327 
of discriminant A 315 
series 152, 338, 361, 408 
for the discriminant 398 
for the j-function 398 
transform 91 
FRESNEL, A.J. (1788-1827) 


172 


152 


91 


Index 

function 

beta 208 

continuous 36 

cosine 26 

elliptic 251 

even 268 

entire 97,158 

7 of DEDEKIND 398 
exponential 26-28 

I 221 

I 192 

harmonic 55, 244 

inverse 38, 251, 284 

j 306, 307, 311, 313, 397 

FOURIER series 398 
JOUKOWSKI 66 
MANGOLDT 423 
meromorphic 155, 158, 252 
modular 252 

p of MOsius 427, 446 

g 266, 268 

g of WEIERSTRASS 217, 298 
periodic 

period 1 152 


y of EULER 428 

potential 55 

w 423 

w of GAUSS 208 

w of TSCHEBYSCHEFF 424 

rational 155,158 

o 294 

o of WEIERSTRASS 

sine 26 

T of RAMANUJAN 398, 407, 419 

theta 251 

O of TSCHEBYSCHEFF 424 

TSCHEBYSCHEFF 423 

WEIERSTRASS 9 ~ 

half lattice values 265 

WEIERSTRASS 9 221, 268 

¢ 417 

¢ of RIEMANN 400, 404 

¢ of WEIERSTRASS 216, 298 
functional determinant 50 
functional equation 

for the DIRICHLET series 409 

for the EPSTEIN ¢-function 447 

for the exponential function 27 

for the I’-function 195 


216, 300 


525 


526 Index 


for the ¢-function 417, 434, 435 
fundamental domain 318, 333 

for the theta group 364, 365 

of the theta group 390 

volume 369 
fundamental parallelogram 254 
fundamental region 254 

for the modular group 312 
Fundamental Theorem of Algebra 9, 

18, 90, 97, 129, 133, 174 


y (constant) 434 


I’-function 192, 221 
PRYM’s decomposition 221 
characterization 195, 207 


completion formula 201 
duplication formula 202 
functional equation 195 
growth 205, 412 
product formula 196 
product representation 200 
I-integral 410 
Gauss, C.F. (1777-1855) 
199, 444 
GAuss 
multiplication formula 208 
w-function 208 
Gauss’ Product Representation 
Formula 200 
GAUSSian number plane 13 
generalized circle 161 
generators of the theta group 356 
geometric series 25 
globally conformal 87 
Goursat E.J.-B. (1858-1937) 81 
group 302 
abelian 374 
action 373 
congruence ~ 352 
conjugate 352 
cyclic 325 
of conformal automorphisms 160, 
225, 232 
of units of aring 217 
symmetric 378 
S3 378 
theta ~ 356 
generators 356 
group of automorphisms of E131 


1, 69, 100, 


group of conformal self maps 131 
GUDERMANN, C. (1798-1852) 203 


HADAMARD, J.S. (1865-1969) 427, 
445 
HAMBURGER, H.L. (1889-1956) 418 
HAMILTON, W.R. (1805-1865) 1, 4, 
23 
HAMILTON’s Quaternions 23 
HANKEL, H. (1839-1873) 209 
Harpy, G.H. (1877-1947) 446 
harmonic 133 
harmonic function 55, 244 
conjugate 56, 57 
HECKE, E. (1887-1947) 
405, 418 
HECKE 
operator 405, 407 
~’s Theorem 409, 435, 447 
HEINE, H.E. (1821-1881) 39, 41, 105 
HEINE-BOREL theorem 39 
holomorphic 53 
homeomorphic 224, 237 
homogenous 275 
homologous 243 
to zero 239 
homotopic 235 
homotopy 235 
L’HOSPITAL, G.-F.-A. DE (1661-1704) 
142 
Hurwitz, A. (1859-1919) 171 
hyperbolic volume 369 


349, 350, 381, 


ideal 218 
identity 
ABEL’s Identity 428 
LAGRANGE 20 
identity of analytic functions 125 
Icusa, J. 318, 371, 373 
imaginary part 12 
imaginary unit 12 
implicit function 53 
theorem 53 
improperly integrable 192 
index 162,352 
inequality 
CAUCHY-SCHWARZ 19 
triangle 19 


infinite product 196,197 


absolutely convergent 197 
for the sine 201, 215 
normally convergent 198 
of the ¢-function 404 
infinite series 25 
infinity place 252 
integrable 70 
integral 69 
contour 72 
elliptic ~ of first kind 284 
FRESNEL 91 
gamma 193 
improper 177 
line 69, 72 
MELLIN 412 
path 234 
standard estimate 73 
integral formula 93 
integral logarithm 426 
integral representation 
HANKEL’s ~ for 1/[" 209 
integral ring 127 
integration 
partial 71 
rule 69 
integrity domain 127, 217 
interior part of a closed curve 163 
interior point 40 
interval 77 
inverse function 38 
inversion at the unit circle 22 
irreducible 23 
element inaring 217 


j-function 307, 333 
bijectivity 332 
injectivity 332 
surjectivity 313 
j-invariant 306, 311, 397 
FOURIER series 398 
JAcoBI, C.G.J. (1804-1851) 
298, 299, 338, 340, 394, 397 
JACOBI 
matrix 50 
theta relation 
theta series 
JACOBIan 48 
JACOBI’s Generalized Theta Transfor- 
mation Formula 344 


48, 251, 


372, 378 
318, 344 
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JACOBI’s Theta Transformation 
Formula 338 

JORDAN, C. (1838-1922) 324 

JORDAN normal form 324 

JOUKOWSKI, H.J. (1847-1921) 66 

JOUKOWSKI-KUTTA profile 67 


k/12 formula 327 
kernel of the exponential function 28 


LAGRANGE, J.L. (1736-1813) 
LAGRANGE Identity 20 
LAMBERT, J.H. (1728-1777) 121 
LANDAU, E. (1877-1938) 107, 400, 
423 
LAPLACE, P.S. (1749-1827) 55 
LAPLACE differential equation 55 
LAPLACE operator 55 
in polar coordinates 65 
lattice 215, 252, 253, 259, 301, 342, 348 
commensurable ~s 267 
congruence class of ~s 348 
congruence of ~s 348 
of type II] 349, 350 
periods ~ 259 
rectangular 278 
rhombic 278 
lattice points 381 
LAURENT, P.A. (1813-1854) 143 
LAURENT 
expansion 146 
series 146, 258 
LAURENT decomposition 142 
principal part 143 
LAURENT series 


20, 397 


for 9 266 
law 
cosine 19 


exponentiation 31 

parallelogram 19 
LEBESGUE, H. (1875-1941) 442 
LEBESGUE Number 230 
LEGENDRE, A.M. (1752-1833) 192, 

444 

LEIBNIZ, G.W. (1646-1716) 
LEIBNIZ 111 
Lemma on polynomial growth 90 
LEUTBECHER, A. 246 
level line 63 


1,94 
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Levi, B. (1875-1961) 410 
limit 
notions of 42 
line 280 
line integral 69, 72 
transformation invariance 73 
linear fractional transformation 159 
LIOUVILLE, J. (1809-1882) 97, 100, 
159, 252, 253, 256, 257 
local mapping behavior 128 
locally constant 52,77 
locally uniform convergence 230 
locally uniformly convergent 105, 106, 
231 
logarithm 

of a function 244 
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